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Preface 


In this book we take a closer look at discrete models in differential geometry and 
dynamical systems. The curves used are polygonal, surfaces are made from trian- 
gles and quadrilaterals, and time runs discretely. Nevertheless, one can hardly see 
the difference to the corresponding smooth curves, surfaces, and classical dynam- 
ical systems with continuous time. This is the paradigm of structure-preserving 
discretizations. The common idea is to find and investigate discrete models that 
exhibit properties and structures characteristic of the corresponding smooth geo- 
metric objects and dynamical processes. These important and characteristic quali- 
tative features should already be captured at the discrete level. The current interest 
and advances in this field are to a large extent stimulated by its relevance for 
computer graphics, mathematical physics, architectural geometry, etc. 

The book focuses on differential geometry and dynamical systems, on smooth 
and discrete theories, and on pure mathematics and its practical applications. It 
demonstrates this interplay using a range of examples, which include discrete con- 
formal mappings, discrete complex analysis, discrete curvatures and special sur- 
faces, discrete integrable systems, special texture mappings in computer graphics, 
and freeform architecture. It was written by specialists from the DFG Collaborative 
Research Center “Discretization in Geometry and Dynamics". The work involved in 
this book and other selected research projects pursued by the Center was recently 
documented in the film “The Discrete Charm of Geometry” by Ekaterina Eremenko. 

Lastly, the book features a wealth of illustrations, revealing that this new branch 
of mathematics is both (literally) beautiful and useful. In particular the cover 
illustration shows the discretely conformally parametrized surfaces of the inflated 
letters A and B from the recent educational animated film “conform!” by Alexander 
Bobenko and Charles Gunn. 

At this place, we want to thank the Deutsche Forschungsgesellschaft for its 
ongoing support. 


Berlin, Germany Alexander I. Bobenko 
November 2015 
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Discrete Conformal Maps: Boundary Value 
Problems, Circle Domains, Fuchsian 
and Schottky Uniformization 


Alexander I. Bobenko, Stefan Sechelmann and Boris Springborn 


Abstract We discuss several extensions and applications of the theory of discretely 
conformally equivalent triangle meshes (two meshes are considered conformally 
equivalent if corresponding edge lengths are related by scale factors attached to 
the vertices). We extend the fundamental definitions and variational principles from 
triangulations to polyhedral surfaces with cyclic faces. The case of quadrilateral 
meshes is equivalent to the cross ratio system, which provides a link to the theory of 
integrable systems. The extension to cyclic polygons also brings discrete conformal 
maps to circle domains within the scope of the theory. We provide results of numer- 
ical experiments suggesting that discrete conformal maps converge to smooth con- 
formal maps, with convergence rates depending on the mesh quality. We consider 
the Fuchsian uniformization of Riemann surfaces represented in different forms: 
as immersed surfaces in R, as hyperelliptic curves, and as CP’ modulo a classi- 
cal Schottky group, i.e., we convert Schottky to Fuchsian uniformization. Extended 
examples also demonstrate a geometric characterization of hyperelliptic surfaces 
due to Schmutz Schaller. 


1 Introduction 


Not one, but several sensible definitions of discrete holomorphic functions and 
discrete conformal maps are known today. The oldest approach, which goes back 
to the early finite element literature, is to discretize the Cauchy-Riemann equa- 
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tions [10—14, 27]. This leads to linear theories of discrete complex analysis, which 
have recently returned to the focus of attention in connection with conformal models 
of statistical physics [8, 9, 22, 23, 29, 40-42], see also [4]. 

The history of nonlinear theories of discrete conformal maps goes back to 
Thurston, who introduced patterns of circles as elementary geometric way to visual- 
ize hyperbolic polyhedra [45, Chapter 13]. His conjecture that circle packings could 
be used to approximate Riemann mappings was proved by Rodin and Sullivan [35]. 
This initiated a period of intensive research on circle packings and circle patterns, 
which lead to a full-fledged theory of discrete analytic functions and discrete con- 
formal maps [44]. 

A related but different nonlinear theory of discrete conformal maps is based on 
a straightforward definition of discrete conformal equivalence for triangulated sur- 
faces: Two triangulations are discretely conformally equivalent if the edge lengths 
are related by scale factors assigned to the vertices. This also leads to a surprisingly 
rich theory [5, 17, 18, 28]. In this article, we investigate different aspects of this 
theory (Fig. 1). 

We extend the notion of discrete conformal equivalence from triangulated 
surfaces to polyhedral surfaces with faces that are inscribed in circles. The basic 
definitions and their immediate consequences are discussed in Sect. 2. 

In Sect. 3, we generalize a variational principle for discretely conformally equiv- 
alent triangulations [5] to the polyhedral setting. This variational principle is the 
main tool for all our numerical calculations. It is also the basis for our uniqueness 
proof for discrete conformal mapping problems (Theorem 3.9). 

Section 4 is concerned with the special case of quadrilateral meshes. We discuss 
the emergence of orthogonal circle patterns, a peculiar necessary condition for the 
existence of solutions for boundary angle problems, and we extend the method of 
constructing discrete Riemann maps from triangulations to quadrangulations. 

In Sect. 5, we briefly discuss discrete conformal maps from multiply connected 
domains to circle domains, and special cases in which we can map to slit domains. 

Section 6 deals with conformal mappings onto the sphere. We generalize the 
method for triangulations to quadrangulations, and we explain how the spherical 
version of the variational principle can in some cases be used for numerical calcu- 
lations although the corresponding functional is not convex. 

Section 7 is concerned with the uniformization of tori, i.e., the representation of 
Riemann surfaces as a quotient space of the complex plane modulo a period lattice. 
We consider Riemann surfaces represented as immersed surfaces in IR?, and as ellip- 
tic curves. We conduct numerical experiments to test the conjectured convergence 
of discrete conformal maps. We consider the difference between the true modulus 
of an elliptic curve (which can be calculated using hypergeometric functions) and 
the modulus determined by discrete uniformization, and we estimate the asymptotic 
dependence of this error on the number of vertices. 

In Sect. 8, we consider the Fuchsian uniformization of Riemann surfaces repre- 
sented in different forms. We consider immersed surfaces in R? (and S ?), hyperellip- 
tic curves, and Riemann surfaces represented as a quotient of C modulo a classical 
Schottky group. That is, we convert from Schottky uniformization to Fuchsian uni- 
formization. The section ends with two extended examples demonstrating, among 
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Fig. 1 Uniformization of compact Riemann surfaces. The uniformization of spheres is treated in 
Sect. 6. Tori are covered in Sect. 7, and Sect. 8 is concerned with surfaces of higher genus 
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other things, a remarkable geometric characterization of hyperelliptic surfaces due 
to Schmutz Schaller. 


2 Discrete Conformal Equivalence of Cyclic Polyhedral 
Surfaces 


2.1 Cyclic Polyhedral Surfaces 


A euclidean polyhedral surface is a surface obtained from gluing euclidean poly- 
gons along their edges. (A surface is a connected two-dimensional manifold, pos- 
sibly with boundary.) In other words, a euclidean polyhedral surface is a surface 
equipped with, first, an intrinsic metric that is flat except at isolated points where it 
has cone-like singularities, and, second, the structure of a CW complex with geo- 
desic edges. The set of vertices contains all cone-like singularities. If the surface has 
a boundary, the boundary is polygonal and the set of vertices contains all corners of 
the boundary. 

Hyperbolic polyhedral surfaces and spherical polyhedral surfaces are defined 
analogously. They are glued from polygons in the hyperbolic and elliptic planes, 
respectively. Their metric is locally hyperbolic or spherical, except at cone-like sin- 
gularities. 

We will only be concerned with polyhedral surfaces whose faces are all cyclic, 
i.e., inscribed in circles. We call them cyclic polyhedral surfaces. More precisely, 
we require the polygons to be cyclic before they are glued together. It is not required 
that the circumcircles persist after gluing; they may be disturbed by cone-like sin- 
gularities. A polygon in the hyperbolic plane is considered cyclic if it is inscribed 
in a curve of constant curvature. This may be a circle (the locus of points at con- 
stant distance from its center), a horocycle, or a curve at constant distance from a 
geodesic. 

A triangulated surface, or triangulation for short, is a polyhedral surface all of 
whose faces are triangles. All triangulations are cyclic. 


2.2 Notation 


We will denote the sets of vertices, edges, and faces of a CW complex X by Vs, Ey, 
and Fz, and we will often omit the subscript when there is no danger of confusion. 
For notational convenience, we require all CW complexes to be strongly regular. 
This means that we require that faces are not glued to themselves along edges or 
at vertices, that two faces are not glued together along more than one edge or one 
vertex, and that edges have distinct end-points and two edges have at most one 
endpoint in common. This allows us to label edges and faces by their vertices. We 
will write ij € E for the edge with vertices i, j € V and ijkl € F for the face with 
vertices i, j, k,l € V. We will always list the vertices of a face in the correct cyclic 
order, so that for example the face ijkl has edges ij, jk, kl, and li. The only reason 
for restricting our discussion to strongly regular CW complexes is to be able to use 
this simple notation. Everything we discuss applies also to general CW complexes. 
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2.3 Discrete Metrics 


The discrete metric of a euclidean (or hyperbolic or spherical) cyclic polyhedral sur- 
face X is the function £ : Ey — [Rx o that assigns to each edge ij € Ey its length £j. 
It satisfies the polygon inequalities (one side is shorter than the sum of the others): 


lini, + [E d t bii, > 0 


bits = liit ss Pai, > O 
for all iji? ...i, € Fy (1) 


liis + Liit... — bin tin > O 
In the case of spherical polyhedral surfaces, we also require that 
Livin + E T... Li: ad « 27. (2) 


The polygon inequalities (1) are necessary and sufficient for the existence of a 
unique cyclic euclidean polygon and a unique cyclic hyperbolic polygon with the 
given edge lengths. Together with inequality (2) they are necessary and sufficient 
for the existence of a unique cyclic spherical polygon. For a new proof of these ele- 
mentary geometric facts, see [24]. Thus, a discrete metric determines the geometry 
of a cyclic polyhedral surface: 


Proposition and Definition 2.1 Jf X is a surface with the structure of a CW com- 
plex and a function £ : Ey, — Rso satisfies the polygon inequalities (1), then there 
is a unique euclidean cyclic polyhedral surface and also a unique hyperbolic cyclic 
polyhedral surface with CW complex X and discrete metric £. If £ also satisfies 
the inequalities (2), then there is a unique spherical cyclic polyhedral surface with 
CW complex & and discrete metric €. 

We will denote the euclidean, hyperbolic, and spherical polyhedral surface with 
CW complex £ and discrete metric £ by (X, €)eucs (X, L)nyp, and (X, L)spn, respec- 
tively. 


2.4 Discrete Conformal Equivalence 


We extend the definition of discrete conformal equivalence from triangulations 
[5, 28] to cyclic polyhedral surfaces in a straightforward way (Definition 2.2). While 
some aspects of the theory carry over to the more general setting (e.g., Móbius 
invariance, Proposition 2.5), others do not, like the characterization of discretely 
conformally equivalent triangulations in terms of length cross-ratios (Sect. 2.5). We 
will discuss similar characterizations for polyhedral surfaces with 2-colorable ver- 
tices and the particular case of quadrilateral faces in Sects. 2.7 and 2.8. 
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We define discrete conformal equivalence only for polyhedral surfaces that are 


combinatorially equivalent (see Remark 2.4). Thus, we may assume that the surfaces 
share the same CW complex X equipped with different metrics £, £. 


Definition 2.2 Discrete conformal equivalence is an equivalence relation on the set 
of cyclic polyhedral surfaces defined as follows: 


Two euclidean cyclic polyhedral surfaces (X, £)4,. and (X, Douc are discretely 
conformally equivalent if there exists a function u : Vg — R such that 


1 
£y = gau. (3) 


Two hyperbolic cyclic polyhedral surfaces (X, £)5,, and (X, Da are discretely 
conformally equivalent if there exists a function u : Vy; — R such that 


by bij 
sinh (3) = eiu) sinh (3). (4) 


Two spherical cyclic polyhedral surfaces (X, £)spn and (X, D) are discretely 
conformally equivalent if there exists a function u : Vy; — IR such that 


sin (3) = ert") gin (3. (5) 
2 2 
We will also consider mixed versions: 


A euclidean cyclic polyhedral surface (2, £)euc and a hyperbolic cyclic polyhe- 
dral surface (X, £)nyp are discretely conformally equivalent if 


i, 
sinh (i) = erty gs. (6) 


A euclidean cyclic polyhedral surface (X, £)euc and a spherical cyclic polyhedral 
surface (X, £)spn are discretely conformally equivalent if 


i, 
sin (3) = eatu) gu (7) 


A hyperbolic cyclic polyhedral surface (X, £)nyp and a spherical cyclic polyhedral 
surface (X, D) are discretely conformally equivalent if 


sin (&) = e244) sinh (3). (8) 


Remark 2.3 Note that relation (5) for spherical edge lengths is equivalent to rela- 
tion (3) for the euclidean lengths of the chords in the ambient IR? of the sphere (see 
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Fig. 2 Spherical and l 


hyperbolic chords Zon 


2 sinh $ 


Fig. 2, left). Likewise, relation (4) for hyperbolic edge lengths is equivalent to (3) 
for the euclidean lengths of the chords in the ambient R>! of the hyperboloid model 
of the hyperbolic plane (see Fig. 2, right). 


Remark 2.4 For triangulations, the definition of discrete conformal equivalence has 
been extended to meshes that are not combinatorially equivalent [5, Definition 5.1.4] 
[17, 18]. It is not clear whether or how the following definitions for cyclic polyhe- 
dral surfaces can be extended to combinatorially inequivalent CW complexes. 


The discrete conformal class of a cyclic polyhedral surface embedded in n- 
dimensional euclidean space is invariant under Mobius transformations of the ambi- 
ent space: 


Proposition 2.5 (Móbius invariance) Suppose P and P are two combinatorially 
equivalent euclidean cyclic polyhedral surfaces embedded in R" (with straight 
edges and faces), and suppose there is a Möbius transformation of R” U (co) that 
maps the vertices of P to the corresponding vertices of P. Then P and P are dis- 
cretely conformally equivalent. 


Note that only vertices are related by the Móbius transformation, not edges and 
faces, which remain straight. The simple proof for the case of triangulations [5] 
carries over without change. 


2.5 Triangulations: Characterization by Length Cross-Ratios 


For euclidean triangulations, there is an alternative characterization of conformal 
equivalence in terms of length cross-ratios [5]. We review the basic facts in this 
section. 

For two adjacent triangles ijk € F and jil € F (see Fig. 3), the length cross-ratio 
of the common interior edge ij € E is defined as 


Libik 
[2227 i 


ler = 


(9) 


(If the two triangles are embedded in the complex plane, this is just the modulus of 
the complex cross-ratio of the four vertices.) This definition of length cross-ratios 
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Fig. 3. Length cross-ratio 


implicitly assumes that an orientation has been chosen on the surface. For non- 
orientable surfaces, the length cross-ratio is well-defined on the oriented double 
cover. 

The product of length cross-ratios around an interior vertex i € V is 1, because 
all lengths cancel: 


I Ier; =1. (10) 


ijai 


Proposition 2.6 Two euclidean triangulations (X, £)euc and (3, D euc are discretely 
conformally equivalent if and only if for each interior edge ij € E}, the induced 
length cross-ratios agree. 


Remark 2.7 Analogous statements hold for spherical and hyperbolic triangulations. 
Equation (9) has to be modified by replacing £ with sin $ or sinh 5, respectively 
(compare Remark 2.3). 


2.6 Triangulations: Reconstructing Lengths from Length 
Cross-Ratios 


To deal with Riemann surfaces that are given in terms of Schottky data (Sect. 8.2) we 
will need to reconstruct a function £ : Ey — Ryo satisfying (9) from given length 
cross-ratios. (It is not required that the function £ satisfies the triangle inequalities.) 
To this end, we define auxiliary quantities cy attached to the angles of the triangu- 
lation. The value at vertex i of the triangle ijk € F is defined as 
i ti 
Ok T quus (11) 


Then (9) is equivalent to 
i 
jk 
lcr; = —. 
lj 


(12) 


Now, given a function ler : E”! — IR. defined on the set of interior edges E" and 
satisfying the product condition (10) around interior vertices, one can find parame- 
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ters cy satisfying (11) by choosing one value at each vertex and then successively 
multiplying length cross-ratios. The corresponding function £ is then determined by 


1 1 
ly = — (13) 


Po iJ 
VRC CFG 


2.7 Bipartite Graphs: Characterization by Length 
Multi-Ratios 


A different characterization of discrete conformal equivalence in terms of length 
multi-ratios holds if the 1-skeleton of the polyhedral surface is bipartite, i.e., if the 
vertices can be colored with two colors so that no two neighboring vertices share 
the same color. 


Proposition 2.8 (i) If two combinatorially equivalent euclidean cyclic polyhedral 
surfaces (X, €)euc and (È, b)euc with discrete metrics £ and £ are discretely confor- 
mally equivalent, then the length multi-ratios for even cycles 


1112, 1213, .. . , l2nl1 
are equal: 
Liis bizia n Uis aio, _ fii, izi4 * * ' ias alos (14) 
ijis “iqis `° fiiis Unt at ‘Lindi 


(ii) If the 1-skeleton of & is bipartite, i.e., if all cycles are even, then this con- 
dition is also sufficient: If the length multi-ratios are equal for all cycles, then the 
polyhedral surfaces are discretely conformally equivalent. 


Proof (1) This is obvious, because all scale factors e" cancel. (ii) It is easy to see that 
Eq. (3) can be solved for the scale factors e"? if the length multi-ratios are equal. 
Note that the scale factors are not uniquely determined: they can be multiplied by A 
and 1/4 on the two vertex color classes, respectively. To find a particular solution, 
one can fix the value of e"? at one vertex, and find the other values by alternatingly 
dividing and multiplying by £ /€ along paths. The equality of length multi-ratios 
implies that the obtained values do not depend on the path. O 


Remark 2.9 If a polyhedral surface is simply connected, then its 1-skeleton is bipar- 
tite if and only if all faces are even polygons. If a polyhedral surface is not simply 
connected, then having even faces is only a necessary condition for being bipartite. 


A polyhedral surface with bipartite 1-skeleton has even faces. If a polyhedral 
surface has even faces and is simply connected, then its 1-skeleton is bipartite, and 
the face boundaries generate all cycles. Thus, Proposition 2.8 implies the following 
corollary. 
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Corollary 2.10 Two simply connected combinatorially equivalent euclidean cyclic 
polyhedral surfaces with even faces and with discrete metrics € and l are discretely 
conformally equivalent if and only if the multi-ratio condition (14) holds for every 
face boundary cycle. 


Remark 2.11 Analogous statements hold for spherical and hyperbolic cyclic poly- 
hedral surfaces. In the multi-ratio condition, one has to replace non-euclidean 
lengths £ with sin 2 or sinh $, respectively (compare Remark 2.3). 


2.8 Quadrangulations: The Cross-Ratio System on 
Quad-Graphs 


The case of cyclic quadrilateral faces is somewhat special (and we will return to it 
in Sect. 4), because equal length cross-ratio implies equal complex cross-ratio: 


Proposition 2.12 If two euclidean polyhedral surfaces with cyclic quadrilateral 
faces are discretely conformally equivalent, then corresponding faces ijkl € F have 
the same complex cross-ratio (when embedded in the complex plane): 


(zi = Zik 20. Ri — Zi Ek = 20) 


(zj—z)(u-—z) (Zj — Ze) (Zi — Zi) 


Proof This follows immediately from Proposition 2.8: The length multi-ratio of a 
quadrilateral is the modulus of the complex cross-ratio. If the (embedded) quadri- 
laterals are cyclic, then their complex cross-ratios are real and negative, so their 
arguments are also equal. O 


For planar polyhedral surfaces, i.e., for quadrangulations in the complex plane, 
Proposition 2.12 connects discrete conformality with the cross-ratio system on 
quad-graphs. A quad-graph in the most general sense is simply an abstract CW 
cell decomposition of a surface with quadrilateral faces. Often, more conditions are 
added to the definition as needed. Here, we will require that the surface is oriented 
and that the vertices are bicolored black and white. For simplicity, we will also 
assume that the CW complex is strongly regular (see Sect. 2.2). The cross-ratio sys- 
tem on a quad-graph £ imposes equations (15) on variables z; that are attached to 
the vertices i € Vy. There is one equation per face ijkl € Fy: 


(zi — zj)(zk — zi) 
(zj — zx) — zi) 


— Qiu. (15) 


where we assume that i is a black vertex and the boundary vertices ijkl are listed in 
the positive cyclic order. (Here we need the orientation). On the right hand side of 
the equation, Q : Fy — C \ (0, 1} is a given function. In particular, it is required 
that the values z;, Zj, zy, zı on a face are distinct. 
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By Proposition 2.12, two discretely conformally equivalent planar quadrangula- 
tions correspond to two solutions of the cross-ratio system on the same quad-graph 
with the same cross-ratios Q. The following proposition says that in the simply con- 
nected case, one can find complex factors w on the vertices whose absolute values 
|w| = e"? govern the length change of edges according to (3), and whose arguments 
govern the rotation of edges. Note that (3) is obtained from (16) by taking absolute 
values. 


Proposition 2.13 Let X be a simply connected quad-graph. Two functions z, Z : 
Vs — C are solutions of the cross-ratio system on © with the same cross-ratios Q 
if and only if there is a function w : Vy, — C such that for all edges ij € Ex 


Zj — zi = WiWj(z; — zi). (16) 


Proof As in the proof of Proposition 2.8, it is easy to see that the system of equa- 
tions (16) is solvable for w if and only if the complex multi-ratios for even cycles 
are equal. Because X is simply connected, this is the case if and only if the complex 
cross-ratios of corresponding faces are equal. O 


Remark 2.14 The cross-ratio system on quad-graphs (15) is an integrable system (in 
the sense of 3D consistency [6, 7]) if the cross-ratios Q "factor", i.e., if there exists 
a function on the set of edges, a : Ex; — C, that satisfies the following conditions 
for each quadrilateral ijkl € F: 


(i) It takes the same value on opposite edges, 


dj = dy, — dj = dii. (17) 
(ii) 
aij 
Qi = >. (18) 
jk 


In Adler et al. classification of integrable equations on quad-graphs [2], the inte- 
grable cross-ratio system is called (Q1);2o. It is also known as the discrete 
Schwarzian Korteweg-de Vries (dSKdV) equation, especially when it is considered 
on the regular square lattice [33] with constant cross-ratios. 

If the cross-ratios Q have unit modulus, the cross-ratio system on quad-graphs is 
connected with circle patterns with prescribed intersection angles [6, 7]. 


Remark 2.15 The system of equations (16) is also connected with an integrable 
system on quad-graphs. Let bj; = zj — zi, so b is a function on the oriented edges 
with bj; = —bj. Let us also assume that the quad-graph X is simply connected. Then 
the system (16) defines a function z : V — C (uniquely up to an additive constant) 
if and only if the complex scale factors w : Vg — C satisfy, for each face ijkl € F 
the closure condition 


bijwiwj + big wjWwy + buwigw,; + bjjwyw; = 0. (19) 
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This system for w is integrable if, for each face ijkl € F, 
bi + big =0 and Diz + bij = 0. 


In this case, (19) is known as discrete modified Korteweg—de Vries (dmKdV) equa- 
tion [33], or as Hirota equation [6, 7]. 


3 Variational Principles for Discrete Conformal Maps 


3.1 Discrete Conformal Mapping Problems 


We will consider the following discrete conformal mapping problems. (The notation 
(X, £) was introduced in Definition 2.1.) 


Problem 3.1 (prescribed angle sums) Given 


e A euclidean, spherical, or hyperbolic cyclic polyhedral surface (£, £),, where 
g € leuc, hyp, sph}, 

e a desired total angle ©; > 0 for each vertex i € Vy, 

e a choice of geometry g € [euc, hyp, sph}, 


find a discretely conformally equivalent cyclic polyhedral surface (X, £) à of geom- 
etry 2 that has the desired total angles © around vertices. 


For interior vertices, © prescribes a desired cone angle. For boundary vertices, 
© prescribes a desired interior angle of the polygonal boundary. If ©; = 27 for all 
interior vertices i, then Problem 3.1 asks for a flat metric in the discrete conformal 
class, with prescribed boundary angles if the surface has a boundary. 

More generally, we will consider the following problem, where the logarithmic 
scale factors u (see Definition 2.2) are fixed at some vertices and desired angle sums 
O are prescribed at the other vertices. The problems to find discrete Riemann maps 
(Sect. 4.2) and maps onto the sphere (Sect. 6.1) can be reduced to this mapping 
problem with some fixed scale factors. 


Problem 3.2 (prescribed scale factors and angle sums) Given 


e A euclidean, spherical, or hyperbolic cyclic polyhedral surface (X, £), where 
g € {euc, hyp, sph}, 
e a partition Vy, = VoUV, 
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e a prescribed angle ©; > 0 for each vertex i € Vi, 
e a prescribed logarithmic scale factor u; € R for each vertex i € Vo, 
e a choice of geometry g € {euc, hyp, sph}, 


find a discretely conformally equivalent cyclic polyhedral surface (X, £) à of geom- 
etry g that has the desired total angles © around vertices in V, and the fixed scale 
factors u at vertices in Vo. 


Note that for Vy = Ø, V; = V, Problem 3.2 reduces to Problem 3.1. 


3.2 Analytic Formulation of the Mapping Problems 


We rephrase the mapping Problem 3.2 analytically as Problem 3.4. The sides of a 
cyclic polygon determine its angles, but practical explicit equations for the angles 
as functions of the sides exist only for triangles, e.g., (21). For this reason it makes 
sense to triangulate the polyhedral surface. For the angles in a triangulation, we use 
the notation shown in Fig. 4. In triangle ijk, we denote the angle at vertex i by ai. 
We denote by Bi, the angle between the circumcircle and the edge jk. The angles o 
and £ are related by 
a, + Bj; + By = m. 


so betas determine alphas and vice versa: 


J 


2f, =x + o, — Qt T us (20) 


i^ "ij 


For euclidean triangles, 


i J k i. 4d 
Oy bee — m, — By = 0g. 


Fig. 4 Notation of lengths 
and angles in a triangle 
ijk e F 
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The half-angle equation can be used to express the angles as functions of lengths: 


(euc) 


(ze + c GC + Ge — A : 
(Lij — jk + £i) Cig + Cie + Ui) i 
- (5 ) 7 ( sinh ((€j — £j + lri) /2) sinh ((£5 + £y — £:)/2) ) du 
sinh ((—€ + £y + £;)/2) sinh (ij + £j + £;)/2) 
| 
( sin ((£j — £j + lxi) /2) sin ((£5 + £i — Lui) /2) ) "T 
sin ((—£y + £j + lri) /2) sin (Cy + £j + £)/2) di 


(21) 
Lemma 3.3 (analytic formulation of Problem 3.2) Let 


e the polyhedral surface (X, £)s, 
e the partition VoU V], 

e O; fori € Vi, 

e u; fori € Vo, 

e the geometry g € {euc, hyp, sph} 

be given as in Problem 3.2. Let A be an abstract triangulation obtained by adding 
non-crossing diagonals to non-triangular faces of 3. (So Vy = V4, Ey € EA, and 
the set of added diagonals is E4 X Ey.) For ij € Ey, define i, by 


2 log Li; if E= EUC 
Àj = į 2log sinh 7 if g = hyp (22) 
2logsin 3 if g= sph 


Then solving Problem 3.2 is equivalent to solving Problem 3.4 with Eg = Ey, and 
E, = E,\ Ey. 


Problem 3.4 Given 


e an abstract triangulation A, 
e a partition VA = V9UV;, 

e u; € Rfori € Vo 

e. Oi € Ryo fori € Vi, 

e a partition E4 = EQUE,, 

e Aj for ij € Eo, 

e g € {euc, hyp, sph}, 


find u; € R for i € V; and Aj for ij € E; such that 


l: Ea > Rao 
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defined by . 
Àj = ui ct uj + Ag, (23) 
and 
ea^i ifg — euc 
£j = |2arsinhe?s ifg = hyp (24) 


2 arcsin e3^i ifg — sph 


satisfies for all ijk € F4 the triangle inequalities 


by < bn + ba, bin < laa o; lu < ly + bi, 2) 
and for g = sph also - . 
Lij + Cg + lki < 27, (26) 
and such that 
>) & =O forall ieV, (27) 
jküjke FA 
Bi + Bi =x forall ije E, (28) 


where & and B are defined by (21) and (20) (with a, B, £ replaced by a, B. D. Note 
that for = sph it is also required that A < 0 for £ to be well-defined. 


Proof (of Lemma 3.3) Note that (27) says that the angle sums at vertices in V; have 
the prescribed values, and (28) says that neighboring triangles of (A, D z belonging 
to the same face of X share the same circumcircle. So deleting the edges in EA V Ez, 
one obtains a cyclic polyhedral surface (X, £| E;)g. H 


3.3 Variational Principles 


Definition 3.5 For an abstract triangulation A and a function © € R'4, define the 
three functions 


euc hyp sph WE, Va 
Exo: E40: Eo: R xR“ — R, 


(A, u) —> E5 oÀ, u) 


by 


T" Tm E a T. a m 
Ef ou) = X, (f Õu Au) — ia Au Ad) + D Om, Q9) 


ijke FA i€Va 
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where g € {euc, hyp, sph}, À is defined as function of A and u by (23), and the 
functions f°“, f?, f°?" are defined in Sect. 3.4. 


We will often omit the subscripts and write simply E*"6, E'?P, E°?" when this is 
unlikely to cause confusion. 


Definition 3.6 We define the feasible regions of the functions EX o as the follow- 
ing open subsets of their domains: 


e The feasible region of E*^* and E^"? is the set of all (A, u) € RP^ x IR^ such 
that 2 € RF, defined by (23) and (24) satisfies the triangle inequalities (25) 

e The feasible region of E?" is the set of all (A, u) € R^^ x R™ such that À defined 
by (23) is negative, and £, which is then well-defined by (24), satisfies the triangle 
inequalities (25) and the inequalities (26). 


Theorem 3.7 (Variational principles) Every solution (X, £) à of Problem 3.2 cor- 
responds via (23) and (24) to a critical point (A, u) € RP^ x R™ of the function 
Es under the constraints that Aj; and u; are fixed for ij € Ey and i € Vo, respec- 
tively. (The triangulation A, and Eg = Ey and E, = E4 \ Ey are as in Lemma 3.3, 
and the given function O is extended from V, to V by arbitrary values on Vo.) 

Conversely, if (à, u) € RP^ x R^ is a critical point of the function ES s under 
the same constraints, and if (A, u) is contained in the feasible region of EŠ o then 
(X, D; defined by (23) and (24) is a solution of Problem 3.2. 


Proof This follows from the analytic formulation of Problem 3.2 (see Sect. 3.2) and 
Proposition 3.8. 0 


Proposition 3.8 (First derivative of E^) The partial derivatives of E? are 


3E? " 

ar rt) = Oi -9 äh (30) 
' ijksi 

8E "S 

a (oM Rcs (31) 


Here a, B are defined by (21) and (20) (with a, B, £ replaced by a, B, 0) if (A, u) 
is contained in the feasible region of E*. For (X, u) not contained in the feasible 
region, the definition of a, B is extended like in Definition 3.12. 


Proof Equations (30) and (31) follow from the definition of E ê and Proposition 3.14 
on the partial derivatives of fë. o 


Theorem 3.9 (Uniqueness for mapping problems) Zf Problem 3.2 with target 
geometry g € {euc, hyp} has a solution, then the solution is unique—except if 
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g = euc and Vo = Ø (the case of Problem 3.1). In this case, the solution is unique 
up to scale. 

The critical point (à, u) € R4 x RV^ that corresponds, via (23) and (24), to a 
solution (3, Ds of Problem 3.2 with g € {euc, hyp} is a minimizer of ES o under 
the constraints described in Theorem 3.7. The minimizer is unique except in the 
following cases. If g = euc and Vo = Ø, then Ea is constant along all lines in the 
“scaling direction” (0, 1y,) € RF^ x RV^, If the I-skeleton of X. is bipartite and 
Vo = Ø, then EL. o is constant in the direction that is +1 on the two color classes 
Of Va, respectively, and takes appropriate values on E4 \ Ey so that hij defined 
by (23) remains constant for all ij € E 4. (In both exceptional cases, one can obtain 
a unique minimizer by adding the constraint of fixing u; for some i € VA.) 


Proof The theorem follows from Theorem 3.7 and the following observations. 


(1) If the point (A, u) € R®4 x IRV^ corresponds to a solution of Problem 3.2, it is 
contained in the feasible region of E P 

(2) By (29) and Proposition 3.16, the functions E*"^ and E WP are convex. 

(3) For (A, u) in the feasible region, the second derivative D?’ E? (à, u) isa posi- 
tive definite quadratic form of dA, i.e., D? EP (à, u)(À, ù) > 0 for all (À, ù) € 
R's x RY and D?E™?(A, u) (À, ù) = 0 if and only if 


Aytui+a; =0 forallij € EA. 


(4) Similarly, for (A, u) in the feasible region, the second derivative D? E*'* (à, u) is 
a positive semidefinite quadratic form with D? E*' (X, u)(À, ù) = 0 if and only 
if 

Àj tii taj =e for all ij € E4, for some c € R. H 


In the following proposition, we collect explicit formulas for the second deriv- 
atives of the functions E?. They are useful for the numerical minimization of E*"^ 
and E", and even for finding critical points of E”, as explained in Sect. 6.2. 


Proposition 3.10 (Second derivative of E*) The second derivatives of E*'*, E™?, 
and E*" are the quadratic forms 


: 1 : i . 
D? EŠ (à, u) = > > (ab, u) + qO, u) + qu Os. w), 
ijke FA 


where dij (A, u) -0if by, bins p defined by (23), (24) violate the triangle inequali- 

ties (25), or, in the case of g = sph, inequality (26). Otherwise, the quadratic forms 
k 

q; (à, u) are defined by 
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cot ai (dai — dÀj + dui — du j)? ] (euc) 


qi = {cot Bi (daik — dày + du; — duj)? + tanh? (4) (day + du; + duj)2) (hyp) 
cot Bf ((dhik — dA4j + dui — duj)? — tan? (3) (day + du; +duj)?) (sph) 


i 


where à, B are defined by (21) and (20) (with a, B, £ replaced by a, B, £). 


Proposition 3.10 follows from (29) and Proposition 3.15 about the second deriv- 
atives of f$. 


3.4 The Triangle Functions 


This section is concerned with three real valued functions f^", f?, f°?" of three 
variables that are the main building blocks for the action functions E*^*^, E hyp psph 
of the variational principles. Since we consider single triangles in this section, not 
triangulations, we can use simpler notation. For {i, j, k} = (1, 2, 3}, let 


i i 
ri =Aje, Gi = Cj, di =p Bi = Bg. 


The terminology introduced in the following definition makes Definition 3.12 easier 
to state. 


Definition 3.11 Let the feasible region of f*"^ and f"? be the open subset of all 
à € R? such that £ € R3, determined by (22) satisfies the triangle inequalities, i.e., 


£x < £j + l; (32) 
for {i, j, k} = {1, 2, 3}. 

Let the feasible region of f°?" be the open subset of all à € R? such that à < 0, 
and such that £ € Rys which is then well-defined by (22), satisfies the triangle 
inequalities (32) and 

£14 £5 4 £3 < 27. (33) 
Definition 3.12 We define the three functions 
pee f», fpe : R? >R 
by 


FF (Ar, Az, A3) = B1A1 + B22 + B33 + JI (ay) + JI (a2) + JI (œ) 
+ JI(B1) + JI(B2) + JI(B3) + JE (5 Gc — æi — œ — @3)), (34) 


where g € {euc, hyp, sph}, JI(x) denotes Milnor’s Lobachevsky function [30] 
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JI(x) = -f log [2 sin(t)| dt, (35) 
0 


and, 


if à is in the feasible region of f*, then the angles o, B are defined as the angles 
(shown in Fig. 4) in a euclidean, hyperbolic, or spherical triangle (depending on 
g) with sides £1, £2, £4 determined by (22). That is, œ and £ are defined by (21) 
and (20). 

Otherwise, if g = sph, and if either at least two As are non-negative or A < 0 and 
inequality (33) is violated, let 


ak =Q; =4j =T, Pr = Pi = pj = 0. 


Otherwise, if the triangle inequality (32) is violated, or if g = sph and A4 > O, let 


Oy = By — m, a =aj = fi = Bj =0. 


Figure 5 shows a graph of Milnor’s Lobachevsky function. It is continuous, 7- 
periodic, odd, has zeros at the integer multiples of 2/2, and is real analytic except 
at integer multiples of 2, where the derivative tends to +00. 


Remark 3.13 In the euclidean case, (34) simplifies to 
f^" (A) = Qj Àj + a jj + OU ÀK + 2J1(a;) + 2JI(oj) + 2JI (ax). (36) 


This follows immediately from a; + o +a3 = T, & = f, and JI(0) = 0. 


Proposition 3.14 (first derivative) The functions f*, g € {euc, hyp, sph}, are con- 
tinuously differentiable and 
are 


Bi. (37) 


OX; 


Fig. 5 Graph of Milnor's y 
Lobachevsky function, 
y= JI) 
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Proof Note that the angles o, 6 are continuous functions of A on IR?. Hence f* 
defined by (34) is also continuous. We will show that f? is continuously differ- 
entiable with derivative (37) on an open dense subset of the domain, namely, the 
union of (a) the feasible region and (b) the interior of its complement. Since f* is 
continuous and df! extends continuously to IR?, the claim follows. 

(a) First, suppose À is contained in the feasible region of f£. By symmetry, it 
suffices to consider the derivative with respect to A;. From (34) and (35) one obtains 


a 


gy) obi 
mph 3 (Gs — log@ sin 8) 57 


( — log(2 sin a;) + 4 log |2 sin(2-£782-23)]) c) (38) 


For hyperbolic and spherical triangles, one derives from the respective cosine 
rules 


. : N — 1—2 —03 
eee sin B; sin “GS : 
sinh = - - (hyperbolic), 
2 Sin or» Sin &3 
: i Gittin 
mee sin B; sin 71—257:— . 
sin = - - (spherical). 
2 Sin or? sin a3 


In both cases, expand the fraction on the right hand side by four and take logarithms 
to find 


Ai = logQ sin B;) + log |2 sin £-2:722-5: | — log(2 sin æj) — log(2 sin a). 
Substitute this expression for A; in (38) and use dp; = $ (do; — dæ; — do) to see 


that all terms on the right hand side of (38) cancel, except fj. 
For euclidean triangles, (38) simplifies to 


3 
afé Qa; 
—= à; — 2log(2 sin oj : 
3i Box og(2 sin @;)) Te 
where 
ài — 2log(2sino;) = 2log —— 


2sino; - ane A 
does not depend on i. (R denotes the circumradius.) Equation (37) follows because 
the angle sum is constant. 

(b) Now suppose 4 is contained in the interior of the complement of the feasible 
region of f%. Since P, B2, B3 are constant on each connected component of the 
complement of the feasible region, and since 
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f$ (AL, A2, A3) = BiAy + Bodo + B33, 


outside the feasible region, Eq. (37) holds also in this case. This completes the 
proof. O 


Proposition 3.15 (second derivative) For g € {euc, hyp, sph} the function f* is 
twice continuously differentiable on its feasible set and the second derivative is 


3 

p? ee = LY co oj (dX; — day)”, (39) 
2 i=l 

2 hp _ 1 - 3 a 2 2 (4. 2 

D? fh» = — > cot B; (dA; — day)? + tanh? (4) da/), (40) 
2 i=l 
3 

p? f™ = DET Bi ((daj — dag)” — tan? (&) da?) (41) 
i=l 


On each component of the complement of its feasible set, the function f, is linear 
so the second derivative vanishes. 


A proof of (39) is contained in [5] (Proposition 4.2.3), see Remark 3.17 below. 
Equations (40) and (41) can be derived by lengthy calculations. 


Proposition 3.16 (i) The function f° is convex. On its feasible set, the second 
derivative D? f™ is positive semidefinite with one-dimensional kernel spanned by 
the "scaling direction" (1, 1, 1). 

(ii) The function f" is convex. On its feasible set, the second derivative D? f" 
is positive definite, so the functions is locally strictly convex. 


Part (1) is proved in [5] (Propositions 4.2.4, 4.2.5, note the following remark) 
directly from (39). We do not know a similarly straightforward proof of part (ii). 
The proof in [5] (Sect. 6.2) is based on a connection with 3-dimensional hyperbolic 
geometry: f"? is the Legendre dual of the volume of an ideal hyperbolic prism 
considered as a function of the dihedral angles. This volume function is strictly 
concave, as shown by Leibon [26]. His argument uses the decomposition of an ideal 
prism into three ideal tetrahedra. 


Remark 3.17 The functions f and Y, defined in [5] (equations (4-3), (6-4)) are 
related to the functions f° and f"? by 


f* (At, Ao, a3) = 2f C3, 2, ¥), (42) 
FEP Oa, A2, A3) = 2V, (Ar, Aa, Aa, 0, 0, 0). (43) 
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4 Conformal Maps of Cyclic Quadrangulations 


Having introduced the mapping problems and variational principles, we return to 
conformal maps of cyclic quadrangulations. Some basic facts were already dis- 
cussed in Sect. 2.8. Here, in Sect. 4.1, we consider a simple experiment that demon- 
strates the somewhat unexpected appearance of orthogonal circle patterns, and also 
a necessary condition for the boundary angles. In Sect.4.2, we discuss a discrete 
version of the Riemann mapping problem for quadrangulations. 


4.1 Emerging Circle Patterns and a Necessary Condition 


Consider the two discrete conformal maps shown in the two rows of Fig. 6. The 
domains (shown left) are a square and a rectangle, subdivided into 6 x 6 and 6 x 5 
squares, respectively. We solve the mapping Problem 3.1 by minimizing E° as 
explained in Sect. 3.3, prescribing boundary angles to obtain maps to parallelo- 
grams: © = 50° and 130° for the corner vertices, © = 180° for the other bound- 
ary vertices, and © = 360° for interior vertices. The resulting quadrangulations are 
shown in the middle. 

On first sight, the 6 x 6 example shown in the top row behaves rather like one 
would expect from a conformal map. The horizontal and vertical “coordinate lines” 
of the domain are mapped to polygonal curves that look more or less like they could 
be discretizations of reasonable smooth curves. In the 6 x 5 example shown in the 
bottom row, the images of the vertical lines zigzag noticeably. 

A closer look at the 6 x 6 example reveals a remarkable phenomenon. Let us 
bicolor the vertices black and white so that neighboring vertices have different 


Fig. 6 Mapping a rectangle to a parallelogram. Note the orthogonal circle pattern in the top row 
and the wiggly vertical lines in the bottom row 
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colors, with the corners colored white. Then, in the image quadrangulation, the 
edges incident with a black vertex meet at right angles, and the edges incident with 
a white vertex have the same length. One can therefore draw a circle around each 
white vertex through the neighboring black vertices as shown in Fig. 6 (top right). 
At the black vertices, these circles touch and intersect orthogonally. Such circle pat- 
terns were studied by Schramm [38] as discrete analogs of conformal maps. 

Given such a circle pattern with orthogonally intersecting circles, the quadran- 
gulation formed by drawing edges between circle centers and intersection points 
consists of quadrilaterals that are right-angled kites. Such kites have complex cross- 
ratio —1. Hence, the quadrangulation coming from an orthogonal circle pattern 
is discretely conformally equivalent (in our sense) to a combinatorially equivalent 
quadrangulation consisting of squares. 

The conformal map shown in the top row of Fig. 6 "finds" the orthogonal cir- 
cle pattern because that circle pattern exists and the conformal map is unique (by 
Theorem 3.9). For the 6 x 5 example shown in the bottom row, a corresponding 
orthogonal circle pattern does not exist. No matter which coloring is chosen, there 
are two black vertices at which the total angle changes (from 90° to 50° and 130°, 
respectively). The neighbors of a vertex do not lie on a circle. Figure 6 (bottom right) 
shows two circles drawn through three out of four neighbors. 

If we map an m x n square grid to a parallelogram like in Fig. 6, an orthogonal 
circle pattern will appear if m an n are even. No such pattern will appear if one of 
the numbers is even and the other is odd. What happens if both m and n are odd? 
In this case, the conformal map does not exist. The corners with increasing angle 
and the corners with decreasing angle would have different colors. This violates the 
necessary condition expressed in the following theorem. 


Theorem 4.1 (Necessary condition for the existence of a conformal map) Let £ be 
an abstract quadrangulation of the closed disk, and let 


z,Z: Vz > C 


determine two discretely conformally equivalent immersions of & into the complex 
plane. Denote their angle sums at boundary vertices v € Vy, by O, and ©,, respec- 
tively. Since the \-skeleton of & is bipartite, we may assume the vertices are colored 
black and white. Let V? and V? denote the sets of black and white boundary vertices 
of X. Then 


$(6,—60, 20 (mod 2r), (44) 
veV? 
$(6,—6, 20 (mod 2z). (45) 
vev? 


(Since È yuv: Oy — O,) = 0, equations (45) and (44) are equivalent.) 
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Proof Since z and Z are two solutions of the cross-ratio system on X with the same 
cross-ratios (see Sect. 2.8), there exists by Proposition 2.13 a function w : Vy — C 
such that (16) holds for all edges ij € Ey. Now suppose vo, ..., vo, ; € Vy are the 
boundary vertices in cyclic order (with indices taken modulo 27). Then 


gi» 79) = (£v, n £y (£v, m zy) = Wri 
(Zp E Zu) Gv ES Zv) Wvg 


, 


SO 
n—1 


n-l 
l l e! (Oru - 9) = l l el (Oru 78) = 1. 


k=0 k=0 


Equations (44) and (45) follow. O 


4.2 Riemann Maps with Cyclic Quadrilaterals 


Consider the following discrete version of the Riemann mapping problem: Map a 
cyclic polyhedral surface that is topologically a closed disk discretely conformally to 
a planar polygonal region with boundary vertices on a circle. An example is shown 
in Fig. 7, top row. This type of problem can often be reduced to Problem 3.2. Then, 
by the variational principle, if a solution exists, it can be found by minimizing a 
convex function. For triangulations, the reduction of the discrete Riemann mapping 
problem to Problem 3.2 is explained in [5] (Sect. 3.3). Here, we consider the case 
of quadrangulations. (The arguments can be extended to even polygons with more 
than four sides. We restrict our attention to quadrilaterals because the combinatorial 
restrictions discussed in the following paragraph become even more involved for 
surfaces with hexagons, octagons, etc.) 

The basic idea is the same as for triangulations: First, map the polyhedral sur- 
face to the half plane with one boundary vertex at infinity. Then apply a Möbius 
transformation. This leads to a combinatorial restriction: No face may have more 
than one edge on the boundary. (The face would degenerate when the boundary is 
mapped to a straight line.) For triangulations, this means that no triangle may be 
connected to the surface by only one edge. If this condition is violated, cutting off 
such “ears” often leads to an admissible triangulation. For quadrangulations, this 
fix does not work in typical situations. Instead, if a quadrilateral contains two con- 
secutive edges on the boundary, cut off a triangle. The resulting polyhedral surface 
will consist mostly of quadrilaterals with some triangles on the boundary, as in the 
example shown in Figs. 7, 8. 

Suppose (£X, £)euc is a euclidean cyclic polyhedral surface that is homeomorphic 
to the closed disk and consists mostly of quadrilaterals. (For the following construc- 
tion we really only need a boundary vertex that is incident with quadrilateral faces.) 
To map it to a polygonal region inscribed in a circle, proceed as follows (see Fig. 7): 
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xi] 


Fig.7 Riemann mapping with cyclic quadrilaterals 


(1) Choose a vertex k on the boundary of X such that all incident faces are quadri- 
laterals. 

(2) Apply a discrete conformal change of metric (3) such that all edges incident 
with k have the same length. One may choose u = 0 for all vertices except the 
neighbors of k. It does not matter if polygon inequalities are violated after this 
step. 

(3) Let (X, eye be the cyclic polyhedral complex obtained by removing vertex k 
and all incident quadrilaterals. 

(4) Solve Problem 3.2 for (X, l')euc with prescribed total angles 0; = 27x for inte- 
rior vertices of X’, 6; = x for boundary vertices of X' that were not neigh- 
bors of k in X, and fixed logarithmic scale factors u; = O for those that were 
neighbors of k. The result is a planar polyhedral surface as shown in Fig. 7, bot- 
tom. The boundary consists of one straight line segment containing all bound- 
ary edges of X’ that were also boundary edges of X, and two or more straight 
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Fig.8 Here we show the 
face circumcircles of the 
solution to the Riemann 
mapping problem of Fig. 7. 
It looks conspicuously like 
an orthogonal circle pattern. 
But the face circumcircles 
intersect only approximately 
but not exactly at right 
angles 


line segments, each consisting of two edges that were incident with a removed 
quadrilateral. 

Apply a Mobius transformation (e.g., z +> 1/z) to the vertices that maps the 
boundary vertices of & to a circle and the other vertices to the inside of this 
circle. Reinsert k at the image point of oo under this Móbius transformation. 
Each face ijmk € & incident with k is cyclic because the three vertices i, j, and 
m are contained in a line before transformation. 

Optionally apply a 2-dimensional version of the Möbius normalization 
described in Sect. 6.3. 


(5 


— 


(6 


— 


Proposition 4.2 The result of this procedure is a planar cyclic polyhedral surface 
that is discretely conformally equivalent to (X, £),,, and has its boundary polygon 
inscribed in a circle. 


Proof That the boundary polygon is inscribed in a circle is obvious from the con- 
struction. Using the Móbius invariance of discrete conformal equivalence (Propo- 
sition 2.5), it is not difficult to see that the surfaces without quadrilaterals incident 
with k are discretely conformally equivalent. To show that the whole surfaces are 
equivalent, it suffices to show that corresponding quadrilaterals incident with k have 
the same complex cross-ratio. 

After step (2), the length cross-ratio of a quadrilateral incident with k is equal to 
the simple length ratio of the two edges that are not incident with k. 

After step (4), the length cross-ratio of these edges is unchanged due to the fixed 
logarithmic scale factors u = 0 on the neighbors of k. Also, these edges are now 
collinear because of the prescribed angle © = x between them. 

After applying the Móbius transformation in step (5), the image of the point at 
infinity and the other three vertices of our quadrilateral incident with k form again a 
cyclic quadrilateral with the same complex cross-ratio as in the beginning. O 
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Fig.9 Discrete conformal map of a multiply-connected domain (/eft) to a circle domain (middle). 
The images of vertical and horizontal “parameter lines” are shown on the right 


5 Multiply Connected Domains 


5.1 Circle Domains 


Koebe’s generalization of the Riemann mapping theorem says that multiply con- 
nected domains are conformally equivalent to domains bounded by circles, and the 
uniformizing map to such a circle domain is unique up to Móbius transformations. 
A method to construct discrete Riemann maps is described in [5] (Sect. 3.3) for 
triangulations and for mostly quadrilateral meshes in the previous Sect. 4.2. Hav- 
ing generalized the notion of discrete conformal equivalence from triangulations to 
cyclic polyhedral surfaces, it is straightforward to adapt this method to construct 
discrete maps to circle domains: 


(1) Fill holes by gluing faces to all but one boundary component, so that the result- 
ing surface is homeomorphic to a disk. 

(2) Construct the discrete Riemann map. 

(3) Remove the faces that were added in step (1). 


Figure 9 shows an example. 


5.2 Special Slit Domains 


Any multiply connected domain can be mapped to the complex plain with parallel 
slits [32]. In principle, it is possible to construct discrete conformal maps that map 
holes to slits by solving Problem 3.1. On each boundary component that should be 
mapped to a slit, set the desired total angle © = 27 for the two vertices that should 
be mapped to the endpoints of the slit, and set © = x for all other vertices on that 
boundary component. However, this will not work in general. While the resulting 
surface will be flat, the developing map to the plane will in general have translational 
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monodromy for a cycle around the hole. The surface will only close up in the plane 
if the vertices that should be mapped to the endpoints of the slit are chosen exactly 
right. (This will in general require modifying the original mesh.) 

Sometimes, the symmetry of the problem determines the right positions of the 
end-vertices, so that discrete conformal maps to slit surfaces can be computed. The 
first two rows of Fig. 10 show examples. The bottom row visualizes a discrete con- 
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Fig. 10 Mapping surfaces with holes to slit surfaces. In all images, the /eft and right parts of the 
boundary are identified by a horizontal translation. Preimages of horizontal lines visualize the flow 
of an incompressible inviscid fluid around the hole in a channel with periodic boundary conditions. 
Top row A cylinder with a triangular hole is mapped to a cylinder with a slit. One vertex of the 
triangle and the midpoint of the opposite side are mapped to the endpoints of the slit. Middle row 
An arrow shaped slit is mapped to a straight slit. The two vertices at the arrow’s tip, on either side 
of the slit, are mapped to the endpoints of the straight slit. Bottom row Three circular boundary 
components are mapped to horizontal slits (The slit surface is not shown.) 
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formal map where circular holes are mapped to slits. Here, we use the following 
trick: We start with the slit surface and map it to a surface with circular holes as 
described in Sect. 5.1. 


6 Uniformization of Spheres 


This section is concerned with discrete conformal maps of polyhedral surfaces of 
genus 0 onto the round sphere. For triangulations, this is described in [5] (Sect. 3.2). 
In Sect. 6.1, we adapt this method to quadrangulations. This is similar to the dis- 
crete Riemann mapping with quadrilaterals described in Sect. 4.2. Effectively, this 
method reduces the problem to minimizing the convex euclidean functional E“°. 
The spherical version of the variational principle (Theorem 3.7) involves the non- 
convex function E*?". It is not as practical for calculations, because one has to find a 
saddle point instead of a minimum. Nevertheless, the spherical functional can often 
be used to calculate maps to the sphere. This is explained in Sect. 6.2. 


6.1  Uniformizing Quadrangulations of the Sphere 


Suppose (X, £)euc is a cyclic polyhedral surface with quadrilateral faces that is 
homeomorphic to the sphere. 


(1) Choose a vertex k € Vy. 

(2) Apply a discrete conformal change of metric (3) such that all edges incident 
with k have the same length. One may choose u = 0 for all vertices except the 
neighbors of k. It does not matter if polygon inequalities are violated after this 
step. 

(3) Let (X^, €’)eue be the complex obtained by removing vertex k and all incident 
quadrilaterals. 

(4) Solve Problem 3.2 for (X, €’)ee with prescribed total angles ©; = 27 for inte- 
rior vertices of X’, ©; = x for boundary vertices of X’ that were not neighbors 
of k in X, and fixed scale factors u; = 0 for vertices that were neighbors of k 
in X. The result is a planar polyhedral surface with cyclic quadrilaterals. Con- 
secutive boundary edges that belonged to a face incident with vertex k in È are 
contained in a straight line. 

(5) Map the vertices to the unit sphere by stereographic projection and reinsert the 
vertex k at the image point of oo. 

(6) Optionally apply Móbius normalization, see Sect. 6.3. 


Proposition 6.1 The result is a cyclic polyhedral surface with vertices on the unit 
sphere that is discretely conformally equivalent to (3, ©) euc- 
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Fig. 11 Discrete conformal map from the cube to the sphere, calculated with the method described 
in Sect. 6.1. We apply Mobius normalization (Sect. 6.3) to the polyhedral surface with vertices on 
the sphere to achieve rotational symmetry 


This can be seen in the same way as the corresponding statement about discrete 
Riemann maps with quadrilaterals (Proposition 4.2). Figure 11 shows a discrete con- 
formal map calculated by this method. 


6.2 Using the Spherical Functional 


It is possible to use the spherical functional E?" to calculate maps to the sphere 
even though it is not convex. For simplicity, we consider only triangulations, so 
all à variables are fixed and we may consider E?" as function of the logarithmic 
scale factors u only (see Sect. 3.3). A numerical method has to find a saddle point 
of E”! (u). 

Note that the scaling direction ly, € IRV^ is a negative direction of the Hessian at 
a critical point: Suppose (A, £)spn is a spherical triangulation with the desired angle 
sum ®©; at each vertex i. Then 0 € R" is a critical point of E? (u). If we enlarge 
all edge lengths by a common factor e” > 1, then all angles become larger, so every 
component (30) of the gradient of E?" becomes negative. Following the negative 
gradient would result in even larger lengths. 

The following minimax method works in many cases. Define the function E by 
maximizing the functional E?" in the scaling direction, 


E(u) = max {E?"(u + hly,)}. (46) 


Minimize functional E in a hyperplane of RV transverse to the direction ly,. 
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Fig. 12 Mapping conformally to the sphere using the spherical functional. The spherical surfaces 
are Mobius-normalized to achieve rotational symmetry 


Figure | (top) and Fig. 12 show examples of discrete conformal maps to polyhe- 
dral surfaces inscribed in a sphere that were calculated using this method. 


6.3 Mobius Normalization 


The notion of discrete conformal equivalence of euclidean polyhedral surfaces 
(X, L)euc in R? is Möbius invariant (Proposition 2.5). If all vertices v € Vy are con- 
tained in the unit sphere S? C R?, then there is a Mobius transformation T of S? 
such that the center of mass of the transformed vertices is the origin [43], 


5 T (v) = 0. 


v€ Vx 


The Möbius transformation T is uniquely determined up to post-composition with 
a rotation around the origin. 

The following method can be used to calculate such a Móbius transformation: 
Find the unique minimizer of the function ô defined below. Then choose for T a 
Möbius transformation that maps S? to itself and the minimizer to the origin. Here, 
we only provide explicit formulas for the function 6 and its first two derivatives. For 
a more detailed account, we refer the reader to [43]. The function 6 is defined on the 
open unit ball in R? by 


—(x, v) 
iae S E (=>) , (47) 
2. JV —(x, x) 


where 
(x, y) = xiyi + X2y2  Xays — 1. (48) 
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The gradient and Hessian matrix of ô are 


y X 
grad ó(x) = 2, (z v) ea) ad 
rece aiay y ha I. i ! 50 
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7 Uniformization of Tori 


Every Riemann surface R of genus one is conformally equivalent to a flat torus, i.e., 
to a quotient space C/T, where T = Zo + Zo» is some two-dimensional lattice 
in C. The biholomorphic map from R to C/T, or from the universal cover of R to 
C, is called a uniformizing map. For a polyhedral surface of genus one, construct- 
ing a discrete uniformizing map amounts to solving Problem 3.1 with prescribed 
total angle © = 27 at all vertices. This provides us with a method to calculate 
approximate uniformizing maps for Riemann surfaces of genus one given in various 
forms. We consider examples of tori immersed in R? in Sect. 7.1 and elliptic curves 
in Sect. 7.2. (We will also consider tori in the form of Schottky uniformization in 
Sect. 8.2, as a toy example after treating the higher genus case.) 

The belief that discrete conformal maps approximate conformal maps is not 
based on a proven theorem but on experimental evidence like the Wente torus exam- 
ple of Sect. 7.1 and the numerical experiments of Sect. 7.4. 


7.1 Immersed Tori 


First we consider a simple example with quadrilateral faces. Figure 13 (left) shows 
a coarse discretization of a torus. The faces are isosceles trapezoids, so they are 
inscribed in circles. On the right, the figure shows the uniformization obtained by 
solving Problem 3.1 with prescribed total angle © = 27r at all vertices. 

To test the numerical accuracy of our discrete uniformizing maps, we consider 
the famous torus of constant mean curvature discovered by Wente [47]. Explicit 
doubly periodic conformal immersion formulas (i.e., formulas for the inverse of a 
uniformizing map) are known in terms of elliptic functions [1, 3, 46]. 

Figure 14 (left) shows a triangulated model of the Wente torus constructed by 
sampling an explicit immersion formula [3] on a nearly square lattice containing 
the period lattice F. On the right, the figure shows the discrete uniformization, 
which reproduces the regular lattice I' to high accuracy. The modulus t = @2/a 
of the Wente torus has been determined numerically [19] as t = 0.41300... + 
i 0.91073... . The modulus of the discrete uniformization of the discretized sur- 
face shown in the figure is T = 0.41341... 4- i 0.91061 .... 
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Fig. 14 Uniformization of the Wente torus 


7.2 Elliptic Curves 


An algebraic curve of the form 
k 
w -aD[e-25. (51) 
j=l 


where the A; € C are distinct and k = 3 (an elliptic curve) or k = 4 (with the singu- 
larity at infinity resolved), represents a Riemann surface of genus one as branched 
double cover of the A-sphere CP!, which we identify conformally with the unit 
sphere S? C IR?. The branch points are A1, 42, 43, oo if k = 3 and Ay, Az, A3, Ag if 
k = 4. Every Riemann surface of genus one can be represented in this way. 

We construct a discrete model for a double cover of S* branched at four points 
Àj, ..., Aq in the following way. Choose n other points pi,..., p, € S? and let P 
be the boundary of the convex hull of the points (41, ..., A4, pi, ..., Pn}. Then 
P is a convex polyhedron with n + 4 vertices and with faces inscribed in circles. 
(Generically, the faces will be triangles. In Sect. 7.3 we explain the method we used 
to obtain “good” triangles.) Find two disjoint simple edge paths y1, y2 joining the 
branch points A; in pairs. Take a second copy P of the polyhedron P. Cut and glue P 
and P along the paths y;, y» to obtain a polyhedral surface of genus 1. Uniformize it 
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Fig. 15 Discrete uniformization of elliptic curves. Left If the branch points in S? are the vertices 
of a regular tetrahedron, period lattice is very close to a hexagonal lattice. Middle If the branch 
points form a square on the equator, the period lattice is very close to a square lattice. Right an 
example with branch points in unsymmetric position 


by solving Problem 3.1. One obtains a discrete conformal map to a flat torus, whose 
inverse can be seen as a discrete elliptic function. Figure 15 shows examples. We 
will treat hyperelliptic curves in a similar fashion in Sect. 8.3. 


Remark 7.1 Instead of constructing a doubly covered convex euclidean polyhedron 
with vertices on the unit sphere as described above, one could also construct a spher- 
ical triangulation of the doubly covered sphere that is invariant under the elliptic 
involution (exchanging sheets). These two approaches are in fact equivalent due to 
Remark 2.3. 


Mapping a flat torus to an elliptic curve. We can also go the opposite way, map- 
ping a flat torus to a double cover of S?. Start with a triangulated flat torus. The 
triangulation should be symmetric with respect to the elliptic involution, i.e., sym- 
metric with respect to a half turn around one vertex (which is then also a half turn 
around three other vertices). The quotient space of the triangulated torus modulo the 
elliptic involution is then a triangulated sphere. Map it to the sphere by the procedure 
explained in [5] (Sect. 3.2), see also Sect. 6.1 of the present article. 

Figures 16 and 17 show examples where we started with a hexagonal and a square 
torus respectively. 
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Fig. 16 Mapping the hexagonal torus C/(Z+ tZ), tT = 1 ti 8 (left) to a double cover of the 
sphere (right). Because the regular triangulation of the torus on the left is symmetric with respect 
to the elliptic involution, its image projects to a triangulation of the sphere seen on the right 
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Fig. 17 Mapping the square torus C/(Z + iZ) (left) to a double cover of the sphere (right). Again, 
the triangulation on the /eft is symmetric with respect to the elliptic involution, so the image on the 
right projects to a triangulation of the sphere 


7.3 Choosing Points on the Sphere 


The uniformization procedure for elliptic curves described in Sect. 7.2 requires 
choosing points on the sphere in addition to the four given branch points. For numer- 
ical reasons, these points should be chosen so that taking the convex hull leads to 
triangles that are close to equilateral. We obtained good triangulations by minimiz- 
ing the following energy for n points in R? while fixing the subset of branch points: 


1 


E=r hr ———————., 32 
n? 3 ((v,¥) 1 ee D (52) 
veV god 


where (., .) denotes the standard euclidean scalar product of R?. We do not enforce 
the constraint that the points should lie in the unit sphere S*. Instead, we simply 
project back to S? after the optimization. 

As initial guess we choose points uniformly distributed in S*. To achieve this we 
choose points with normally distributed coordinates and project them to 5? [31]. 


7.4 Numerical Experiments 


Given the branch points of an elliptic curve, the modulus t can be calculated in 
terms of hypergeometric functions. In this section, we compare the theoretical value 
of t with the value ? that we obtain by the discrete uniformization method explained 
in Sect. 7.2. 

We consider elliptic curves in Weierstrass normal form 


p? = A(z — A)(z — A2)(z — As) 


(53) 
= 473 — 822 — 83, 
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so the branch points 41, A2, A3, co satisfy A; + A» + A3 = 0, and 
82 = —4(123 + À2À3 + A3A1), 83 = 4A A2A3. (54) 


We calculate the modulus t with Mathematica using the built-in function Weier- 
strassHalfPeriods [{g, g3}]. We normalize t and the value ? obtained by 
discrete uniformization so that they lie in the standard fundamental domain of the 
modular group, |t| > 1 and |Re(t)| < 4, and we consider the error |t — t|. (We 
stay away from the boundary of the fundamental domain.) 

Subdivided icosahedron. In this experiment we start with the twelve vertices of 
a regular icosahedron and choose the branch points 41, ...,A4 among them. The 
remaining points act the role of pi, ..., pn. To study the dependence of |t — ?| on 
the number of points we repeatedly subdivide all triangles into four similar triangles 
and project the new vertices to S?. The number of vertices grows exponentially 
while the triangles remain close to equilateral. Figure 18 shows the result of this 
experiment. It suggests the error behaves like 


lc —t] = O(n”), oa —0.88. (55) 
Dependence on mesh quality. In the second experiment we choose the additional 
points randomly to analyze how the quality of the triangulation affects the approxi- 


mation error. We use the following quantities to measure the quality of the triangu- 
lation based on length cross-ratios for edges: 
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Fig. 18 Left Error for zero to six subdivision steps. The log-log plot shows the error |t — £| 
against the number of vertices of the subdivided icosahedron (i.e., in one sheet of the doubly cov- 
ered sphere). To estimate the asymptotic behavior of the error, we determine the slope a ~ —0.88 
of a line through the last four points by linear regression. Right Result of the discrete uniformiza- 
tion after two subdivision steps 
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Fig. 19 Left log-log plot of the error |r — t| against the number of vertices for a sample 
of optimized random triangulations with no quality constraint. Right Only triangulations with 
maxe{ Qimr(e)} < 0.3 are considered. The regression line with slope o ~ —0.63 is shown in red 


where lcr denotes the length cross-ratio (9) of an edge, and Imr denotes the length 
multi-ratio defined for faces by Imr( f) = IL. f ler(e). If Qicr = 0 for all edges, then 
the mesh is discretely conformally equivalent to a mesh consisting of equilateral 
triangles. So less is better for these quality measures. To get enough "good" trian- 
gulations in our samples, we improve random meshes with the procedure described 
in Sect. 7.3. 

Figure 19 (left) shows a plot of 2600 triangulations ranging from n — 20 to 
n — 1500 vertices. No clear convergence rate is discernible. The situation improves 
when only samples with a certain minimal mesh quality are considered. For the 
plot in Fig. 19 (right) we selected only triangulations with max-{Qjmr(e)} < 0.3. 
(The results are similar when using the quality measures maxe{Qicr(e)} < x or 
meane{Qicr(e)} < x.) 

The results from these two experiments suggest that the error depends on the 
number n of vertices asymptotically like n^, where the exponent a < 0 depends on 
the mesh. 


7.5 Putting a Square Pattern on a Spherical Mesh 


We can use a variant of the discrete uniformization of elliptic curves (Sect. 7.2) to 
put a square pattern on a surface that is homeomorphic to a sphere. Figure 20 shows 
an example. 

Pick four vertices of the mesh as ramification points and create a two-sheeted 
branched cover of the mesh by gluing two copies along paths connecting the selected 
vertices. The resulting surface is a torus. It can be uniformized using the euclidean 
functional. The uniformizing group is generated by two translations. This group is 
a subgroup of the group generated by rotations around the branch vertices. Hence 
we can achieve the same result as follows. Instead of doubling the surface, prescribe 
total angles © = x at the ramification vertices and © = 2z at all other vertices. 
The result is a flat surface with four cone-like singularities of cone-angle m. The 
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Fig.20 The discrete “Berlin Buddy Bear", a mascot of the SFB/Transregio 109 “Discretization in 
Geometry and Dynamics". The square pattern is put on a bear model as described in Sect. 7.5. Four 
ramification vertices (marked in red) are chosen at the paws. The uniformization of the branched 
double cover is shown in the middle. Each fundamental domain covers the bear twice. Fundamental 
domains of the group generated by rotations around the branch points are shown on the right. Each 
covers the bear once 


monodromy of the developing map is generated by half-turns. Avoiding the double 
cover is more efficient because one only has to minimize a function of (approxi- 
mately) half the number of variables. 


8 Uniformization of Surfaces of Higher Genus 


As in the case of tori (Sect. 7), we can find uniformizing maps for cyclic polyhe- 
dral surfaces of genus g > 2 by solving the hyperbolic version (g = hyp) of Prob- 
lem 3.1 with prescribed total angle © = 27r at all vertices. (We will only consider 


RN. 
aa 


P 


X 


2 4 
a UNE 


Fig. 21 Discrete uniformization of an embedded triangulated surface of genus 3. A fundamental 
polygon with “canonical” edge pairing is shown on the right together with the image mesh. The 
edges of the polygon (brown) and the axes of the edge-pairing translations (blue) are pulled back 
to the embedded surface shown on the left 
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Fig. 22 Left An embedded triangulated surface of genus 5. Right Fundamental polygon with non- 
canonical edge-pairing. The axes of the edge pairing translations are shown in blue 


triangulations in the following.) This allows us to calculate approximate uniformiza- 
tions for Riemann surfaces of genus g > 2 given in various forms, by approximating 
them with polyhedral surfaces. 

In Sect. 8.1, we briefly discuss how to construct fundamental polygons and group 
generators. 

Not much needs to be said about the uniformization of immersed surfaces. Exam- 
ples are shown in Figs. 1 (bottom), 21, and 22. In Sect. 5.1 we discussed mappings 
from multiply connected domains to circle domains. Analogously, one can construct 
uniformizations of polyhedral surfaces of genus g > 2 with holes over the hyper- 
bolic plane with circular holes. An example is shown in Fig. 23. More precisely, the 
holes are bounded by hyperbolic polygons with vertices on a circle. 
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Fig.23 Uniformization of a genus 2 surface with three boundary components over the hyperbolic 
plane with three circular holes. The three holes are filled with polygons, which are then triangulated 
during the calculation, see Sects. 5.1 and 3 
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We explain how to calculate the Fuchsian uniformization for Riemann surfaces 
given in the form of a Schottky uniformization in Sect. 8.2. We discuss the uni- 
formization of hyperelliptic curves in Sect. 8.3 and a geometric characterization of 
hyperelliptic Riemann surfaces in Sect. 8.4. 


6.1 Fundamental Polygons and Group Generators 


Basic facts and notation. Every compact Riemann R of genus g > 2 can be rep- 
resented as the quotient of the hyperbolic plane H? modulo the action of a discrete 
group G of hyperbolic translations, 


R = HG. (56) 


Presentations of the group G play an important role. We will denote generators by 
capital letters and their inverses by primes, 


A := A! EG. (57) 
The uniformization group G can be presented with a finite set of generators 
A, B, C, D,... € Isom(H?) 
subject to a single relation r = 1, 
G=(A,B,C,D,...|r=1), (58) 


where r is a product in which all generators and their inverses appear exactly once. 
Such presentations are closely related with fundamental polygons: Every fundamen- 
tal polygon in which all vertices are identified leads to such a presentation. 

A fundamental domain of G is an open connected subset D of the hyperbolic 
plane such that the G-orbit of the closure D covers H?, and gD D = for all 
g € \ {1}. A fundamental polygon of G is a fundamental domain with polygonal 
boundary, i.e., the boundary consists of geodesic segments, the edges of the fun- 
damental polygon, which are identified in pairs by the action of the group G. For 
each edge a, there is exactly one partner edge a’ such that there exists a transla- 
tion A € G mapping a to a’. These edge-gluing translations form a generating set 
of G. If all vertices of the fundamental polygon are identified (i.e., they belong to 
the same G-orbit), then the fundamental polygon has 4g edges. In this case there is 
only one relation for these generators. The relation can be determined from the edge 
labels, which we always list in counterclockwise order. For example, if the edges of 
an octagon are labeled “canonically”, 


aba'b'cdc'd', (59) 
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then the relation for the corresponding edge pairing translations is 
DC'D'CBA'B'A, (60) 
and if opposite edges are identified, 
abcda'b'c'd', (61) 


then the relation is 
DC'BA'D'CB'A — 1. (62) 


Computational aspects. Let (£, £) be a closed (euclidean, spherical, or hyperbolic) 
triangulated surface of genus g > 2. We solve Problem 3.1 to obtain a combinato- 
rially equivalent hyperbolic triangulated surface (£, Dip with angle sum © = 27 
at every vertex. We lay out the triangles in the hyperbolic plane one-by-one, fol- 
lowing a breadth-first search of the the 1-skeleton of the dual cell complex of X. 
(Alternatively, one could use a shortest spanning tree of the 1-skeleton of the dual 
complex [15].) The result is a fundamental polygon with many vertices. An example 
is shown in Fig. 24a. 

We simplify this fundamental polygon by connecting vertices that are identified 
with more than one partner by geodesic arcs, as shown in Fig. 24b. The resulting 
polygon has in general more than one vertex class. 

Now we perform the standard algorithm involving cut-and-glue operations (see, 
e.g., [20]) to obtain a fundamental polygon with one vertex class and so-called 
canonical edge identification 


aba'b'cdc'd’... . (63) 


During this process we maintain edge-identification transformations, which we rep- 
resent as SO* (2, 1) matrices. 

Hyperbolic translations tend to accumulate numerical errors quite fast when 
building products. The situation could be ameliorated somewhat by using the 
PSL(2, R)-representation of hyperbolic isometries [16], but the fundamental prob- 
lem remains. For this reason, it is desirable to perform the cut-and-glue algorithm 
in such a way that the number of matrix products required to maintain the gluing 
translations is small. We follow the following greedy approach. Repeatedly we have 
to choose labels x, y such that the order in the polygon is x---y---x’---y’, and 
then perform a cut-and-glue sequence to bring the labels next to each other, xyx'y'. 
We always choose a pair x, y, for which this requires the minimal number of matrix 
multiplications. 

The polygon with canonical edge identifications may not be convex. Following 
Keen [21], we can transform this domain into a strictly convex fundamental poly- 
gon by choosing a different base vertex for the same group of transformations. Let 
aba'b'cdc'd' ... be a fundamental polygon and let 
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Fig. 24 Constructing a fundamental polygon with opposite edges identified. a Laying out hyper- 
bolic triangles creates a fundamental polygon with many vertices. b Straighten the edges between 
vertices that are identified with more than one partner (shown in red). c Axes of the edge-pairing 
translations are shown in blue. d, e Two cut-and-paste operations lead to a fundamental polygon 
with one vertex class and opposite edges identified. The axes intersect in one point (see Sect. 8.4). 
We move this point to the origin. f Tiling the hyperbolic plane with fundamental polygons 
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G = (A, B,C, D,... € PSL(2,R)|... DC'D'CBA'B'A = 1) (64) 


be the corresponding presentation of the uniformization group, see Fig. 25 (left). 
Then the axes of the generators A and B intersect in a point po. Choosing po as 
the base point of a new fundamental polygon as shown in Fig. 25 (right) renders it 
convex and uniquely determined for the given group and presentation. 
Fundamental polygons with opposite sides identified. When we consider the geo- 
metric characterization of hyperelliptic surfaces in Sect. 8.4, we want to transform 
fundamental polygons into fundamental polygons with opposite sides identified, i.e., 
polygons with edge labeling 


abcd---a'b'c'd'---. 


Any fundamental polygon can be transformed into a fundamental polygon with 
opposite edges identified by cut-and-glue operations: First transform the polygon 
to canonical form aba'b'cdc'd' ... by the standard algorithm. Playing a sequence 
of steps that transforms a polygon with opposite edges identified to canonical form 
backwards, transforms the canonical polygon to a polygon with opposite edges iden- 
tified. 

This algorithm is not optimal with respect to the number of multiplications nec- 
essary to maintain the edge-gluing translations. Especially if the original polygon 
is already “close” to one with opposite sides identified, the detour via a canonical 
polygon is inefficient. 

In all examples, we use a heuristic method based on the following idea: Find a 
longest sequence of different letters in the edge labeling (ignoring primes), and then 
try to move a different letter into this sequence by cutting and gluing. 


Fig. 25 The algorithm of Linda Keen to construct strictly convex fundamental polygons. 
Start with any canonical fundamental polygon aba'b'cdc'd' with a corresponding relation 
DC'D'CBA'B'A = 1 (left). We choose the intersection po of the axes of transformations A and 
B as base point for the new domain. The new vertices of the fundamental domain are calculated as 
pi = A' Bpo, pa = A’ po, p3 = Bpo, and p4 = BA’ po. The other vertices are obtained similarly 
from p4 by applying C and D 
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8.2 From Schottky to Fuchsian Uniformization 


In this section, we consider Riemann surfaces presented as quotient spaces of clas- 
sical Schottky groups. 


Definition 8.1 Let Ci, Cj .... Cg, C, be circles in C that bound disjoint disks. A 
classical Schottky group is a Kleinian group generated by Móbius transformations 
01, ..., Og, Where c; maps the outside of C; onto the inside of C;. 


Each generator ø; has fixed points A;, B; inside C; and C p respectively. The 
limiting set A of G is the union of orbits of the fixed points A;, B;. G acts freely and 
properly discontinuously on the domain of discontinuity Q = € V A. The quotient 
space R = Q/G is a Riemann surface of genus g. The domain outside all of the 
circles is a fundamental domain of G. The identified pairs of circles form handles. 

We discretize the Riemann surface R = €2/G determined by a classical Schot- 
tky group G as follows. First, construct a triangulation of Q whose vertex set and 
combinatorics are invariant under the action of G. (Ignore the fact that a Mobius 
transformation maps straight edges to circular arcs as in Proposition 2.5 on the 
Móbius invariance of conformal classes.) For example, the triangulation may be 
the Delaunay triangulation of a G-invariant point set. The following construction 
avoids Delaunay triangulations of infinite (but symmetric) point configurations: 

If necessary, choose a Mobius normalization for which the fundamental domain 
is bounded in C. For each pair of circles C ;, Cj we construct polygons pij, .... Pn;j 
inscribed in C; and pj;,..., Pro inscribed in C’ such that oj (pxj) = p;;. For 
example, we may choose a regular n-gon inscribed in C; and map the vertices by o; 
to C r. Triangulate the compact region bounded by these polygons, adding vertices 
in the interior as wanted. (For example, use a constrained Delaunay triangulation.) 
The images of this triangulation under the action of G (again, considering only 
combinatorics and vertex positions) form a G-invariant triangulation Â of the uni- 
versal cover of R, hence a triangulation A of R. More precisely, the triangulations Â 
and A are only defined up to isotopy fixing the vertices. The edge-lengths é (dis- 
tances of vertices) do not project from A to A, but the length cross-ratios Ícr calcu- 
lated from these edge lengths do, because they are Móbius invariant. The projected 
length cross-ratios lcr determine a discrete conformal class for A (see Sect. 2.5). 

To obtain a Fuchsian uniformization of R, construct edge lengths £ from the 
length cross-ratios lcr as described in Sect. 2.6. Then solve Problem 3.1 (or rather 
the corresponding analytic version, Problem 3.4) for (A, £),," with g = hyp and 
desired angle sums © = 27: at all vertices. 

Note that the lengths £ calculated from length cross-ratios lcr may not satisfy 
all triangle inequalities. This does not matter for the corresponding analytic Prob- 
lem 3.4 (with V = Vi, E = E). If Problem 3.4 has a solution, it is in the discrete 
conformal class determined by the length cross-ratios Icr. Also, whether or not Prob- 
lem 3.4 has a solution does not depend on the choice of edge lengths £ provided they 
lead to the same length cross-ratios. 
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Fig. 26 Discrete Riemann surface of genus 3 given by Schottky data (left) and its Fuchsian uni- 

formization (right). Circles with the same color are identified. The extra points of the triangulation 

are chosen so that the triangles are close to equilateral where possible. The shaded region in the 

right image corresponds to the fundamental domain of the Schottky group in the /eft image. Its 
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Fig.27 Left Fundamental domains of Riemann surfaces of genus 1 given by Schottky data C, C", 
A, B, m (see (65)). The triangulations use only points on the circles C, C’. We deliberately chose 
non-concentric circles, i.e., with centers A # B. Right Representation of the same surfaces as C/T 
for a lattice T. Top For real jj = 0.3 we get a rectangular lattice. Bottom u = 0.08 + 0.01i yields 
a parallelogram 
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Figure 26 shows an example of the Fuchsian uniformization of a genus three 
surface presented by its Schottky uniformization. 
Tori given by Schottky data. For tori, the Schottky data consist of one generator 


a@—-A . £-—4À 
c()—B "z-B (oa) 


and one pair of circles. To find a uniformization C/T is elementary. It suffices to 
consider the case where A = B = 0 (and C, C’ are concentric circles around 0 with 
radii i and u. Figure 27 shows two examples where we apply the discrete method 
without adding extra points inside the fundamental domain of the Schottky group. 


6.3 Hyperelliptic Curves 


A hyperelliptic curve is a complex algebraic curve of the form 


w= pO), (66) 


where p is a polynomial of degree d > 5 with d distinct roots. For d = 2g + 2 or 
d = 2g + 1, the hyperelliptic curve becomes a compact Riemann surface of genus 
g after singularities at infinity are resolved. For our purposes, a hyperelliptic curve 
is just a branched double cover of the A-sphere with branch points Aj, ..., A2g+1, OO 
if d = 2g + 1 and branch points A1, ..., À2,45 if d = 2g + 2. 

We construct a polyhedral approximation of a hyperelliptic curve in the same 
way as for elliptic curves (Sect. 7.2). We choose points p1, ..., p, in addition to 
the 2g + 2 branch points and take the convex hull. We cut the resulting polyhedron 
open along edge paths joining pairs of branch points and glue a second copy along 
the cuts. 

Figure 28 shows uniformizations of the curves 


we =a]](a-e*) (67) 


for g = 2, 3, 4 that were obtained this way. The curves are branched at the 2gth 
roots of unity and at 0 and oo. 

Mapping a polyhedral surface to a hyperelliptic curve. We can also map a trian- 
gulated surface of genus g to a branched double cover of the sphere, provided it is 
symmetric with respect to a discrete conformal involution with 2g + 2 fixed points, 
which are vertices. In the simplest case, the involution is an isometry. (Compare 
Sect. 7.2, where we map flat tori to elliptic curves.) Taking the quotient of the trian- 
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Fig. 28  Uniformizations of the hyperelliptic curves (67) with genus 2, 3, and 4. The triangulation 
of the surfaces is a regular 1-to-4 subdivision of the convex hull of the branch points. Due to the 
symmetries of these curves, the fundamental domains are regular hyperbolic 4g-gons. Since the 
triangulation is as symmetric as the curves, and because the solution of the discrete uniformization 
problem is unique, the fundamental domains of the polyhedral surfaces are also exactly regular 
hyperbolic 4g-gons. Any error in the domains is therefore due to numerics, and not due to the 


discretization 


Fig. 29 A triangulated genus 2 surface is mapped to a branched cover of C. The 180? rotation 
about the horizontal symmetry axis is a discrete conformal involution with 6 fixed points marked 
in red, blue, and purple. The texture is a square grid in the plane, pulled back to the doubly covered 
sphere by Mercator projection, then pulled back to the surface. Bottom Branched cover of C, and a 


closeup of three branch points 


gulation with respect to the involution, we get a triangulated sphere with a discrete 
conformal structure, which we map discretely conformally to the sphere. Figure 29 


shows an example. 
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6.4 Geometric Characterization of Hyperelliptic Surfaces 


A Riemann surface R of genus g > 2 is called hyperelliptic, if one of the following 
equivalent conditions is true (and hence all are): 


1. R is conformally equivalent to some hyperelliptic curve. 

2. R is conformally equivalent to a branched cover of the sphere with 2g + 2 
branch points. 

3. There is a conformal involution t : R — R with exactly 2g + 2 fixed points. 


The involution r is called the hyperelliptic involution of R. By the Riemann-Hurwitz 
formula, the quotient surface R/T is a sphere. 

All Riemann surfaces of genus two are hyperelliptic, but for every genus greater 
than two, there are Riemann surfaces that are not hyperelliptic. The following 
geometric characterization of hyperelliptic Riemann surfaces is due to Schmutz 
Schaller [36, 37]. 


Theorem 8.2 Let R be a closed hyperbolic surface of genus g. Then the following 
statements are equivalent: 


(i) R is hyperelliptic. 
(ii) R has a set of 2g — 2 simple closed geodesics which all intersect in one point 
and which intersect in no other point. 
(üi) R has a set of 2g simple closed geodesics which all intersect in one point and 
which intersect in no other point. 
(iv) R has a fundamental polygon that is a 4g-gon with opposite sides identified 
and equal opposite angles. 


The fundamental polygon of condition (iv) is symmetric with respect to a 180? 
rotation around its center, which corresponds to the hyperelliptic involution on R. 
The 2g 4- 2 fixed points on R are the vertex of the polygon, its center, and the 2g 
edge midpoints. The axes of the 2g edge-gluing translations all go through the cen- 
ter. They project to 2g simple closed geodesics on R which all intersect in one point 
and intersect in no other point. 


6.5 Example: Deforming a Hyperelliptic Surface 


We uniformize a hyperelliptic surface obtaining a centrally symmetric fundamental 
polygon with opposite edges identified as predicted by Theorem 8.2. The axes of 
the generators meet in one point. Then we deform the surface slightly to a non- 
hyperelliptic surface to see how the fundamental polygon and the axes change. The 
result is shown in Fig. 30. 

For this example, we construct an elliptic-hyperelliptic triangulated surface with 
additional symmetry. A surface is called elliptic-hyperelliptic if it is conformally 
equivalent to a two-sheeted branched cover of the torus. 
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Fig.30 Hyperelliptic versus non-hyperelliptic. Left Uniformization of a hyperelliptic surface with 
a centrally symmetric fundamental polygon. The axes of the generators meet in a common point. 
Right Uniformization of the deformed surface, which is not hyperelliptic. The axes do not meet in 
one point 


Take two regular tetrahedra (the faces of which are subdivided several times to 
obtain a finer mesh), cut them across pairs of opposite edges and glue them together 
to obtain a two-sheeted cover of a tetrahedron branched at the four vertices. Now 
choose two paths in one of the sheets that connect the centers of the tetrahedron's 
faces in pairs. Cut the surface along these paths, take another copy of this cut surface 
and glue corresponding cuts together to form an elliptic-hyperelliptic surface of 
genus three that is a four-fold cover of a regular tetrahedron. The surface possesses 
six anti-holomorphic involutions corresponding to the six reflectional symmetries of 
the tetrahedron, and three holomorphic involutions corresponding to the rotational 
symmetries of the tetrahedron of order two. Each of the holomorphic involutions 
has eight fixed points covering the midpoints of a pair of opposite edges. Thus, this 
elliptic-hyperelliptic surface is also hyperelliptic. 

Figure 30 (left) shows a uniformization of the hyperelliptic elliptic-hyperelliptic 
surface. Destroying the symmetry by moving all points of the polyhedral surface 
in space by a small random offset destroys the hyperellipticity of the surface, see 
Fig. 30 (right). 

Numerical Data. We list the numerical SO * (2, 1) matrices of the generators of the 
group 


(Ti, D, Ts, Ts, Ts, Ts | TeTs TATy Ty Tg T3T4 DT; Ty; = 1) (68) 


representing the hyperelliptic elliptic-hyperelliptic surface constructed in this section 
(see Fig. 31). The matrices satisfy the relation with error ~ 1077. 
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Fig. 31 Generator labels 


2.05443 154523212 —4.021591426903446 —4.403849064057392 
—4.021591427085276 16.338309707059754 16.796236533536394 
—4.403849064222335 16.796236533484112 17.392741252301292 


7.906334736200989 | —6.57792280760043 —10.236171033333449 
—6.5719228079025245 7.265127613618063  9.749417813849163 
—10.236171033527825 9.749417813638956 14.171462349831586 


| 933.210063638192 509.0929753776527 1063.0407708335915 


ex 
II 


509.09297492442374 279.0228056502974 580.5414569092936 
1063.0407706165242 580.5414573067374 121 1.2328692884857 


47.8208492808903 . 21.282776040302117 —52.33345184418173 
21.28277609643665 4 10.67424906068982  —23.788571865092973 
—52.33345 1867010325 —23.788571814871467  57.49509834158029 


933.2100574645401 — 509.09297238055706 —1063.040763978619 
509.092972765322 . 2779.02280467565924 —580.5414545474814 
—1063.0407641628826 —580.5414542100707 1211.2328621402066 


128.62265665383228 | 90.05086671584104  —157.0093831621644 
90.05086668827934 64.5401174556973  —110.78621463208009 
—157.00938314635744 —110.78621465448322 192.16277410952506 


T = 


T4 = 


Ts = 


8.6 Example: Different Forms of the Same Genus-2 Surface 


In this section we present Fuchsian uniformizations of the same Riemann surface 
represented in three different ways: 


e as hyperelliptic curve u? = A$ — 1 (Fig. 32), 
e as Lawson’s genus 2 minimal surface in S? [25] (Fig. 33), 
e and as a surface glued from six squares (Fig. 34). 
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Fig.32 Uniformization of the hyperelliptic curve u? = åf — 1. Left Triangulated double cover of 
the sphere branched at the 6th roots of unity, with the boundary of the fundamental domain shown 
in brown and the axes of generators shown in blue. Right Fuchsian uniformization and fundamental 
polygons. Canonical polygon (top), polygon with opposite sides identified (middle), and 12-gon 
specially adapted to the six-squares surface (bottom) 
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Fig. 33 Uniformization of Lawson’s surface. Left Triangulated model [34], with the boundary of 
the fundamental domain shown in brown and the axes of the generators shown in blue. Right Fuch- 
sian uniformizations and fundamental domains. Canonical domain (top), opposite sides domain 
(middle), and 12-gon (bottom) 
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Fig. 34 Left A surface glued from six squares. Right Fuchsian uniformization and fundamental 
domain 


For each representation we choose corresponding fundamental polygons that allow 
the comparison of the uniformization: 


e an octagon with canonical edge pairing aba'b'cdc'd', 
e an octagon with opposite sides identified, abcda'b'c'd', 
e a 12-gon that is adapted to the six-squares surface. 


All data presented in this section is available on the DGD Gallery webpage [39]. 

Hyperelliptic curve. We uniformize the hyperelliptic curve u? = àf — 1 as 
described in Sect. 7.2. The results are shown in Fig. 32. 

To understand the cuts on the hyperelliptic surface that lead to the 12-gon in the 
bottom row, imagine taking the canonical system of loops in the top row, meeting 
at the north pole, and deform them until they also meet at the south pole. This 
introduces a second vertex class in the fundamental polygon. 

Lawson's surface. Figure 33 shows Fuchsian uniformizations of Lawson's min- 
imal surface in $°. The triangulated surface model was kindly provided by Konrad 
Polthier [34]. 

This model of the Lawson surface realizes the hyperelliptic involution as a euclid- 
ean rotational symmetry. Its symmetry axis meets the surface in six points. These 
fixed points of the hyperelliptic involution correspond to the branch points of the 
hyperelliptic curve representation. This allows us to uniformize the model with cor- 
responding fundamental domains. 

Six-squares surface. Figure 34 (left) shows a surface glued from six squares, which 
is conformally equivalent to Lawson's surface and the hyperelliptic curve. Edges 
with the same marking are glued together. We calculate a uniformization using the 
triangulation with vertices added in the centers of the squares as shown. An adapted 
fundamental domain for this square-tiled translational surface arranges all squares 
around a single vertex, see Fig. 34 (right). By comparison with Fig. 32 (bottom) we 
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see that the vertices in the center of the squares correspond to the branch points of 
the hyperelliptic representation of the surface. The black, gray, and white vertices 
correspond to the north and south pole of the hyperelliptic representation. 
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Discrete Complex Analysis on Planar 
Quad-Graphs 


Alexander I. Bobenko and Felix Giinther 


Abstract We develop further a linear theory of discrete complex analysis on 
general quad-graphs, extending previous work of Duffin, Mercat, Kenyon, Chelkak 
and Smirnov on discrete complex analysis on rhombic quad-graphs. Our approach 
based on the medial graph leads to generalizations as well as to new proofs of previ- 
ously known discrete analogs of classical theorems. New results include in particular 
discretizations of Green’s first identity and Cauchy’s integral formula for the deriv- 
ative of a holomorphic function. Another contribution is a discussion on the product 
of discrete holomorphic functions that is itself discrete holomorphic in a specific 
sense. In this paper, we focus on planar quad-graphs, but many notions and the- 
orems can be easily adapted to discrete Riemann surfaces. In the case of planar 
parallelogram-graphs with bounded interior angles and bounded ratio of side lengths 
explicit formulae for a discrete Green’s function and discrete Cauchy’s kernels are 
obtained. This slightly generalizes the previous results on rhombic lattices. When we 
further restrict to the integer lattice of a two-dimensional skew coordinate system a 
discrete Cauchy’s integral formulae for higher order derivatives is derived. 


Keywords Discrete complex analysis + Quad-graph * Green's function * Cauchy’s 
integral formulae > Parallelogram-graph 


1 Introduction 


Linear theories of discrete complex analysis look back on a long and varied 
history. We refer here to the survey of Smirnov [24]. Already Kirchhoff's circuit laws 
describe a discrete harmonicity condition for the potential function whose gradient 
describes the current flowing through the electric network. A notable application 
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of Kirchhoff's laws in geometry was the article [4] of Brooks, Smith, Stone, and 
Tutte, who used coupled discrete harmonic functions (in fact, discrete holomorphic 
functions) to construct tilings of rectangles into squares with different integral side 
lengths. Discrete harmonic functions on the square lattice were studied by a number 
of authors in the 1920s, including Courant, Friedrichs, and Lewy, who showed con- 
vergence of solutions of the Dirichlet boundary value problem to their corresponding 
continuous counterpart [8]. 

Discrete holomorphic functions on the square lattice were studied by Isaacs [14]. 
He proposed two different definitions for holomorphicity. The first one is not symmet- 
ric on the square lattice, but it becomes symmetric on the triangular lattice obtained 
by inserting all southwest-to-northeast diagonals. Dynnikov and Novikov studied an 
equivalent notion in [11]. His second definition was reintroduced by Lelong-Ferrand 
in [12]. She developed the theory to a level that allowed her to prove the Riemann 
mapping theorem using discrete methods [18]. Duffin also studied discrete complex 
analysis on the square grid [9] and was the first who extended the theory to rhombic 
lattices [10]. Mercat [19], Kenyon [16], Chelkak and Smirnov [6] resumed the inves- 
tigation of discrete complex analysis on rhombic lattices or, equivalently, isoradial 
graphs. In these settings, it was natural to split the real and the imaginary part of a 
discrete holomorphic function to the two vertex sets of a bipartite decomposition. 

Some two-dimensional discrete models in statistical physics exhibit conformally 
invariant properties in the thermodynamical limit. Such conformally invariant prop- 
erties were established by Smirnov for site percolation on a triangular grid [25] and 
for the random cluster model [26], by Chelkak and Smirnov for the Ising model [7], 
and by Kenyon for the dimer model on a square grid (domino tiling) [15]. In all cases, 
linear theories of discrete analytic functions on regular grids were highly important. 
Kenyon [16] as well as Chelkak and Smirnov [6] obtained important analytic results 
that were instrumental in the proof that the critical Ising model is universal, i.e., 
that the scaling limit is independent of the shape of the lattice [7]. Already Mercat 
related the theory of discrete complex analysis to the Ising model and investigated 
criticality [19]. 

Important non-linear discrete theories of complex analysis involve circle packings 
or, more generally, circle patterns. Rodin and Sullivan proved that the Riemann 
mapping of a complex domain to the unit disk can be approximated by circle packings 
[22]. A similar result for isoradial circle patterns, even with irregular combinatorics, 
is due to Bücking [5]. In [2] it was shown that discrete holomorphic functions describe 
infinitesimal deformations of circle patterns. Moreover, in the case of parallelogram- 
graphs it was discussed that the corresponding theory is integrable by embedding the 
quad-graph into Z”. 

Our setup in Sect.2 is a strongly regular cellular decomposition of the com- 
plex plane into rectilinear quadrilaterals, called quad-graph. The medial graph of a 
quad-graph plays a crucial role in our work. It provides the connection between the 
notions of discrete derivatives of Kenyon [16], Mercat [20], Chelkak and Smirnov [6], 
extended from rhombic to general quad-graphs, and discrete differential forms and 
discrete exterior calculus as suggested by Mercat [19, 21]. Our treatment of discrete 
differential forms is close to what Mercat proposed in [21]. However, our version 
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of discrete exterior calculus is slightly more general. Having introduced the basic 
notations in the first two sections and the discrete exterior derivative in Sect. 2.3.1, 
we come to Proposition 2.13. There, it is described how the medial graph allows to 
multiply discrete holomorphic functions to a function that is discrete holomorphic 
in a certain sense, in particular that it fulfills (discrete) Morera's theorem. 

The medial graph approach turns out to be quite useful for integration theory. The- 
orem 2.16 shows that the discrete exterior derivative is a derivation of the discrete 
wedge product. Many further results rely on this result and discrete Stokes' Theo- 
rem 2.9. In particular, this concerns discrete Green's identities (Theorem 2.23). A dis- 
cretization of Green's second identity was one ingredient in the proof of Skopenkov's 
convergence result in [23]. Before the theorem is proved, we introduce the discrete 
wedge product, the discrete Hodge star, and the discrete Laplacian in Sects. 2.3 
and 2.4. 

Skopenkov's results on the existence and uniqueness of solutions to the discrete 
Dirichlet boundary value problem [23] help us to prove Theorem 2.30. This theorem 
states surjectivity of the discrete derivatives and the discrete Laplacian seen as lin- 
ear operators. This implies in particular the existence of discrete Green's functions 
and discrete Cauchy's kernels. Furthermore, discrete Cauchy's integral formulae for 
discrete holomorphic functions are derived in Theorem 2.35 and for the discrete 
derivative of a discrete holomorphic function on the vertices of the quad-graph in 
Theorem 2.36. Note that discrete Cauchy's integral formula was used by Chelkak 
and Smirnov to derive certain asymptotic estimates in [7]. 

Section3 is devoted to discrete complex analysis on planar parallelogram-graphs. 
There, explicit formulae for discrete Green's functions and discrete Cauchy's kernels 
with asymptotics similar to the functions in the rhombic case [5, 6, 16] are given 
(Theorems 3.7, 3.8, and 3.10). The general assumption is that the interior angles and 
the ratio of side lengths of all parallelograms are bounded. The construction of these 
functions is based on the discrete exponential introduced by Kenyon on quasicrys- 
tallic rhombic quad-graphs [16] and its extension to quasicrystallic parallelogram- 
graphs [2]. 

In the end, we close with the very special case of the integer lattice of a skew 
coordinate system in the complex plane. In this case, discrete Cauchy's integral 
formulae for higher order discrete derivatives of a discrete holomorphic function are 
derived in Theorem 3.11. 


2 Discrete Complex Analysis on Planar Quad-Graphs 


Although we focus on planar quad-graphs in this paper, many of our notions and 
theorems generalize to discrete Riemann surfaces. A corresponding linear theory of 
discrete Riemann surfaces is discussed in the subsequent paper [1] and can be found 
in more detail in the thesis [13]. 
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2.1 Basic Definitions and Notation 


The aim ofthis section is to introduce first planar quad-graphs and some basic notation 
in Sect. 2.1.1 and then to discuss the medial graph in Sect. 2.1.2. 


2.1.1 Planar Quad-Graphs 


Definition A planar quad-graph A without boundary is an infinite graph embedded 
into the complex plane C such that all edges are straight line segments and such that 
all faces are quadrilaterals which may be non-convex. In addition, we assume that A 
induces a cellular decomposition of the whole complex plane that is locally finite, 
i.e., a compact subset of C contains only finitely many quadrilaterals, and strongly 
regular, i.e., two different faces are either disjoint or share exactly one vertex or share 
exactly one edge (but not two edges). 

Let V (A) denote the set of vertices, E(A) the set of edges, and F(A) the set of 
faces of A. 


It is well known that any planar quad-graph is bipartite. We fix one decomposi- 
tion of the vertices of A into two independent sets and refer to the vertices of this 
decomposition as black and white vertices, respectively. 


Definition Let l and I* be the graphs defined on the black and white vertices 
where vv’ is an edge of I" (or I^) if and only if its two black (or white) endpoints 
are vertices of a single face. 


Remark The assumption of strong regularity guarantees that any edge of I” or I"* is 
the (possibly outer) diagonal of exactly one quadrilateral. 


In order to make the duality between I" and I'* apparent, we consider just for 
this paragraph the edges of I” or I'* as curves lying totally inside the face they 
are a diagonal of. Then, any black edge of I” corresponds to the white edge of 
I'* that crosses it and vice versa. The black and white vertices are in one-to-one 
correspondence to the faces of /'* and I" they are contained in. 


Definition The complex number assigned to a vertex of A is the corresponding 
complex value of its embedding in C. To oriented edges of A, I’, * we assign the 
complex numbers determined by the difference of the complex numbers assigned to 
their two endpoints. 


Remark For simplicity, we perform our calculations hereafter directly with the ver- 
tices and oriented edges of A, I’, I* rather than replacing them with their corre- 
sponding complex values. 


Definition Q :— A* is the dual graph of A. 
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In general, we do not specify a planar embedding of the dual graph Q. We will just 
identify vertices or faces of Q with their corresponding dual faces and vertices of A, 
respectively. However, in the particular case that all quadrilaterals are parallelograms, 
it makes sense to identify the vertices of Q (i.e., faces of the quad-graph A) with 
the centers of the parallelograms. Here, the center of a parallelogram is the point of 
intersection of its two diagonals. Further details will be given in Sects. 2.2.1 and 2.2.3. 


Definition If a vertex v € V(A) is a vertex of a quadrilateral Q € F(A), we write 
Q ^ vorv ~ Q and say that v and Q are incident to each other. 


Throughout our paper, we will denote the vertices of a single quadrilateral Q by 
b_, w_, b}, w, in counterclockwise order, where b+ € V(I) and w4 € V(I*). 


Definition For a quadrilateral Q € F(A) we define 


Wi =W- 
v = 
Po b, —b_ 


Moreover, let 


pQ :— arccos (re (ee) = arccos | Re Gee Ne) 
[Pol |b, — b_||w4 — w_| 


be the angle under which the diagonal lines of Q intersect. 


Note that 0 < gg < x. Figure 1 shows a finite bipartite quad-graph together with 
the notations we have introduced for a single quadrilateral Q and the notations we 
are using later for the star of a vertex v, i.e., the set of all faces incident to v. 


Fig. 1 Bipartite quad-graph with notations 
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In addition, we denote by Oo a subgraph of © that we always assume to be 
connected and by V(Oo) € V(O) the corresponding subset of faces of the quad- 
graph A. Through our identification V (OQ) = F(A), we can call the elements of 
V (©) quadrilaterals and identify them with the corresponding faces of A. 


Definition Qo C ¢ is said to form a simply-connected closed region if the union of 
all quadrilaterals in V (Qo) is a simply-connected closed region in C. 


Definition Let Ao be the subgraph of A whose vertices and edges are exactly the 
corners and edges of the quadrilaterals in V (Qo). The interior faces of Ao are given 
by V (Oo). Let I> and Ij denote the subgraphs of I” and of I'* whose edges are the 
diagonals of quadrilaterals in V (Qo) and who do not contain isolated vertices. 


Remark Since Oo € ¢ is connected, I and I are connected as well. Indeed, if 
Q, Q' € V(%o) are two quadrilaterals adjacent in Qo, then the corresponding sub- 
graphs on / and I5 consisting of the three black and white vertices of Q and Q’ 
are paths of two edges each. 


Definition Ay is called a (planar) quad-graph induced by the subgraph Oo € Q. Its 
boundary 0 Ao is the subgraph of ^o that consists of all the edges of Ao that belong 
to both a quadrilateral in V (Q9) and one in V (Q)VV (Oo). 


Remark If po € Q is finite and forms a simply-connected closed region, then the set 
of all interior faces of Ao is homeomorphic to a disk and 9 Apo is a closed broken line 
without self-intersections. 


2.1.2 Medial Graph 


Definition The medial graph X of A is defined as follows. Its vertex set is given 
by all the midpoints of the edges of A embedded in C, and two vertices x, x' are 
adjacent if and only if the corresponding edges belong to the same face Q of A and 
have a vertex v € V(A) in common. We denote this edge by [Q, v]. Taking [Q, v] as 
a straight line segment if v is a convex corner of the quadrilateral Q and as a curve 
lying inside Q that does not intersect the three other edges [Q, v] (Vv ~ Q, v # v) 
inside Q if v is a concave corner, we get an embedding of X into C. Then, the set 
F(X) of faces of X is in bijection with V (4) U V (Q): A face F, of X corresponding 
to v € V(A) has the midpoints of edges of A incident to v as vertices, and a face Fo 
of X corresponding to Q € F(A) = V (Q) has the midpoints of the four edges of A 
belonging to Q as vertices. The vertices of Fo and F, are colored gray in Fig. 2. 


Remark Clearly, any pair Q ~ v of a face and an incident vertex of A corresponds 
to an edge [Q, v] of X. Moreover, a face Fo lies inside Q and v is contained in F,. 


Definition As for the vertices and edges of A, we assign to a vertex of X the complex 
number corresponding to its position in C, and to an oriented edge of X we assign 
the difference of the two endpoints. 
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Fig. 2. Bipartite quad-graph (dashed) with medial graph (solid) 


Even though not all edges of X might be straight line segments, we actually think 
of them as being straight since we assign the vector of its endpoints to it if the edge is 
oriented. In this sense, any face Fo, Q € F(A), is a parallelogram due to Varignon’s 
theorem. Moreover, the complex number assigned to the edge [Q, vo], vo ~ Q, if 
oriented from the midpoint of the edge vov'_ to the one of the edge vov', of A is 
just half of e = v', — v_. We will say that [Q, vo] is parallel to e (disregarding the 
orientation), as it would be if we considered all edges of X as straight line segments. 


Remark If all quadrilaterals of A are convex, then the embedding of X given above 
consists of straight line segments only. If no Varignon parallelogram of a non-convex 
quadrilateral contains another vertex of X apart from its corners, then the correspond- 
ing straight line realization gives an embedding equivalent to the one above. In this 
case, the face F, of X corresponding to a vertex v € V(A) that is a concave corner 
of a quadrilateral does not contain v any longer. However, if such a Varignon paral- 
lelogram contains an additional vertex of X, then connecting adjacent vertices of X 
by straight line segments does not yield an embedding of X. 


Definition For a connected subgraph Qo € Q, we denote by Xo € X the connected 
subgraph of X consisting of all edges [Q, v] where Q € V (O9) and v is a corner of 
Q. The boundary 0 X, is the subgraph of X, whose edges are exactly those [Q, v] 
where v € V(8.Ao) and Q € V (Oo) isincidentto v. We consider the orientation on the 
boundary 0 X, that is induced by orienting any of its edges [Q, v] counterclockwise 
with regard to Q. For a finite collection F of faces of Xo, dF denotes the union 
of all counterclockwise oriented boundaries of faces in F, where oriented edges in 
opposite directions cancel each other out. 


Remark In the case that all quadrilaterals in V (Oo) are convex, Xo consists of all 
straight edges of X that lie inside the closed region formed by the quadrilaterals in 
V (Oo). In any case, the medial graph X corresponds to a (strongly regular and locally 
finite) cellular decomposition of the plane in a canonical way. In particular, we can 
talk about a topological disk D in F (Xo) as a finite collection of faces of X, that form 
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a closed region homeomorphic to a disk, and we can consider its counterclockwise 
oriented boundary à D as a subgraph of Xo. 


Definition For v € V(A) and Q € F(A), let P, and Pg be the closed paths on 
X connecting the midpoints of edges of A incident to v and Q, respectively, in 
counterclockwise direction. In Fig. 2, their vertices are colored gray. We say that P, 
and Pg are discrete elementary cycles. 


2.2 Discrete Holomorphicity 


To motivate the definition of discrete holomorphicity due to Mercat [21] that was 
also used previously in the rhombic setting by Duffin [10] and others, let us have 
a short look to the classical theory. There, a real differentiable complex function f 
defined on an open subset of the complex plane is holomorphic if and only if in 
any point all directional derivatives coincide. Moreover, holomorphic functions with 
nowhere-vanishing derivative preserve angles, and at a single point, infinitesimal 
lengths are uniformly scaled. 


Definition Let Q € V(O) = F(A) and f be a complex function on the vertices 
b_, w_, b4, w, of the quadrilateral Q. f is said to be discrete holomorphic at Q if 
the discrete Cauchy-Riemann equation is satisfied: 


f.) FOLD fiv) — fw.) 


b, — b. Wp = W 


Definition Let f : V (4o) — C. f is said to be discrete holomorphic if f is discrete 
holomorphic at all Q € V (Qo). 


Note that if a discrete holomorphic function f does not have the same value on 
both black vertices b_ and b4, then it preserves the angle gg and f uniformly scales 
the lengths of the diagonals of Q. However, the image of Q under f might be a 
degenerate or self-intersecting quadrilateral. 

We immediately see that for discrete holomorphicity, only the differences at black 
and at white vertices matter. Hence, we should not consider constants on V (A), but 
biconstants [20] determined by each a value on V (I) and V(I7*). 


Definition A function f : V(Ao) — C that is constant on V (J) and constant on 
V (IG) is said to be biconstant. 


In the following, we will define discrete analogs of 9, a, first of functions on V (A) 
in Sect. 2.2.1 and later of functions on V (Q) in Sect. 2.2.3. Before, we introduce 
discrete differential forms in Sect. 2.2.2. 


Discrete Complex Analysis on Planar Quad-Graphs 65 
2.2.1 Discrete Derivatives of Functions on the Vertices of A 


Definition Let Q € V(O) = F(A), and let f be a complex function on its vertices 
b_, w_, b4}, w+. The discrete derivatives 04 f , 04 f are defined by 


" fb) — TIRE ce fw) POE 


3af (Q) =À b, — b_ Fàg w4} — w- 
ja f(Q) = 1,09 - f(b-) em f(wy) - fo) 
b. —b. W4 — W- 


where 2A9 := exp (—i i (po E z)) /sin(@g). 
Remark Clearly, biconstant functions have vanishing discrete derivatives. 


If the quadrilateral Q is a rhombus, then gg = 2/2 and àg = 1/2. Therefore, the 
definition above then reduces to the previous one given by Chelkak and Smirnov [6]. 
The definition of discrete derivatives matches the notion of discrete holomorphicity; 
and the discrete derivatives approximate their smooth counterparts correctly up to 
order one for general quad-graphs and up to order two for parallelogram-graphs: 


Proposition 2.1 Let Q be a face of the quad-graph A and f be a complex function 
on its vertices b_,w_, b+, W4. 


(i) f is discrete holomorphic at Q if and only if à4 f(Q) = 0. 
(ii) For the function f (v) = v, 3a f(Q) = = 0 and da f(Q) = =1. 


(ii) If Q is a parallelogram and f (v) = v^, then A f(Q) = 9, da f(Q) = 2 2Q. 
(iv) If Q is a parallelogram and f (v) = Iv, then da f(Q) = = ða f(Q) = Q. 


In parts (iii) and (iv), Ó denotes the center of the parallelogram Q. 


Proof (1) We observe that 


- . , : by —b_ 

2si(gg)àg  exp(i(eg — 5))  -iexP(vo)w-p; i (we —w-) 
b-b- 4 Smaps ~~ |b4. — b_| ~ [we —w_||b4 — bI’ 
. 5 . . W.L.—W- 

2sn(pg)Ag _ exp(i (3 —99))  'exP(-ivo)mi-w] ^ — ib —b-) 
WL—W-  Wrp—W- |w- — we ~ |w} — w-l|lb4 — b-[ 


So if we multiply 34 f (Q) by 2i|w, — w_||by — b_| sin(gg) z 0, we obtain 


(w+ — w-) (F (64) — f (5-)) — (b+ — b-) (f w+) — fw), 


which vanishes if and only if the discrete Cauchy-Riemann equation is satisfied. 

(ii) Clearly, f(v) = v satisfies the discrete Cauchy-Riemann equation. By the 
first part, 34 f (Q) = 0. Due to2 sin(gg) = exp (—i (vo — ¥)) + exp (i (Yo — &)). 
da f (Q) simplifies to Ag + ho = = 1. 
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(iii) For the function f (v) = v?, the discrete Cauchy-Riemann equation is equiv- 
alent to b+ + b- = w+ + w_. But since Q is a parallelogram, both (b+ + b_)/2 and 
(w, + w_)/2 equal its center Q. Thus, f is discrete holomorphic at Q and 


3a f(Q) = Xg(b4 + b.) +AQ(wa + w_) 2 20(Ag +o) = 20. 


(iv) Since f is areal function, 04 f(Q) = 04 f (Q) follows straight from the defin- 
ition. Letz € C be arbitrary. If g(v) := vz, then d,g(Q) = zandd,g(Q) = 0 by the 
second part. So if we define the function h(v) := |v — z|? = |v? — vz — vz + |z|?, 
then 0,h(Q) = 0, f (Q) — z using the second part and observing that constant func- 
tions have vanishing derivatives. Hence, the statement is invariant under transla- 
tion, and it suffices to consider the case Ó = 0. Then, b} = —b_ and wi = —w 
since Q is a parallelogram. It follows that f(b_) = f(b) and f(w_) = f (w,).so 
da f(Q) — 0. 


Our first discrete analogs of classical theorems are immediate consequences of 
the discrete Cauchy-Riemann equation: 


Proposition 2.2 Let f : V(Ao) — C be discrete holomorphic. 


(i) If f is purely imaginary or purely real, then f is biconstant. 
(ii) If 94f = 0, then f is biconstant. 


Proof (1) Let us assume that f is not biconstant. Then, without loss of generality, f 
is not constant on Jo. Since I is connected, there are two adjacent vertices b_, b4 
of I such that f(b,) Æ f(b_). Let b_, w_, b}, w+ € V(Ao) be the vertices of the 
interior face of Ag with black diagonal b_b,. Due to the discrete Cauchy-Riemann 
equation, 


fw- fw-) w —w 
f(b))- fb) b-b.- 


The left hand side is real and well-defined since f is purely imaginary or purely real 
and f (b) Z f(b_). But the right hand side is not, contradicting the assumption that 
f is not biconstant. 

(ii) Since f is discrete holomorphic, 


SO) - FO) _ fw) — Fw.) 


b, — b_ w} — WL 


da f = 0 then yields that both sides of the discrete Cauchy-Riemann equation equal 
zero, so f is constant on V (Tọ) and on V (I5) since both graphs are connected. 
2.2.2 Discrete Differential Forms 


In our paper, we mainly consider two type of functions, functions f : V(Ao) > C 
and functions h : V (o) — C. An example for a function on V (Oo) is 34 f. 
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Definition A discrete one-form w is a complex function on the oriented edges of the 
medial graph Xo such that w(—e) = w(e) for any oriented edge e of Xo. Here, —e 
denotes the edge e with opposite orientation. 

The evaluation of w at an oriented edge e of Xo is denoted by J, w. If P isa 
directed path in Xo consisting of oriented edges e1, €2,..., €n, then the discrete 
integral along P is fp œ = $7, ., Ja, «». For closed paths P, we write $p w instead. 
If P is the oriented boundary of a topological disk D in F (Xo), then we say that the 
discrete integral is a discrete contour integral with discrete contour P. 


Since we consider the planar case, one-forms dz and dz are globally defined. 


Definition The discrete one-forms dz and dz are given by f, dz = e and f, dz = € 
for any oriented edge e of X. 


It turns out that discrete one-forms that actually come from discrete one-forms on 
I' and I* are of particular interest: 


Definition A discrete one-form w defined on the oriented edges of Xo is of type Q if 
for any Q € V (Oo) there exist complex numbers p, q such that o = pdz + qdz on 
all edges e = [ Q, v], ve V(Ao) incident to Q. w is of type A if for any v € V(Ao) 
there exist complex numbers p, q such that o = pdz + qdz on all edges e = [Q, v], 
Q € V (Oo) incident to v. 


Remark Discrete one-forms of type A do not play such an important role as discrete 
one-forms of type ©, although they occur as discrete differentials of functions defined 
on V (Oo). This will become clear in the end of Sect. 2.3.2, one of the reasons being 
that discrete one-forms of type A are not defined on discrete Riemann surfaces, but 
discrete one-forms of type Q are. 


Definition A discrete two-form S2 is a complex function on the faces of Xo. 

The evaluation of (2 at a face F of Xo is denoted by f i p 2. If S is a set of 
faces F1, F>, ..., F, of Xo, then fJ, 2 = $7, 4 Joe Q is the discrete integral of 2 
over S. 


As we are mainly interested in functions f : V(Ao) > C and ^ : V(Oo) > C, 
discrete two-forms of particular interest are those that vanish on faces of Xo corre- 
sponding to vertices of either © or A. 


Definition A discrete two-form 92 defined on F (Xo) is of type A if 2 vanishes on 
all faces of Xo corresponding to V (O9) and of type © if 2 vanishes on all faces of 
X corresponding to V (Ao). 


Remark These discrete two-forms correspond to functions on V (Ao) or V (Oo) by 
the discrete Hodge star that will be defined later in Sect. 2.3.3. 


Since we did not give a precise embedding of the medial graph into the complex 
plane in the general case, we have to specify what the area of a face is. This area 
includes a factor of two in order to get the same coefficients in the discrete setup as 
in the smooth case. 
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Definition Let F be a face of the medial graph X. We define ar(F) to be twice the 
Euclidean area of the polygon that results from connecting adjacent vertices of F by 
straight line segments in the complex plane. In contrast, area( P) will always denote 
the Euclidean area of a polygon P. 


Remark As we have mentioned before, our main objects either live on the quad-graph 
A or on its dual O. Thus, we have to deal with two different cellular decompositions 
at the same time. The medial graph has the crucial property that its faces are in 
one-to-one correspondence to vertices of A and of Q, i.e., to faces of © and of A. 
Furthermore, the Euclidean area of the Varignon parallelogram of Q € F(A) is just 
half of the area of Q. In some sense, a corresponding statement is true for the cells 
of X corresponding to vertices of A, i.e., faces of ©. However, there is not only 
no canonical embedding of X, but also no natural embedding of © in the general 
setting. But in the particular case of parallelogram-graphs, when we have a canonical 
embedding of X with rectilinear edges, we can make the statement precise: If an edge 
QQ’ of © is represented by the two line segments that connect the centers of the 
parallelograms Q and Q' with the midpoint of their common edge, then the Euclidean 
area of the face of X corresponding to a vertex v € V(A) = F(Q) is exactly half of 
the area of the face of } corresponding to v. 

In summary, the medial graph allows us to deal with just one decomposition of the 
complex plane, but we have to count areas twice in order to get the right coefficients 
as in the continuous setup. 


Definition The discrete two-forms (2, and £26 are defined as being zero on faces 
of X corresponding to vertices of Q or A, respectively, and defined by 


J (24 = —2iar(F,) and J Na = —2iar(Fo) 
Fo 


F, 


on faces F, and Fg corresponding to v € V(A) or Q € V(O). As defined above, 
ar(F) is twice the Euclidean area of the straight-line embedding of F, or Fo. 


Remark £24 and £26 are the straightforward discretizations of dz ^ dz having in 
mind that they are essentially defined on faces of Q or of A, respectively. It turns 
out that in local coordinates, we can perform our calculations with 2, and £26 in 
the discrete setting exactly as we do with dz ^ dz in the smooth theory. We will 
see in Sect. 2.3.2 that 29 is indeed the discrete wedge product of dz and dz seen 
as discrete one-forms of type ©. The same would be true for (24 if we considered 
dz and dz as being of type A, but the discrete wedge product is of interest just for 
discrete one-forms of type > and we therefore define it just for these forms. 


Definition Let f : V(Ao) — C, h : V(Oo) — C, wa discrete one-form defined on 
the oriented edges of Xo, and 21, §22 discrete two-forms defined on F(X 0) that are 
of type A and Q, respectively. For any oriented edge e = [Q, v] and any faces F,, Fo 
of Xo corresponding to v € V(Ao) or Q € V(Oo), we define the products f c, ha, 
f €2;, and A42; by 
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] fe: ffo aa ff rm m ro ff m. ff ra= 

e e F, F, Fo 

ror=mo fo and i =), J| ^9: = no f| Q. 
e e F, Fg Fo 


In the following table, we give a quick overview of various discrete differential 
forms (most of them will be discussed in Sect. 2.3) and state whether they are essen- 
tially functions on V (AA) (first column) or functions on V (Q) (second column) or 
entirely objects on the cellular decomposition X (third column). In the first row we 
find functions, in the second discrete one-forms, and in the third discrete two-forms. 
So for example, the intersection of the second row with the third column lists discrete 
one-forms that are entirely objects on X and cannot be reduced to functions on V( A) 


or V(Q). 


functions fig: VAC hı, h2 : V($) > C f-g=J(fdg+egdf) 
doh, doh ða f, dAf 
1-forms dh df fdg + gdf 
hidz + hadz fdz + gdz fhdz 
n of type A w,w of type > fo 
2-forms (24 No 
xf xh 
do dn d(fhdz) 
fdo Q) ^ C d(fo) 


Remark Although discrete one-forms of type A or of type > do not live themselves 
on A or Q, they are described by two functions defined on the vertices of A or Q, 
respectively. 


2.2.3 Discrete Derivatives of Functions on the Faces of A 


Before we pass on to discrete derivatives of functions on V (Q), we first prove an 
alternative formula for the discrete derivatives of functions on V (AA). 


Lemma 2.3 Let Q € V(O) = F(A) and f be a complex function on the vertices 
b_, w_, b+, w+ of Q. Let Po be the discrete elementary cycle around Q and F the 
face of X corresponding to Q. Then, 


ESI - = 1 
da f(Q) = sam 6 and da f(Q) = ag f fee 
Po Po 
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Proof Since we think of F as a parallelogram (see Sect. 2.1.2), its Euclidean area is 
half of the area of Q. So by definition, 


1 : 
ar(F) = z+ — b_||w+ — w_|sin(gg). 


Furthermore, f(b) and — f (b—) are multiplied by the same factor (w, — w_)/2 
when evaluating the discrete contour integral fr, fdz. Therefore, the coefficient in 


front of f(b.) — f(b_) in the right hand side of the first equation in the lemma is 


We WH ; w4} =w- E exp (-i (eo — 3)) =. 40 
4ar(F) 2 sin(yg)|w+ = w-llb+ —b-| — 2sin(yg)(b4 —b-) bp —b 


(compare with the proof of Proposition 2.1(i)), which is exactly the coefficient appear- 
ing in 04 f (Q). Analogously, the coefficients in front of f (w+) — f (w..) are equal. 
This shows the first equation. The second one follows from the first, noting that 
the coefficients in front of f(b,) — f(b_) and f (w,) — f(w_) on both sides of 
the second equation are just complex conjugates of the corresponding coefficients 
appearing in the first equation. 


Inspired by Lemma 2.3 that is illustrated by Fig. 3a, we can now define the discrete 
derivatives for complex functions on V (Q), see Fig. 3b. 


Definition Let v € V(A) and h be a complex function defined on all quadrilaterals 
that are incident to v. Let P, be the discrete elementary cycle around v and F the face 
of X corresponding to v. Then, the discrete derivatives dgh, doh at v are defined by 


zT z 1 
doh) := —  — d hdz and SAW) = —— ¢ hdz. 
oho) ari PARE ari * 
P, P, 


h is said to be discrete holomorphic at v if àoh(v) = 0. 


(b) 


Fig. 3 Illustrations to the integration formulae for discrete derivatives. a Lemma 2.3 for d,, da. 
b Definitions of 05, do 
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Definition ^ : V(Qo) — C is said to be discrete holomorphic if h is discrete holo- 
morphic at all v € V(Aog)VV (8 Ao). 


Note that in the rhombic case, our definition coincides with the one used by 
Chelkak and Smirnov in [6]. As an immediate consequence of the definition, we 
obtain a discrete Morera's theorem. 


Proposition 2.4 Functions f : V(Ao) > Candh: V(Oo) — C are discrete holo- 
morphic if and only if $, f dz = 0 and $, hdz = 0 for all discrete contours P on 
Xo. 


Proof Clearly, $, fdz = f(v) $p dz — 0 for any discrete elementary cycle P, 
around a vertex v of V(Ao). Similarly, $5, hdz = 0 for any Q € V(Oo). Using 


Lemma 2.3 and the definition of do, f and h are discrete holomorphic if and only 
if fp fdz = 0 and $, hdz = 0 for all discrete elementary cycles P. To conclude the 
proof, we observe that any integration along a discrete contour can be decomposed 
into integrations along discrete elementary cycles since by definition, a discrete con- 
tour is the boundary of a topological disk in F (Xo). 


The discrete derivatives of constant functions on V (Q) vanish. As an analog of 
Proposition 2.1, we prove that the discrete derivatives 9o, dy locally approximate 
their smooth counterparts correctly up to order one if the quadrilaterals in V (Q) are 
identified with the midpoints of their black or white edges. In a parallelogram-graph, 
these two midpoints coincide for each face, which then gives a global approximation 
statement. Note that even for rhombic quad-graphs, the discrete derivatives 06, dy 
generally do not coincide with the smooth derivatives in order two. 


Proposition 2.5 Letv € V(A), and let h be a complex function on all faces incident 
to v. As illustrated in Fig. 3b, we counterclockwise enumerate them by Q1, ..., Qk, 
where k is the degree of v in A, and their vertices adjacent to v by v4, v», ..., Vis 
vi, = vi. Let Os = (v, 4 + v/2. Then, if h(Qs) = Qs for all s, Igh(v) = 0 and 
Qo h(v) = 1 hold true. 


Proof 


T hdz = >) 2h(Q), = Vi) = SL a vL vL) 


P, Qv Qv 
= 3 (0 - v) =o, 
Qs ~y 
T hdz = M (v, av) -v 0 A (Iv. - |v, i - 2i Im (91) 
P, Qs~v Qs~v 


= —2i M Im (vs, ,) = —8iar(F,). 
Qv 
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Thus, àoh(v) = 0 and dyh(v) = 1. Here, we have used that by definition, ar(F,) is 
half of the Euclidean area of the polygon v} vh .. . v;, so ar(F) equals 


; > area(Avv,_jv,) = T 5 Im (0 -v) v- )) = i2. Im (vv, i) 


Q;^v Q.~v us 
using that »^, ~, (vvii + vv) = Don, (vv, + dy) is real. 


In [6], Chelkak and Smirnov used averaging operators to map functions on V(A) 
to functions on V (Q) and vice versa. On parallelogram-graphs, the averaging opera- 
tor m(f)(Q) := >. o f (v)/4 actually maps discrete holomorphic functions f on 
V (A) to discrete holomorphic functions on V (Q). Our proof will be similar as the 
one for rhombic quad-graphs in [6]. Note that discrete holomorphic functions on 
V (Q) cannot be averaged to discrete holomorphic functions on V (A) in general, so 
the averaging operator of Chelkak of Smirnov that mapped functions on V(Q) to 
functions on V (A) did not preserve discrete holomorphicity. 


Proposition 2.6 Let A be a parallelogram-graph and f : V(A) — C be discrete 
holomorphic. Then, m(f) : V(Q) — C is discrete holomorphic. 


Proof Let us consider the star of the vertex v € V (A) and use the notation we used in 
Proposition 2.5 (illustrated by Fig. 3b). Since f is discrete holomorphic, the discrete 
Cauchy-Riemann equation is satisfied on any Q, ~ v. Therefore, we can express 
f (vs) in terms of f (v), f(v) and f(v, ,). Plugging this in the definition of the 
averaging operator, we obtain 


Am( (Q5) = 2/6) + 35755 Fy 


s s—l ví e —1 
y —y Xj 
= 2f (v) - 223—— f (V) - 225 fv). 
Vo = Vs y s 


s 


V —v—v +v 


foi) 


Here, we have used the properties v; — v; , = v; — v and vs — v; = v; , — v of the 
parallelogram Q,. Hence, m( f) is discrete holomorphic at v by definition due to 


4f mona = ir LE Yo -»f00- Y v, -»foi 920. 


P, Q,v Q,~v 


Remark As mentioned above, our main interest lies in functions that are defined 
either on the vertices or the faces of the quad-graph. Now, extending f : V(A) > C 
to a complex function on F(X) by using its average m(f) on V(Q) seems to be 
an option. However, functions on V(A) and on V(©) behave differently. In Corol- 
lary 2.11 we will see that 0,4 f is discrete holomorphic if f is, but dgm(f) does not 
need to be discrete holomorphic in general. So to make sense of differentiating twice, 
we can only consider functions on V(A). 
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Definition Let fi, f; : V(Ao) > Cand hy, ho : V(Oo) — C. Their discrete scalar 
products are defined as 


1 = 1 " 
(fi, fa) = -= Jf fiha and (hi, h2) := -5 || "io. 
F(Xo) F(Xo) 
whenever the right hand side converges absolutely. 


Proposition 2.7 —3% and —dg are the formal adjoints of ða and 84, respectively. 
That is, if f : V(A) > Corh:V(O) — C is compactly supported, then 


(84 f, h) + (f. 99h) — 0 = (84 f, h) + (f, 8o). 


Proof In Lemma 2.3, we showed how the discrete derivative 04 f(Q) can be 
expressed as a contour integration around the face of X associated to Q € V(Q). 


Using this, the definitions of 24 and 2, and doh = doh, we get 


(84 f. h) - (f.üoh) = >) aaf(Q(Q)ar(Fo)+ D, fWdgh)ar(Fy) 


QeV(O) veV(A) 
=; Y Wap sari "2:53 yug 
? ocv» Po veV(A) 
= ;j fhdz — 0, 
P 


where P is a large contour enclosing all the vertices of A and } where f or h do 
not vanish. In particular, fh vanishes in a neighborhood of P. In the same way, 


(4 f, h) + (f, doh) = 0. 


Remark Note that in their work on discrete complex analysis on rhombic quad- 
graphs, Kenyon [16] and Mercat [20] did not give explicit formulae for the discrete 
derivatives, but defined —3¢ and —dg instead as the formal adjoints of the discrete 
derivatives 94 and 94, respectively. In contrast, we derived the formal adjoint property 
from our explicit formulae for the discrete derivatives. 


In Corollary 2.11, we will prove that 94 f is discrete holomorphic if the function 
f : V(A) — C is. Conversely, we can find discrete primitives of discrete holomor- 
phic functions on subgraphs Oo € © that form a simply-connected closed region, 
extending the corresponding result for rhombic quad-graphs given by Chelkak and 
Smirnov [6]. 


Proposition 2.8 Let Oo € Ô form a simply-connected closed region. Then, for any 
discrete holomorphic function h on V (Qo), there is a discrete primitive f :— f h on 
V (4o), i.e., f is discrete holomorphic and 04 f = h. f is unique up to two additive 
constants on I' and TŠ. 
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Proof Since h is discrete holomorphic, fp hdz = 0 for any discrete contour P in 
Xo by discrete Morera’s Theorem 2.23. Therefore, hdz can be integrated to a well- 
defined function fy on V(X) that is unique up to an additive constant. The equation 
fx (v + w) /2) = Cf (v) + f (w)) /2 for any edge (v, w) of A defines a function f 
on V (A). Indeed, since Qo forms a simply-connected closed region, it suffices to 
check the compatibility of the equations defining f just for one quadrilateral face 
Q. Now, the differences of f along the black and white diagonals of Q are given by 
integration of hdz along the edges of X that are parallel to these diagonals. Since hdz 
is a discrete one-form of type Q, the two integrations along the edges of X parallel to 
one diagonal are the same if they are oriented the same, and compatibility follows. 
Given fx, f is unique up to another additive constant. 

In summary, f is unique up to two additive constants that can be chosen indepen- 
dently on Tù and J. By construction, f satisfies 


fbx) = fO- _ peg) — Fors) = for) 


b, — b. W4 — W- 


on any quadrilateral Q € V (Oo). So f is discrete holomorphic and 84 f = A. 


2.3 Discrete Exterior Calculus 


Our treatment of discrete exterior calculus is similar to the approach of Mercat in 
[19-21], but differs in some aspects. The main differences are due to our differ- 
ent notation of multiplication of functions with discrete one-forms, which allows 
us to define a discrete exterior derivative on a larger class of discrete one-forms 
in Sect. 2.3.1. It coincides with Mercat’s discrete exterior derivative in the case of 
discrete one-forms of type Q that Mercat considers. In contrast, our definitions are 
based on a coordinate representation and mimic the smooth case. Eventually, they 
lead to essentially the same definitions of a discrete wedge product in Sect. 2.3.2 and 
a discrete Hodge star in Sect. 2.3.3 as in [21]. 


2.3. Discrete Exterior Derivative 


Definition Let f : V(Ao) — C, h : V(Oo) > C. We define the discrete exterior 
derivatives df and dh as the discrete one-forms on oriented edges of X given by 


df := ða fdz + ða fdz and dh:= dghdz + dghdz. 


Definition Let c be a discrete one-form defined on all boundary edges of a face F, 
of the medial graph X corresponding to v € V(A) or on all four boundary edges of a 
face Fg of X corresponding to Q € F(A). In the first case, we write o = pdz + qdz 
with functions p, q defined on all faces of A that are incident to v, and in the second 
case, we write w = pdz + qdz with functions p, q defined on all vertices of A that 
are incident to Q. The discrete exterior derivative dw on F, or Fo is given by 
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do|r, = (80g — 9op) 24 and do|ry := (94q — Jap) 2o. 


The representation of w as pdz + qdz (p, q defined on edges of X) we have used 
above may be nonunique. However, do is well-defined by the following discrete 
Stokes’ theorem that also justifies our definition of df and dw. Note that Mercat 
defined the discrete exterior derivative by the discrete Stokes' theorem [19]. 


Theorem 2.9 Let f : V(Ao) —> Cand o be a discrete one-form defined on oriented 
edges of Xo. Then, for any directed edge e of Xo starting in the midpoint of the edge 
vv' and ending in the midpoint of the edge vv', of Ao and for any finite collection of 
faces F of Xo with counterclockwise oriented boundary 0 F we have: 


yy / / / 
fu- FUY-FOD _ FMF _ FO) uS a ff am du 
F 


2 2 


e OF 


Proof Let v_ be the other vertex of the quadrilateral Q with vertices v, v and v’. 
Without loss of generality, let v be white. Since df = 0, fdz + 04 f dz, Í, df equals 


1 
E Vy 
+a f 


2 


/ / 
Vae y 


2 


QAf 
y 


1 z j ; 1f- v- y, —v 
=5 QQ t^g) - fi» 5 an TIL Go) — fo) 


y— 


UP TE / Fs ER / 
_ fo) AO eli =) 70 re-»- AMA 


2 y—vy— 


To get to the third line, we used Ag + Ag = 1, and for the last step we used 


arg (o — =) = arg (+ exp (i (vo — =)) exp (—ivo)) = +7/2. 


vV—v_ 


The sign depends on whether v, v_, v_, v denote the corners of Q in clockwise or 
counterclockwise order. In either case, the expression inside arg is purely imaginary. 
The second identity has to be shown just for one single face of Xo. Let us write 
w = pdz + qdz on all edges of Xo that are boundary edges of Fg or F,, where p, q 
are functions defined on the vertices of the quadrilateral Q € V (Oo) or on the faces 
incident to v € V(Ao). Then, by the representation of 94, a A as discrete contour 
integrals in Lemma 2.3 and the definition of the discrete derivatives 3%, o, 


"i dw = "i (8oq — ðo p) 29 = —2iar(Fe) (8oq — 9o p) = j (pdz + qdz) , 
Fo Fo 


Fg 


J dw = "n (aq — dap) Qa = —2iar(F,) (ü4q — ða p) = f (pdz + qdz). 


F, F, oF, 
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Definition Let Oo C > form a simply-connected closed region. A discrete one-form 
c defined on oriented edges of Xo is said to be closed if dw = 0. 


Note that if w is a discrete one-form of type Q, then ff r dœ = 0 for any face F 
corresponding to a face of A. Examples for closed discrete one-forms are discrete 
exterior derivatives of complex functions on V(A): 


Proposition 2.10 Let f : V(Ao) — C. Then, ddf = 0 on any face F, of Xo corre- 
sponding to v € V(Ao)\V (0 Ao). 


Proof By discrete Stokes’ Theorem 2.9, we have to show fp df = 0 for any dis- 
crete elementary cycle P in Xo in order to prove ddf = 0. Since df is of type 
Q, the statement is trivially true if P = Pg for Q € V(Oo). So let P = P, for 
v € V(Ao)VV (940). Using discrete Stokes’ Theorem 2.9 again, 


gar = > FU) — FUR _ 9 


2 
P, Q,~v 


An immediate corollary of the last proposition is the commutativity of discrete deriv- 
atives, generalizing the known result for rhombic quad-graphs in [6]. 


Corollary 2.11 Let f : V(Ao) > C. Then, 8594 f (v) = 4094 f (v) for all vertices 
v € V(Ao)VV (0 Ao). In particular, 04 f is discrete holomorphic if f is discrete holo- 
morphic. 


Proof Due to the preceding Proposition 2.10 and the definition of the discrete deriv- 
ative, the equation 0 = ddf = (05 ða f — 9984 f) X24 holds on all faces of Xo cor- 
responding to a vertex of Ao that is not on the boundary 0A . The claim follows 
since (24 is nonzero on these faces. 


Remark Note that even in the generic rhombic case, 04 doh does not always equal 
dA0oh for a function h : V(O) > C [6]. Hence, ddh = 0 cannot hold for such 
functions h in general. 


Corollary 2.12 Let f : V(Ao) — C. Then, f is discrete holomorphic if and only if 
df — pdz for some p : V(Oo) — C. In the case that f is discrete holomorphic, p 
is discrete holomorphic as well. 


Proof Since all quadrilaterals Q € V(Oo) are nondegenerate, the representation 
of dflar, as pdz + qdz is unique (see Lemma 2.14 below). Clearly, we have 
df = 84 fdz +d, f dz. It follows that f is discrete holomorphic at Q if and only if 
df|ar, = pdz. 

Assuming that df — pdz for some p : V(Oo) — C, ddf — 0 on any face F, of 
Xo corresponding to v € V(Ap)\V (0 Ag) by Proposition 2.10. Thus, dy p(v) = 0 for 
any such v and f is discrete holomorphic. 


Definition Let Q9 C > form a simply-connected closed region. A discrete one-form 
c defined on the oriented edges of Xo is discrete holomorphic if œ = pdz for some 
p: V(Oo) ^ C and do = 0. 
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Remark This notion recurs in the more general setting of discrete Riemann surfaces 
in [1]. By Corollary 2.12, df is discrete holomorphic if f is, and by Proposition 2.8 
on the existence of a discrete primitive for discrete holomorphic functions defined 
on the vertices of a subset Qo C Q that forms a simply-connected closed region, any 
discrete holomorphic one-form w defined on the oriented edges of Xo is the discrete 
exterior derivative of a discrete holomorphic function on V (Ao). 


Due to Chelkak and Smirnov [6], one of the unpleasant facts of all discrete theories 
of complex analysis is that (pointwise) multiplication of discrete holomorphic func- 
tions does not yield a discrete holomorphic function in general. We define a product 
of complex functions on V(A) that is defined on V(X) and a product of complex 
functions on V (A) with functions on V (Q) that is defined on E(X). In general, the 
product of two discrete holomorphic functions is not discrete holomorphic according 
to the classical quad-based definition (on planar quad-graphs different from A), but it 
will be discrete holomorphic in the sense that a discretization of its exterior derivative 
is closed and is of the form pdz, p defined on the edges of the medial graph of the 
new quad-graph, or in the sense that it fulfills a discrete Morera's theorem. 


Proposition 2.13 Let f, 2 : V(A) > Cand h : V(Q) > C. 


(i) fdg + gdf is a closed discrete one-form. 
(ii) If f and h are discrete holomorphic, then f hdz is a closed discrete one-form. 


Proof (i) Let w :— fdg + gdf. By Proposition 2.10, ddf = 0 and ddg = 0, i.e., 
df and dg are closed. Thus, 


f w= to) d de +e f df =0 
aR, JF, 


OF, 


for any face F, corresponding to v € V(A). Using Lemma 2.3 that relates discrete 
derivatives with discrete contour integration, 


2iar(Fg) j w = 2iar(Fg) j (fdagdz + fðagdz + gda fdz + gü4 f dz) 


aFo aFo 


= (da f dag — 3a fdag + Ingdaf — QAgüA f) (Q) =0 


for any face Fo corresponding to Q € F(A). It follows by discrete Stokes’ Theo- 
rem 2.9 that dw = 0. 

(ii) By discrete Morera's Theorem 2.23, discrete holomorphicity of f and h 
implies that f dz and hdz are closed. Thus, $}, fhdz = f(v) f, hdz = 0 as well 
as br, fhdz = h(Q) foro fdz = 0 for any faces F, and Fọ of X corresponding to 
v € V(A) and Q € F(A). Therefore, fhdz is closed. 


Remark In particular, for any f, g : V(A) > C a product f - g : V(X) — C can 
be defined by integration of fdg + gdf. Note that this product f - g is defined up to 
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an additive constant. Furthermore, f -h : E(X) — C can be defined by “pointwise” 
multiplication. If f, g, h are discrete holomorphic, then f dg + gdf = pdzis closed, 
where p= f -0,g+g-0,f : E(X) — C, and so to say a discrete holomorphic 
one-form, meaning that f - g is discrete holomorphic in this sense. Similarly, f hdz is 
closed, so f - h is discrete holomorphic in the sense that a discrete Morera's theorem 
holds true. Even though f - g is defined on the vertices of the dual of a planar quad- 
graph different from A, as well is f - h on the dual of a different planar quad-graph, 
these products are generally not discrete holomorphic everywhere according to the 
quad-based definition of discrete holomorphicity on the dual of a bipartite quad-graph 
given by the definition in Sect. 2.2.3. To define the mentioned planar quad-graphs, 
we identify Q € V(O) with such a point in the interior of the face Q that all line 
segments connecting it to the four corners of Q lie inside the quadrilateral. 

First, f - g is a complex function on the vertices of X. The medial graph X is 
the dual of the bipartite quad-graph with vertex set V (A) LI V (O), edges connecting 
points Q € V(O) with all incident vertices v € V(A), and faces in one-to-one cor- 
respondence to edges of A. But even if f and g are discrete holomorphic on V (A), 
f - g does not need to be a discrete holomorphic function on the faces of the quad- 
graph we just defined. For example, consider f(v) = 0 if v is black and f(v) = 1 
if v is white and a discrete holomorphic g that is not biconstant. Then, the product 
f - g is not discrete holomorphic at all Q € V (©) (seen as vertices of the quad-graph 
described above) where 04g(Q) Æ 0. 

Second, f - h is a complex function on the edges of X, so it is a function on the 
vertices of the medial graph of X. The medial graph of the medial graph of A is the 
dual of the quad-graph with vertex set (V (A) U V(O)) u V(X), edges connecting 
points v € V(A) or Q € V(O) with the midpoints of all incident edges, and each 
face being in one-to-one correspondence to an edge of X. Since f dz is closed, 
f - his discrete holomorphic on the new quad-graph at vertices of A or Q by discrete 
Morera's Theorem 2.23. But there is no need for f -h to be discrete holomorphic 
at vertices of X, even for constant h. For example, take the function f defined by 
f (v) = Oif vis black and f (v) = 1 if v is white. 

In summary, we defined products f - g and f - h, where f, g: V(A) — C and 
h : V(O) > C are discrete holomorphic, that are local (on each vertex, they depend 
just on the values of f and g in a small neighborhood) and discrete holomorphic at 
least in the sense that its discrete exterior derivative is closed and of the form pdz or 
in the sense that it fulfills a discrete Morera's theorem. 

Somehow missing is a product A - h’, where h, h' : V() — C. In the general 
case, we do not know an appropriate product so far. But we want to point out that 
Chelkak and Smirnov showed in [7] that for so-called spin holomorphic functions 
h, h', the pointwise product satisfies Re (3o (h - h’)) = 0. 


2.3.2 Discrete Wedge Product 


Following Whitney [27], Mercat defined in [19] a discrete wedge product for discrete 
one-forms living on the edges of A. Then, the discrete exterior derivative defined by 
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a discretization of Stokes’ theorem is a derivation for the discrete wedge product. 
However, a discrete Hodge star cannot be defined on A. To circumvent this problem, 
Mercat used an averaging map to relate discrete one-forms on the edges of A with 
discrete one-forms on the edges of I" and I*, i.e., discrete one-forms of type Q. 
Then, he could define a discrete Hodge star; however, the discrete exterior derivative 
was not a derivation for the now heterogeneous discrete wedge product. 

In this section, a different interpretation of the discrete wedge product is proposed. 
Still, the notions of Mercat in [19-21] are recovered. Starting with discrete one-forms 
of type © that are defined on the edges of X, a discrete wedge product on (half of) 
the faces of X is defined. This definition is different from Whitney’s [27] and has 
the advantage that both a discrete wedge product and a discrete Hodge star can be 
defined on the same structure. In addition, the discrete exterior derivative is now a 
derivation for the discrete wedge product in a well-defined sense, see Theorem 2.16. 
It turns out that Theorem 2.16 is a powerful tool leading to discretizations of Green’s 
identities in Sect. 2.4.1 and of a Cauchy’s integral formula for the discrete derivative 
of a discrete holomorphic function in Sect. 2.6. 


Lemma 2.14 Let o be a discrete one-form of type Q defined on the oriented edges of 
Xo. Then, there is a unique representation o = pdz + qdz with p,q: V(Oo) > C. 
On a quadrilateral Q € V (Oo), p and q are given by 


Jo; Jeo 
e* 


seie 
e 


: - Lo Jo 
p(Q) =o +o and q(Q)= ho tior 


Here, e is an oriented edge of Xo parallel to a black edge of T, and e* is parallel to 
a white edge of I'y. 


Proof First, we show that a representation @|97, = pdz + qdz exists for any face 
Fo of Xo corresponding to a quadrilateral Q € V (Oo). Given c, we have to solve the 
system of linear equations f, ,97P dos dz ^ q Í, o 2 for all four boundary edges 
eg of Fg. Since o is of type >, we just have to consider two equations, namely 
one for a boundary edge e; of F parallel to a black edge of I and one equation 
for a boundary edge e,, parallel to a white edge of I. Since all quadrilaterals are 
nondegenerate, the diagonals are not parallel to each other and it follows that the pair 
(dz, dz) gives different values when integrated over e, and ew. Thus, this system 
of two linear equations in two variables is nondegenerate. It follows that p, q are 
uniquely defined on V (O9). 

Furthermore, we can find for any quadrilateral Q € V(Qo) = F(Ao) a function 
f that is defined on the vertices b+, w+ of Q such that 2 J, w = f(b,)— f(b_) and 
2 Ja w = f (w+) — f(w_), where e is one of the two oriented edges of Xo going 
from the midpoint of b_ and w+ to the midpoint of b, and w+, and e* is one of the 
two edges connecting the midpoint of w_ and b+ with the midpoint of w, and b... By 
discrete Stokes’ Theorem 2.9, we get wlar, = df = pdz + qdz with p = 94 f (Q) 
and q = 94 f (Q). Replacing the differences of f in the definition of the discrete 
derivative by discrete integrals of w yields the desired result. 
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Definition Let w = pdz + qdz and w' = p'dz + q'dz be two discrete one-forms 
of type Q defined on the oriented edges of Xo. Here, p, p', q, q' : V(Oo) > C are 
given by the above Lemma 2.14. Then, the discrete wedge product w ^ o is defined 
as the discrete two-form of type Q defined on F (Xo) that equals 


(pq' — ap) 26 


on faces of X corresponding to interior faces of the quad-graph Ao. 


Remark Note that if one considers dz and dz as discrete one-forms of type Q, then 
No = dz ^ dz. 


Proposition 2.15 Let F be a face of Xo corresponding to Q € F (Ao), and let e, e* 
be oriented edges of X parallel to the black and white diagonal of the quadrilateral 
Q, respectively, such that Im (e*/e) > 0. If œ, w are discrete one-forms of type © 
defined on the oriented edges of 9 F, then 


[fonrw=2 [0 fo-2fo fo. 
F e e* e* e 


Proof Both sides of the equation are bilinear and antisymmetric in c, o». Hence, 
it suffices to check the identity for w = dz, œ = dz. On the left hand side, we get 
Jf œ ^ o! = —2iar(F). This equals the right hand side 


2ec* — 2e*é = 4i Im(e*) = —i|2e||2e*| sin(gg) = —2iar(F). 


Remark Since the complex numbers e and e* are just half of the oriented diagonals, 
the above definition of the discrete wedge product is essentially the same as the one 
given by Mercat in [19-21]. 


The discrete exterior derivative is a derivation for the discrete wedge product if 
one considers functions on A and discrete one-forms of type Q: 


Theorem 2.16 Let f : V(Ao) — C and o be a discrete one-form of type Q defined 
on the oriented edges of Xo. Then, the following identity holds on F (Xo): 


d(fo)- df Aw+ fdo. 


Proof Letw = pdz + qdz with p, q : V(Oo) — C given by Lemma 2.14. If F, and 
Fo are faces of X, corresponding to a vertex v and a face Q of Apo, then 


d(fo)|r, = (f) (894) (v) — FV) (ðo p) V) 2a = fdolr,, 
dCfo)|r, = (a(Q) (af) (Q) — p(Q) (84 f) (Q)) 29 = (df ^ o)lr,. 
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But (df A @)|r, — 0 since £26|z, = 0 and fdw|r, = 0 since w is of type 0, so 
d(fo)-— df ^o-F fdo. 


Remark In [19], Mercat formulated an analog of the above Theorem 2.16 in a setting 
where discrete one-forms are defined on edges of A. In the setting of discrete one- 
forms defined on edges of I" and I*, the claim d( f») = df ^ w+ f do could not 
be well-defined. 


Above, a discrete wedge product just of two discrete one-forms of type Ô is 
defined. Actually, we could define a discrete wedge product of two discrete one- 
forms of type A in essentially the same way, getting a discrete two-form of type 
A. Then, the analog of Theorem 2.16 would be true for this kind of discrete wedge 
product and functions on V (Qo). Also the discrete Hodge star of a discrete one-form 
in the next section could be defined not only for those of type >. However, there 
exist no analogs of Propositions 2.15 and 2.18. These propositions imply that the 
discrete wedge product as well as the discrete Hodge star of discrete one-forms of 
type © can be defined in a chart-independent way. This enables one to consider these 
objects on discrete Riemann surfaces, see [1]. There are no such statements if one 
chooses discrete one-forms of type A. In fact, a discrete one-form of type A cannot be 
canonically defined on a discrete Riemann surface as opposed to discrete one-forms 
of type >. So since our interest lies in the latter, we do not define a discrete wedge 
product or a discrete Hodge star for discrete one-forms of type A. 


2.3.3 Discrete Hodge Star 


Definition Let f : F(Ao) —> C and h : V(Oo) > C, let w = pdz + qdz be a dis- 
crete one-form of type © defined on oriented edges of Xo with p, q : V(Oo) > C, 
and let £21, 22 : F(X9) — C be discrete two-forms of type A and Q. Then, the 
discrete Hodge star is given by 


1 1 
xf cp f 2a; xh = — 5 ho; xw := —ipdz+igdz; 
i i 
_ 922 
xı :— —2i ; xQ = —2i——. 
A No 


If w and a’ are both discrete one-forms of type ¢ defined on oriented edges of Xo, 
we define their discrete scalar product 


(e, a) :— ][ ^^ 
F(Xo) 


whenever the right hand side converges absolutely. Similarly, a discrete scalar product 
for discrete two-forms of the same type is defined. 
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Remark As in the classical theory, the Hodge star corresponds to a x /2-rotation: 
ie XO = Í, c where o is a discrete one-form of type Q, e an oriented edge of X and 
ie its (virtual) image under z /2-rotation around the origin. 


Corollary 2.17 The following statements are true: 


(i) x? = —Id on discrete one-forms of type Q defined on oriented edges of Xo. 
(ii) x? — Id on complex functions on V(Ag) or V(Oo) and discrete two-forms 
defined on F (Xo) of type A or Q. 
(iii) f : V(Ao) > C is discrete holomorphic if and only if xdf = —idf. 
(iv) (fis fo) = ffr, Six fo for functions fi, f : V Ao) > C and 
(hi, h2) = nm hixh» for functions hi, hy : V (o) > C. 
(v) (,-) is a Hermitian scalar product on discrete differential forms (of type A or 


of type Q). 


Proposition 2.18 Let Q € V(), and let e, e* be oriented edges of X parallel to 
the black and white diagonal of Q, respectively, such that Im (e*/e) > 0. If œw is a 
discrete one-form of type Q defined on the oriented edges of the boundary of the face 
of X corresponding to Q, then 


[nmn [c [= 


e e e* 


jus ata | cot (po) f o 


e* 


Proof Both sides of any of the two equations are linear and behave the same under 
complex conjugation. Thus, it suffices to check the statement for œw = dz. Hence, it 
remains to show that 


lel le 


— ———— gt 
|e*| sin (po) 


| 


—ie = cot (pg) e and jt — cot (go) e*. 


CS 
[e| sin (vo 


Now, both sides of the first equation behave the same under scaling and simultaneous 
rotation of e and e*, the same statement is true for the second equation. Thus, we 
may assume e = | and e* = cos (vo) +isin(gg). Multiplying both equations by 
sin(gg) gives the equivalent statements 


—isin(gg) = cos (vo) = (cos (vo) +i sin(gg)) 3 
—i sin(gg) exp(igg) = 1 — cos (vo) exp qo). 
Both equations are true, noting that cos (vo) —isin(gg) = exp(—i¢gg). 


Remark Proposition 2.18 shows that our definition of a discrete Hodge star on dis- 
crete one-forms coincides with Mercat’s definition given in [21]. But on discrete 
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two-forms and complex functions, our definition of the discrete Hodge star includes 
an additional factor of the area of the corresponding face of X. 


Proposition 2.19 5 :=—xdx is the formal adjoint of the discrete exterior 
derivative d: Let f : V(A) — C, and let w be a discrete one-form of type Q defined 
on the oriented edges of X and Q : F(X) — Ca discrete two-form of type A. Assume 
that all of them are compactly supported. Then, 


(df, c) = (f, dw) and (dw, 2) = (w, 6). 


Proof By the assumption that all forms are compactly supported, we can take a large 
enough finite Qo C © that forms a simply-connected closed region such that f, c, 2 
vanish outside Ao, Xo, Oo and c is zero on the boundary 9 Xo. By discrete Stokes’ 
Theorem 2.9 and Theorem 2.16 that states that the discrete exterior derivative is a 
derivation for the discrete wedge product, 


0- j prom ff 4t ff rasa [[atn m ui + aro), 
a (Xo) (Xo) 


Xo F(X0) F(X, F(Xo 
0= j o= || ao - [[ «34» | (d x 3) ^o = (do, 2) — (w, 62). 
8Xo F(Xo) F(Xo) F(Xo) 


In the last equalities, we have used Corollary 2.17(ii) and (iv) (the basic properties of 
the discrete Hodge star) and the observation that complex conjugation commutes with 
the discrete Hodge star and the discrete exterior derivative. The latter observation 
immediately follows from the definitions that mimic the classical theory. 


2.4 Discrete Laplacian 


The discrete Laplacian and the discrete Dirichlet energy on general quad-graphs 
were introduced by Mercat in [21]. Later, Skopenkov reintroduced these definitions 
in [23], taking the same definition in a different notation. In our discussion of the 
discrete Laplacian in Sect. 2.4.1, we follow the classical approach of Mercat (up to 
sign) and adapt it to our notations. A feature of the medial graph approach is that it 
allows to formulate a discrete analog of Green's first identity from which discrete 
Green's second identity immediately follows. 

In Sect.2.4.2, the discrete Dirichlet energy is investigated. In particular, in 
Theorem 2.30 it is shown how uniqueness and existence of solutions to the dis- 
crete Dirichlet boundary value problem imply surjectivity of the discrete derivatives 
and the discrete Laplacian. We conclude this section with a result concerning the 
asymptotics of discrete harmonic functions. 
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2.4.1 Definition and Basic Properties 


Definition The discrete Laplacian on functions f : V(A) — C, discrete one-forms 
of type Q, or discrete two-forms of type A is defined as the linear operator 


A := —ód — dô = xdxd-Fdxdx. 


For a connected subgraph Qo € Ô and f : V(Ao) > C, A f is still defined by 
the formula above as a complex function on V (Ao)V V (0 Ao). f is said to be discrete 
harmonic atv € V(Ao)NV (0 Ag) if A f (v) = 0. f is discrete harmonic if itis discrete 
harmonic at all such v. 


The following factorization of the discrete Laplacian in terms of discrete deriv- 
atives generalizes the corresponding result given by Chelkak and Smirnov in [6] to 
general quad-graphs. The local representation of A f at v € V(A) is, up to a factor 
involving the area of the face F, of X corresponding to v, the same as Mercat's [21]. 


Corollary 2.20 Let f:V(Ao) > C. Then, Af) = 48904 f (v) = 40994 f (v) 
for all vertices v € V (Ag)NVV (0 Ao) and 


1 1 2 / / 
Af) = Dar(F,) > Res (Ios! (f(vs) — FV) + Im (ps) (F0) — fe.) : 


Here, p; :— po, if v is black, and ps :— 1/po, if v is white. 
In particular, Re(A f) = A Re( f) and Im(A f) = AIm( f). 


Proof Since the definitions of the discrete Hodge star and the discrete exterior deriv- 
ative mimic the classical theory and 05084 f (v) = 90504 f (v) by Corollary 2.11, 


A f (v) = xd x df (v) = 28994 f (v) + 20994 f (v) = 49684 f (v) = 49984 f (v) 
holds exactly as in the smooth setting. 


For the second statement, let us assume without loss of generality that v € V (Tọ). 
Then, we have to show that 


1 leg;l / 
Af(v)- Jar) p. (snes (fs) — f ()) — cot(ga,) (F0) — fo) : 


The structure is similar to the formula of the discrete Hodge star in Proposition 2.18. 
Indeed, if e, denotes an edge of X parallel to the black diagonal vv; and e? an edge 
parallel to the dual diagonal, then 
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1 1 
oot =a || = a) f ics 
: Fy i OF, 


1 lel 


~ ar(Fy) rs | lest sin(vo,) J 


df — cot(go,) / df 


s 


1 leo, | / / 
“aF » (eL (f (vs) — f (v)) — cotlpo,) (F0) — 161.) , 


using discrete Stokes’ Theorem 2.9 in the first and third equality, Proposition 2.18 
that compares the integration of the discrete Hodge star of a discrete one-form of 
type © with the integration of the discrete one-form d f itself in the second equality, 
and |po.| = |e; |/|es| for the last step. 


Remark In the case when the diagonals of the quadrilaterals are orthogonal to each 
other, og is always a positive real number. In this case, the discrete Laplacian splits 
into two separate discrete Laplacians on I’ and /*. In this case, it is known and 
actually an immediate consequence of the local representation in Corollary 2.20 that 
a discrete maximum principle holds true, i.e., a discrete harmonic function can attain 
its maximum only at the boundary of a closed region. This is not true for general 
quad-graphs, see for example Skopenkov's paper [23]. 


Corollary 2.21 Let f : V(Ao) > C. 


(i) If f is discrete harmonic, then 0, f is discrete holomorphic. 
(ii) If f is discrete holomorphic, then f, Re f, and Im f are discrete harmonic. 


Proof By Corollary 2.20, Af = 4098, f = 48650, f. In particular, 9504 f = 0 if 
A f = 0, which shows (i). Also, f is discrete harmonic if it is discrete holomorphic. 
Using Re(A f) = A Re(f) and Im(A f) = A Im(f), Re( f) and Im( f) are discrete 
harmonic if f is. 


Similar to Proposition 2.1 that compares the discrete derivative 0, with the smooth 
derivative, the discrete Laplacian coincides with the smooth one up to order one in the 
general case and up to order two for parallelogram-graphs. This was already shown 
by Skopenkov in [23]. Since this result follows immediately from our previous ones, 
we give a proof here as well. 


Proposition 2.22 Let fc : C — C and f its restriction to V (A). 


(i) If fc(z) isapolynomial in Re(z) and Im(z) of degree at most one, then the smooth 
and the discrete Laplacian coincide on vertices: Ac fc(v) = Af (v) = 0. 

(ii) Letall faces of A be parallelograms. If fc(z) is a polynomial in Re(z) and Im(z) 
of degree at most two, then the smooth and the discrete Laplacian coincide on 
vertices: Ac fc(v) = Af v). 
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Proof (i) Proposition 2.1(1i) says that the function f(v) = v is discrete holomorphic 
and Corollary 2.21(ii) that real and imaginary part of discrete holomorphic functions 
are discrete harmonic. Since constants are discrete harmonic, the statement follows. 

(ii) In the parallelogram case, let Ó denote the center of the parallelogram 
Q € F(A) = V(O). Analogously to (i), f(v) = v? is discrete harmonic by Propo- 
sition 2.1(iii) and Corollary 2.21(ii). Looking at real and imaginary part separately, 
Af? = Af and A ( fi f2) = 0 where we consider fi(v) = Re(v), fo(v) = Im(v). 
Finally, 

A\ f |? = 48584| f? = 489h = 4 


with h(Q) = Ó for all Q € V(), due to Propositions 2.1(iv) and 2.5 that implied 
dal fl? = h and doh = 1. Since any polynomial in Re(z) and Im(z) of monomials 
of degree two is a linear combination of $5 nd £s f + F and f| f», and since we 
have shown that the discrete Laplacian A and the smooth Laplacian Ac coincide on 
these, we are done. 


Remark The second part of the last proposition generalizes the known result for 
rhombi given by Chelkak and Smirnov [6]. Note that this is not true for general 
quadrilaterals even if one assumes that the diagonals of quadrilaterals are orthogonal 
to each other. For this, consider the following (finite) bipartite quad-graph of Fig. 4: 
the black vertex 0 is adjacent to the white vertices +1 and +i in the quad-graph and 
adjacent to the black vertices 2 + 2i, —1 + i, and 1 — i inthe graph on black vertices. 
There are no further vertices. Then, A f (0) 4 0 for f(v) = v?. Indeed, we would 
get A f (0) = 0 if we had replaced v = 2 + 2i by v = 1 + i obtaining a rhombic 
quad-graph; but (leo Py Re(pọ)) (f (v) — f(0)) scales by a factor of 2, whereas the 
other nonzero summands in the formula for A f (0) remain invariant. 

Inthe case of general quad-graphs, smooth functions fc : C — C, and restrictions 
f to V(A), Skopenkov compared the integral of Ac fc over a square domain R and 
a sum of A f (v) over black vertices v in R [23]. Moreover, he showed that for 


f) =P, 


^f(v)- 2. area(vv/. ,Q,v/) 


m 


2-F2i 


-l-i -i 1-i 


Fig.4 ^f(0) £0 for f(v) =v? 
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when Ó, is the intersection point of the middle perpendiculars to the diagonals of 
the quadrilateral Q, (which equals the intersection point of the diagonals if Q, isa 
parallelogram). Note that in general, A(Q) = Ó is not discrete holomorphic if Ó is 
the intersection of these middle perpendiculars. 


Definition For a finite connected subset Oo C Q, let Fo be the set of faces of 
Xo that correspond to a quadrilateral Q € V(Qo) that is incident to a vertex in 
V CAo)VV (940). Now, let fi : V(Ao) > C and fo : V (40)\V (940) — C (or vice 
versa) be given. Then, we denote by 


(fo fa) = -zJ joan 
Fo 


the discrete scalar product of f, and f» seen as functions on V(Ao)VV (0 Ag). 


In the rhombic setup, discrete versions of Green’s second identity were already 
stated by Mercat [19], whose integrals were not well-defined separately, and Chelkak 
and Smirnov [6], whose boundary integral was an explicit sum involving boundary 
angles. Skopenkov formulated a discrete Green’s second identity with a vanishing 
boundary term [23]. 


Theorem 2.23 Let Oo C O be finite, and let f, g : V(Ao) > C. 
(i) Discrete Green's first identity: (f, Ag) + (df, dg) = $ f dg. 


Xo 
(ii) Discrete Green's second identity: (f, Ag) — (Af, g) = $ (f xdg—gxdf). 
aXo 


Proof (i) Since the discrete exterior derivative is a derivation for the discrete wedge 
product by Theorem 2.16, 


d(f xdg) =df ^xdg + f «(xd xdg) =df ^xdg + f x ^g. 


Now, integration over F (Xo) yields the desired result together with discrete Stokes’ 
Theorem 2.9 and the basic properties of the discrete Hodge star given in Corol- 
lary 2.17(ii) and (iv). 

(ii) Just apply twice discrete Green’s first identity, once with the roles of f and g 
interchanged, and subtract the equations from another. 


The following discrete Weyl’s lemma is a direct consequence of discrete Green’s 
second identity, Theorem 2.23(ii). A version for rhombic quad-graphs was given by 
Mercat in [19], proven by an explicit calculation. 


Corollary 2.24 f : V(A) — C is discrete harmonic if and only if (f, Ag) = 0 for 
every compactly supported g : V(A) > C. 


Skopenkov introduced the notion of discrete harmonic conjugates in [23]. We 
recover his definitions in our notation, observing that his discrete gradient corre- 
sponds to the discrete exterior derivative and his counterclockwise rotation by 2/2 
to the discrete Hodge star. 
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Definition Let f be a real (discrete harmonic) function on V (Ao). A real discrete 
harmonic function f on V (Ao) is said to be a discrete harmonic conjugate of f if 
f +if is discrete holomorphic at all vertices of Qo. 


Note that the existence of a real function f such that f + i f is discrete holomor- 
phic requires already that f is discrete harmonic at all interior vertices of Apo (i.e., 
V(Ao)VV (9.Ag)) due to Corollary 2.21(11) implying that the real part of a discrete 
holomorphic function is discrete harmonic. 


Lemma 2.25 Let f : V(Ao) > R satisfy Af (v) = 0 for all v € V(Ao)\V (0 Ao). 


(i) The discrete harmonic conjugate f is unique up to two additive real constants 
on I and TŠ. 

(ii) If Oo forms a simply-connected closed region, then a discrete harmonic 
conjugate f exists. 


Proof (i) If fi and Ê are two real discrete harmonic conjugates, then their difference 
fi —. f» is real and discrete holomorphic at all vertices of Qo. So by Proposition 2.2(ii) 
(Oo is connected), it is biconstant as a real discrete holomorphic function. 

(ii) Since f is harmonic, d x df = 0, i.e., xd f is closed and of type ©. Moreover, 
reality of f implies «df = —id, fdz+id, f dz = 2Im (84 f dz). So in the same 
manner as in the proof of Proposition 2.8 (existence of a discrete primitive if Qo 
forms a simply-connected closed region), xd f can be integrated to a real function f 
on V(Ao). Since 


d(f +if) =df tixdf =2Re (34 fdz) + 2i Im (34 fdz) = 234 fdz 


is of the form pdz and of type >, f +i f is discrete holomorphic by Corollary 2.12. 


Note that in the case of quadrilaterals with orthogonal diagonals, such that A 
splits into two discrete Laplacians on I” and J, it follows that a discrete harmonic 
conjugate of a discrete harmonic function on V(I) can be defined on V(I'*) and 
vice versa, as was already noted by Chelkak and Smirnov in [6]. 


Corollary 2.26 Let f : V(Ao) — C be discrete holomorphic at all vertices of Qo. 
Then, Im( f) is uniquely determined by Re(f) up to two additive constants on To 
and TŠ. 


2.4.2. Discrete Dirichlet Energy 


We follow the classical approach of discretizing the Dirichlet energy introduced by 
Mercat in [21]. Note that Skopenkov's definition in [23] is exactly the same. In par- 
ticular, Skopenkov's results, including an approximation property of the Laplacian, 
convergence of the discrete Dirichlet energy to the smooth Dirichlet energy for non- 
degenerate uniform sequences of quad-graphs, and further theorems for quad-graphs 
with orthogonal diagonals apply as well in our setting. We refer to his work [23] for 
details on these results. 
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Definition For a function f : V(Ao) — C, we define the discrete Dirichlet energy 
of f on Qo as Eo, Cf) := (df, df) € [0, oo]. 

If Oo is finite, then the discrete Dirichlet boundary value problem asks for a real 
function f on V (Ao) such that f is discrete harmonic at all points of V(Ag)\V (0 Ao) 
and such that f agrees with a preassigned real function fo on the boundary V (0 Ag). 


Proposition 2.27 Let Qo C © be finite, and let f : V (Ao) — C. Then, 


1 
EQ (f) = — —Á (legP | f (6+) — £20 + |f wa) — fw)? 
: pos BRE (Pa) | ° t t | 


Im (og) 
= R b,) — f(b e 7 
pr e (Fo - fe» FOr) Fw) 


Proof Since Eo, (f) is a sum over Q € V (Oo), it suffices to check the identity for 


just a singular quadrilateral Q. Furthermore, Eo, (f) = Eo,(Re(f)) + Eo, (UmCf)) 
allows us to restrict to real functions f. Then, Eo (f) equals 


J / df ^ xdf = 4area(Q)aq f (Q)94 f (Q) 
Fo 


= 2|w, — w_||by — b_| sin(gg)l94 f (QO). 


Here, b_, w_, b4}, w, are the vertices of Q in counterclockwise order, starting with 
a black vertex, and Fg is the face of X corresponding to Q. 
In the proof of Proposition 2.1(1), we calculated 


(w+ — w-) (F (5) — f (06-9 — (b. — b-) (F w) — Fw) 


da f(Q) = 2i|wi — w_||by — b_| sin(gg) 


It follows that Eg(f) equals 


|b — b 


Iw; — w- |sin(gg) 


|w+ — w_| 
2|b, — b_|sin(gg) 


R (w+ —w_)(by — b-) 
e : 
|w+ — w-|[b.. — b_| sin(gg) 


If (ws) — fw)? 


fbx) — f(b? + 2 


Gf (b) — f Ddw- fe»). 


Remembering pg = —i exp(igg)|w,4. — w-|/|b+ — b..|, the claim follows from 


Iw — w-| _ leol? [b+ — b_| » 1 
2|b, —b_|sin(gg)  2Re(og) 2|wy—w_|sin@gg) 2Re(pg)’ 


. ( w+- w-)@ =b) ) _ Im(p0) 


lw. —w_||by — b-|sin(gg) J — Re(og)' 
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The same formula of Eo, (f) was given by Mercat [21]. 

In the case of rhombic quad-graphs, Duffin proved in [10] that the discrete Dirich- 
let boundary value problem has a unique solution. The same argument applies for 
general quad-graphs with the discrete Dirichlet energy defined here. Using a differ- 
ent notation, Skopenkov proved existence and uniqueness of solutions of the discrete 
Dirichlet boundary value problem as well [23]. 


Lemma 2.28 Let Qo C O be finite and fo: V(9.Ao) — R. We consider the affine 
space of real functions f : V (Ao) —> R that agree with fo on the boundary. 

Then, Eo, is a strictly convex nonnegative quadratic functional in terms of the 
interior values f (v). Furthermore, 


B 0 Eo, 
of (v) 


for any v € V(Aog)VV (8 Ao). In particular, the solution of the discrete Dirichlet 
boundary value problem is given by the unique minimizer of Eo. 


Cf) = 2ar(F))A f (v) 


Proof By construction, Eo, is a quadratic form in the vector space of real functions 
f : VCAo)NV(8 Ao) — R. In particular, it is convex, nonnegative, and quadratic in 
terms of the values f(v). Thus, global minima exist. To prove strict convexity, it 
suffices to check that the minimum is unique. 

For an interior vertex vo € V(Ao)VV (9.Ao), let $(v) := ôw, be the Kronecker 
delta function on V (Ao). Then, 


8 Eo, 
df (vo) 


(f)= LE t$)|,-o = 2(df, d$) = —2(A f, $) = —2ar(F«)A f (vo) 


due to Proposition 2.19 that stated that ó is the formal adjoint of d. To apply the 
proposition, we consider $ as a function on V (A) and extend f to V(A) by setting 
it zero on V(A)\V (Ag). This changes neither (df, d$) nor 2(A f, $). 

It follows that exactly the minima of E, are discrete harmonic and therefore solve 
the discrete Dirichlet boundary value problem. The difference g of two minima is a 
discrete harmonic function vanishing on the boundary. Similar to the argument given 
in the previous paragraph, Eo,(g) = (dg, dg) = —(Ag, g) = 0 by Proposition 2.19 
since g is zero on V (0 Ag). But only biconstant functions have zero energy. Thus, 
the difference has to vanish everywhere, i.e., minima are unique. 


In the following, we apply Lemma 2.28 to show that 4, 04, do, do, A are surjec- 
tive operators. This implies immediately the existence of discrete Green’s functions 
and discrete Cauchy’s kernels, as we will see in Sects. 2.5 and 2.6. 


Lemma 2.29 Let Oo C © be finite and assume that it forms a simply-connected 
closed region. Then, the discrete derivatives 94, a A» 90; dy and the discrete Lapla- 
cian A are surjective operators. That means, given any complex functions ho 
on V(Oo) and fo on V(Ao)\V (0 Ao), there exist functions ha, ha on V (Oo) and 
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fas fs. fa on V(Ao) such that doh = Ighs = A fa = fo and 04 fa = 3a fy = ho. 
If fo is real-valued, then fa can be chosen real-valued as well. 


Proof Denote by B the number of vertices of 0 Ag. By assumption, 0 Ao is a simple 
closed broken line with B edges. 

By the previous Lemma 2.28, the space of real discrete harmonic functions on 
V(Ao) has dimension B. Clearly, real and imaginary part of a discrete harmonic 
function are itself discrete harmonic. Therefore, the complex dimension of the space 
of complex discrete harmonic functions, i.e., of the kernel of A, is B as well. Thus, 
A : IKV ^9 — KY C40 is a surjective linear operator with K € (IR, C]. 

Now, A = 4990, = 40584 by Corollary 2.20, so 49, dg : C" (99 — (CV(4249 
are surjective as well. The kernel of dy consists of all discrete holomorphic functions 
on V (Oo). By Proposition 2.8 (Oo forms a simply-connected closed region), any 
such function has a discrete primitive, i.e., the kernel is contained in the image of 
84. Using the surjectivity of A, it follows that 34 : C" ^9 — CV( is surjective. 
The same is true for 94. 


Theorem 2.30 The discrete derivatives 94, ðA, 0o, dy and the discrete Laplacian 
A (defined on complex or real functions) are surjective operators on the vector space 
of functions on V (A) or V (Q). 


Proof Let Oo C 01 C O2 C ... C Ó bea sequence of finite subgraphs forming sim- 
ply-connected closed regions such that [ J7* ; Ox = Q. By Ax we denote the subgraph 
of A whose vertices and edges are the vertices and edges of quadrilaterals in Q;. 
Let us first prove that any h : V(Q) — C has a preimage under the discrete deriv- 
atives 34, 04. By the previous Lemma 2.29, the affine space AP of all complex 
functions on V(A;) that are mapped to A|y(o,; by 84 (or 94) is nonempty. Let 


AD denote the affine space of restrictions of these functions to V(A;) C V(Ax). 
Aj 
Clearly, 


(0) (0) (0) 
AP 2AP| 24 


Ao 


Since all affine spaces are finite-dimensional and nonempty, this chain becomes 
stationary at some point, giving a function fo on V (Ao) mapped to h| y(o,) by 94 (or 
04) that can be extended to a function in AQ for any k. 

Inductively, assume that f; : V(A;) > C is mapped to A1] y(o; by 94 (or 84) and 


that f; can be extended to a function in Af? for all k > j. Let AU P, k > j 4-1, 
be the affine space of all complex functions on V (Ax) that are mapped to h|vo,) by 
84 (or 94) and whose restriction to V(A j) is equal to f;. By assumption, all these 
spaces are nonempty. In the same way as above, there is a function fj, extending 
fj to V(Aj+1) that is mapped to h|y(o,,,) by 84 (or 84) and that can be extended to 
a function in AV” for allk > j +1. 

Forv € VA, define f(v) := f(v). f is a well-defined complex function on 
V (A) with 34 f = h (or 84 f = h). Hence, 34, 04 : CY? — CV( are surjective. 
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Replacing V(O4) by V(Ax)\V(0 Ax), we obtain with the same arguments that 
A is surjective, regardless whether A is defined on real or complex functions. 
Finally, 89, dg : CY — CY% are surjective due to A = 40504 = 40604 by 
Corollary 2.20. 


In the case of rhombic quad-graphs with bounded interior angles, Kenyon proved 
the existence of a discrete Green’s function and a discrete Cauchy’s kernel with 
asymptotic behaviors similar to the classical setting [16]. But in the general case, it 
seems to be practically impossible to speak about any asymptotic behavior of certain 
discrete functions. For this reason, we will consider functions that discretize Green’s 
functions and Cauchy’s kernels apart from their asymptotics in Sects. 2.5 and 2.6. Not 
requiring a certain asymptotic behavior leads to non-uniqueness of these functions. 

Still, one can expect results concerning the asymptotics of special discrete func- 
tions if the interior angles and the side lengths of the quadrilaterals are bounded, 
meaning that the quadrilaterals do not degenerate at infinity. And indeed, on such 
quad-graphs any discrete harmonic function whose difference functions on V(I) 
and V(I"*) have asymptotics o(v—!/?) as |v| — oo is biconstant. In the rhombic set- 
ting, Chelkak and Smirnov showed that a discrete Liouville's theorem holds true, 
i.e., any bounded discrete harmonic function on V (A) vanishes [6]. 


Theorem 2.31 Assume that there exist constants ao > Qand Ej > Eo > O such that 
a > «gand E, > e > Eoforall interior angles a and side lengths e Dude 
Q € F(A). If f : V(A) — C is discrete harmonic and f (v4) — f(v_) = o(v, ^ ) 
for any two adjacent v. € V(I) orv} € V(I7*) as |v4| — œ, then f is biconstant. 


Proof Without loss of generality, we can restrict to real functions f. Assume that 
f is not biconstant. Then, df ^ xdf is nonzero somewhere on a face F of X. In 
particular, the discrete Dirichlet energy of f is bounded away from zero if a domain 
contains F. Now, the idea of proof is to show that if the domain is large enough but 
still compact, the function being zero in the interior and equal to f on the boundary 
has a smaller discrete Dirichlet energy than f , contradicting Lemma 2.28 that implies 
that f is the unique minimizer of the discrete Dirichlet energy on that domain. 

Let us first bound the intersection angles and the lengths of diagonals of the 
quadrilaterals. Take Q € F(A) and denote its vertices by b_, w_, b}, w+ in coun- 
terclockwise order, starting with a black vertex. Then, there are two opposite interior 
angles that are less than zr, say œ+ at vertices b+. Since all interior angles are bounded 
by œo from below, one of œ+ is less than or equal to zt — ao, say go € œ- < TW — an. 

By triangle inequality, |b, — b. |, |w} — w_| < 2E,. Twice the area of Q equals 


Iw- — b_|lws — b_| sin(a) + |w- — by|hws — byl sin(@y) > E? sin(a), 


so |b} — b-||w+ — w_| sin(gg) = 2area(Q) > ES sin(oo). It follows that 


ie ic qs E2 sin(o) E? sin(o) 
- = 


> =: Eh, 
lw, — w_| sin(gg) 2E 
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Similarly, |w} — w_| > Ej and sin(gg) > E/(2E\). Thus, we can bound 


_ [w+ ame] ; TAY Iw. —w-]|,. . 
udi E (i (vo - 5) = per 


by pol < 2£* and Re (pg) > (E) 
= — al e > š 
Y po E; Po 2E; 


For some r > 0, denote by By (0, r) C V (Q) the set of quadrilaterals that have a 
nonempty intersection with the open ball B (0, r) around 0 and radius r. Let R > 2E, 
and consider the ball Bọ (0, R) C V (Q). Since A is locally finite, Bọ (0, R) is finite. 
Also, if we connect two elements of Bọ (0, R) if they are adjacent in Q, then we 
obtain a connected subgraph of Q that we will also denote by By (0, R). To see that 
it is connected, we observe that the closed region in the complex plane formed by 
the quadrilaterals in By (0, R) is connected, and that if Q € Bọ (0, R), then one of 
its corners, say v, has to lie in B(0, R) and so all quadrilaterals incident to v are in 
Bo (0, R). We denote by Ag the subgraph of A that consists of all the vertices and 
edges of quadrilaterals in By (0, R) 

Since edge lengths are bounded by £j, all elements of By(0, R) that are not 
completely contained in B(0, R) are contained in B(0, R + 2E1)AD(0, R — 2E;). 
The area of the latter is 877 R E1. Any quadrilateral has area at least E2 sin(ao)/2, so 
at most 16x RE|/ (Eê sin(œo)) quadrilaterals of By (0, R) do not lie completely in 
B(O, R). We call these quadrilaterals for short boundary faces. 

Consider the real function fr defined on V (Ap) that is equal to f at V (9 AR) 
and equal to 0 in V(Ar)\V(0 AR). When computing the discrete Dirichlet energy of 
fr on Bo(0, R), only boundary faces can give nonzero contributions. If we look at 
the formula of the discrete Dirichlet energy in Proposition 2.27 and use in addition 
that f(v+) — fv_) = o(R-!/?) for vertices of boundary faces, then we see that 
any contribution of a boundary face has asymptotics o(R~'). For this, we use that 
[Re (09))] is bounded from below by a constant and [Im (0) | < loo < 2E, Eo. 
Using that there are only O(R) faces in the boundary (the constant depending on 
Eo, E1, œo only), the discrete Dirichlet energy E p, (o, à) (fr), considered as a function 
of R, behaves as o(1). So if R is large enough, then 


EB, 0,R) fg) < J df ^xdf < EB, 0,8 Cf), 
F 


contradicting that f minimizes the discrete Dirichlet energy by Lemma 2.28. 


2.5 Discrete Green's Functions 


Definition Let v; € V(A). A real function G(-; vo) on V(A) is a (free) discrete 
Green's function for vo if 
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1 
G (vo; Vo) — 0 and AG (v; Vo) = Zarr) "* for all v € V(A). 


Remark It is important to note that discrete Green’s functions as we defined them 
are far from being unique. The contrast to the smooth setting or the rhombic case 
investigated by Kenyon [16], Chelkak and Smirnov [6] is that no asymptotics are 
required. So it might be more appropriate to call these functions functions of discrete 
Green’s function type, but for the sake of convenience, we still call them discrete 
Green’s functions. 

However, when considering planar parallelogram-graphs with bounded interior 
angles and bounded ratio of side lengths in Sect. 3.3, existence of a discrete Green's 
function with asymptotics generalizing the corresponding result for rhombic quad- 
graphs is proven. 


As a corollary of Theorem 2.30 we get existence of discrete Green's functions. 
Corollary 2.32 A discrete Green's function exists for any vo € V(A). 


Proof By Theorem 2.30, A is surjective, so there exists a function G : V(A) > R 
with AG(v) = à,4/ Qar(F,,)). Since constant functions are discrete harmonic, we 
can adjust G to get G (vo) = 0. 


The following notion of discrete Greens' functions in a discrete domain follows 
the presentation of Chelkak and Smirnov in [6]. 


Definition Let Qo C Q be finite and form a simply-connected closed region. For 
a vertex vo € V(Ao)VV (0 Ao), a real function Gy,(-; vo) on V(Ao) is a discrete 
Green's function in Aq for vo if 


G A (v; vo) = 0 for all v € V (940) 
1 


and AG 4, (V; vo) = Za(F,) ™ for all v € V(Aog)VV (8 Ao). 


An immediate corollary of Lemma 2.29 is now the existence of these functions. 


Corollary 2.33 Let Qo C Q be finite and form a simply-connected closed region. 
Furthermore, let v € V (Ag)VV (0 Ao). Then, there exists a unique discrete Green's 
function in Ag for vo. 


Proof Due to our assumptions on Qo, existence follows from Lemma 2.29 stating 
surjectivity of A on such domains. Since the difference of two discrete Green's 
functions in A for vo is discrete harmonic on V (Ao) and equals zero on the boundary 
V (9.Ao), it has to be identically zero by Lemma 2.28 since the zero function is the 
unique solution of the corresponding discrete Dirichlet boundary value problem. 
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2.6 Discrete Cauchy’s Integral Formulae 


In this section, we first formulate discretizations of the standard Cauchy’s integral 
formula, both for discrete holomorphic functions on V(A) and V(Q). Later, we 
give with Theorem 2.36 a discrete formulation of Cauchy’s integral formula for the 
derivative of a holomorphic function. We conclude this part with Sect. 2.6.1, where 
we relate our formulation of the discrete Cauchy's integral formula for discrete 
holomorphic functions on V (Q) with Chelkak's and Smirnov's notation in [6]. 


Definition Discrete Cauchy's kernels with respect to Qo € V(Q) and vo € V(A) 
are functions Ko, : V(A) > C and K,, : V(O) — C, respectively, that satisfy for 
all Q € V(O), v € V(A): 


E d S V) = ôn, — 
——— an = 6,,, ——. 
ar(Fo) Tem NE re 


ða Ko, (0) = 800, 

For fixed Qo € V (Qo), vo € V(Ao)\V (340), functions Kg, : V (4o) > C and 

Kv : V (o) — C satisfying the above equations for all faces Q € V (Qo) and ver- 

tices v € V (4o)\V (0 Ap) are called discrete Cauchy’s kernels on V (Ao) or V (Oo), 
respectively. 


Clearly, the restrictions of discrete Cauchy's kernels to V (Ao) or V (O9), respec- 
tively, are discrete Cauchy's kernels on V(Ao) or V (Oo), respectively. 


Remark It is important to note that exactly as discrete Green's functions, discrete 
Cauchy's kernels as we defined them are far from being unique. Again, it might be 
more appropriate to call these functions functions of discrete Cauchy's kernel type, 
but we still call them discrete Cauchy's kernels. 

But if interior angles and side lengths of quadrilaterals are bounded, then it follows 
from Theorem 2.31 that any discrete Cauchy's kernel with respect to a vertex of Q 
with asymptotics o(v-!/?) as |v| — oo is necessarily unique, but we cannot prove 
existence so far. In Sect. 3.4, explicit formulae for discrete Cauchy's kernels with 
asymptotics similar to the smooth setting are given, generalizing Kenyon's result 
[16] on rhombic quad-graphs to parallelogram-graphs. 


The existence of discrete Cauchy's kernels follows from the surjectivity of discrete 
derivatives by Theorem 2.30: 


Corollary 2.34 Let Qo € V(O) and vo € V(A) be arbitrary. Then, discrete 
Cauchy's kernels with respect to Qo and Vo exist. 


Theorem 2.35 Let f and h be discrete holomorphic functions on V (Ao) and V (Qo), 
respectively. Furthermore, let vo € V (Ag)NVV (9.Ao) and Qo € V (Qo) be given, and 
let Ky, : V(Q) — Cand Kg, : V(A) > C be discrete Cauchy's kernels with respect 
to vo and Qo on V (Oo) and V (Ao), respectively. 

Then, for any discrete contours Cy, and Cg, on Xo surrounding vo and Qo, 
respectively, once in counterclockwise order, discrete Cauchy's integral formulae 
hold: 
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1 1 
= — K,,d dh = — pf hKg,dz. 
f (vo) xi j fKy,dz and h(Qo) Ai QJ dz 
Co Co, 
Proof Let P, and Pg be discrete elementary cycles, v being an interior vertex and 
Q an interior face of Ao. By Lemma 2.3 that relates 04, 0, with discrete contour 
integrals and the definition of dy, we get: 


1 
220i 


j f Kydz = Lar(F) f Bo Ky (vy) = Ow f (V), 
P, 


1 
Qui 


1 - 
j f Kydz = —arlFo)3a f(QK,(Q) = 0. 
Po 


Here, we used that the value of the product on [Q', v'] € E(Xo) is f (v) K,,(Q’), 
so in the first integration we could factor out f (v), in the second one K,,(Q). 

By definition, the discrete contour C,, is the oriented boundary of a topological 
disk in F(Xo), so we can decompose the integration along Cw into a couple of 
integrations along discrete elementary cycles P, and Pg as above. Summing up, 
only the contribution of P,, is nonvanishing, and we get the desired result. The 
second formula is shown in an analog fashion. 


Remark In the case of rhombic quad-graphs, Mercat formulated a discrete Cauchy's 
integral formula for the average of a discrete holomorphic function on V (A) along an 
edge of A. In [6], Chelkak and Smirnov provided a discrete Cauchy’s integral formula 
for discrete holomorphic functions on V (Q) using an integration along cycles on I 
and /*, see Sect. 2.6.1. 


Theorem 2.36 Let f : V(Ao) — C be discrete holomorphic, let Qo € V (Oo), and 
let Ko, : V(Ao) — C be a discrete Cauchy's kernel with respect to Qo on V (Ao). 

Then, for any discrete contour Co, in Xo surrounding Qo once in counterclockwise 
order that does not contain any edge | Qo, v] of Xo, v ~ Qo (see Fig. 5), the discrete 
Cauchy's integral formula is true: 


1 
da f (Qo) = Ui j f94Kgo, dz. 
C 


20 


ib c E 


DM 
é--« -o ^w -e o 
| » Qo € 
E 


-e -e- -e- -o- -e- 


Eb D '! 
O22 5262522922524 


l l -> 
m 


Fig. 5 Discrete contour as in Theorem 2.36 
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Proof Let D be the discrete domain in F (Xo) bounded by Cg,. Since no edge of 
CQ, passes through Qo, the discrete one-form 0,4 K g,dz vanishes on Cg,. Therefore, 
dKg, = 04Kgo,dz on Cg, and 


f fdaKo,dz = j fdKo, = J| erates = [far nate 


Cog Cog 


due to discrete Stokes’ Theorem 2.9 in the second equality and Theorem 2.16 that 
assures that d( fd K o,) =df \dKg, + fddKg, and Proposition 2.10 that assures 
that dd Kg, = 0 in the third equality. Now, f is discrete holomorphic, so we obtain 
df ^dKg, = 04 f ü4 Ko, 26. But AKo, vanishes on all vertices of Oo but Qo. 
Finally, 


== j fdaKg,dz = -= Sf 3a f d4 Kg, o = Ia f (Qo). 
Cog Fog 
Remark In general, there exists no analog of the above Theorem 2.36 for the dis- 
crete derivative of a discrete holomorphic function on V (O9), because the discrete 
derivative itself does not need to be discrete holomorphic. However, in the special 
case of integer lattices, any discrete derivative of a discrete holomorphic function is 
itself discrete holomorphic. In Sect. 3.5, we will obtain discrete analogs of Cauchy’s 
integral formulae for higher derivatives of discrete holomorphic functions. 


2.6.1 A Different Notation 


Let W be a cycle on the edges of ["*, having (ordered) white vertices wo, W1,.-., Wm, 
Wm = Wo. Then, any edge connecting two consecutive vertices wy, wy44 forms the 
diagonal of a quadrilateral face Q (wi, we41) € V (Q). We denote the set of such faces 
together with the induced orientation of their white diagonals by Wo. For Q € Wo, 
we denote its white vertices by w_(Q), w, (Q) such that the corresponding oriented 
diagonal goes from w_(Q) to w (Q). Its black vertices are denoted by b(Q), b'(Q) 
in such a way that w_(Q), b(Q), w.(Q), P/(Q) appear in counterclockwise order. 
The reason why we do not choose our previous notation of Fig. 1 is that black and 
white vertices now play a different role that shall be indicated by the notation. 

Now, we construct a cycle B on the edges of I" having (ordered) black vertices 
bo, b1, ... , bn, by = bo, in the following way. We start with bo :— b (Q (wo, w1)). 
In the star of the vertex w;, there are two simple paths on J” connecting bo and 
b (Q (w1, W2)), and we choose the path that does not go through Q(wo, wi). Note 
that it may happen that b (Q (wi, w2)) = bo; in this case, we do not add any vertices 
to B. Also, w2 = Wo is possible, which causes adding the nondirect path connecting 
the black vertices bg and b (Q (w1, w5)) = b' (Q (wo, wi)). 
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Continuing this procedure till we have connected b (Q (wj, 1, Wm)) with bo, we 
end up with a closed path B on I’. Without loss of generality, any two consec- 
utive vertices in B are different. As above, any edge connecting two consecutive 
vertices by, by, forms the diagonal of a face Q(b,, bj,1) € V(O). We denote the 
set of such faces together with the induced orientation of their black diagonals by 
By. For Q € Bo, we denote its black vertices by b_(Q), b, (Q) such that the cor- 
responding oriented diagonal goes from b_(Q) to b,(Q). Finally, its white vertices 
are denoted by w(Q), w’(Q) in such a way that b_(Q), w'(Q), b+ (Q), w(Q) appear 
in counterclockwise order. 


Definition Let W and B be cycles as above and h a function defined on Wo U Bo. 
We define the discrete integrals along W and B by 


m-—1 
jas = YQ onmi ona - 9. 
wW k=0 


m—1 


j h(Q)dz :— Sh (Q (We, Wk+1)) (Wk+1 — wi); 
Ww k=0 


n—-1 


j Q)dz = YQ be be) Biss = Ba), 
B k=0 


n—i 


j h(Q)dz := M A (Q (bi, bes) Gia — b). 
B 


k=0 


In between the closed paths B and W, there is a cycle P on the medial graph 
X that comprises exactly all edges [Q, v] with Q € Wo and v € B incident to Q 
and all edges [Q, v] with Q € Bo and v e W incident to Q. The orientation of 
[Q. v] is induced by the orientation of the corresponding parallel white or black 
diagonal. Figure 6 gives an example for this construction, where all cycles are oriented 
counterclockwise. 


Fig. 6 Cycles W on I*, B on I, and closed path P on X in between 
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Remark Note that an oriented cycle P on X induces a white cycle W = W(P) and 
a black cycle B = B(P) in such a way that W, P, and B are related as above. 


Lemma 2.37 Let P be an oriented cycle on X and let W = W(P) and B = B(P) 
be the white and black cycles it induces. Let f be a function defined on the vertices 
of W and B and h a function defined on Wy U Be. Then, 


F LOOO): + d roco»ncoa: = 24 fhdz. 
Ww B 


P 


Proof Any edgee = [Q, b(Q)](Q € Wo) or[Q, w(Q)](Q € Bo) of P is parallel to 
either an edge w_(Q)w+(Q) of W or to an edge b_(Q)b(Q) of B, respectively, and 
vice versa. Since the complex number associated to e is just half of the corresponding 
parallel edge of I' or I*, 2f, fh = f (b(Q))h(Q)(w+(Q) — w_(Q)) in the first 
and 2 Í, fh = f (w(Q)) h(Q)(b+(Q) — b_(Q)) in the second case. Therefore, the 
discrete integral along P decomposes into one along B and one along W. 


Remark Note that the construction of B and Lemma 2.37 are also valid if W consists 
of a single point or of only two edges (being the same, but traversed in both directions). 
In both cases, P will be a discrete contour, as well when W is simple and oriented 
counterclockwise. 


The discrete Cauchy's integral formula of Chelkak and Smirnov in [6] reads as 


nih(Qo) = $ oko (Ode + f novo vo»: 


if Qo € V (Q) is surrounded once by the simple closed curve W on [* in counter- 
clockwise direction, h is discrete holomorphic on V (Q), and Ko, : V(A) > Cisa 
discrete Cauchy's kernel with respect to Qo. The above Lemma 2.37 directly relates 
this formulation to the one of the discrete Cauchy's integral formula in Theorem 2.35. 

Finally, we conclude this section with a proposition relying on the decomposition 
of a discrete contour into black and white cycles. In Proposition 2.13(1), we have 
already seen that fdg + gdf is closed for functions f, g : V(A) — C. Actually, a 
slightly stronger statement is true: 


Proposition 2.38 Let W bea closed cycle on I'* and B be the corresponding closed 
cycle on I’ as above, and let f, g : V(A) — C. Then, 
f, f(b(Q)) (348(Q)dz + 8Ag(Q)dz) +p g(w(Q)) (da f(Q)dz + da f (Q)dz) = 0. 


Proof We first rewrite the discrete integral along the cycle W. By definition, we have 
dg = 04gdz + 04gdz. By discrete Stokes’ Theorem 2.9, Í, dg = g (w+) — g (w-) 
if e is an edge on X parallel to w_w 4 and oriented the same, so 
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f. Ff (b(Q)) (8ag(Q)dz + 34g(Q)dz) = > f(bCQ)) (8 (w+ (Q)) — g w- (Q))) 
QcWo 


im 5 g (w (Q)) (F (b+ (Q)) — f b- (Q))), 
QcBo 


where we changed the summation along the path W into a summation along the path 
B in the last step. Similar to above, we rewrite the discrete integral along B as 


f seco» (da f (Q)dz + 84 f (Q)dz) = 5 8(w(Q)) Cf (b+ (Q)) — f (b- (Q))). 


QcBo 


In summary, 


f, f(b(Q)) (84g(Q)dz + 94g(Q)dz) + f, g(w(Q)) (dn f (Q)dz + 94 f (Q)dz) = 0. 


3 Discrete Complex Analysis on Planar 
Parallelogram-Graphs 


3.1 Preliminaries 


Definition A planar parallelogram-graph A (without boundary) is a planar quad- 
graph without boundary such that all its faces are parallelograms. Its dual Q is 
embedded in the complex plane by placing all Q € V(Q) at the center Ó of the 
corresponding parallelogram Q and connecting adjacent vertices by straight line 
segments. 


Remark Remembering the duality V ($) = F(A), we will omit the hat above Q in 
the sequel and identify the vertex Q € V (Q) representing a parallelogram in A with 
the corresponding point Ó in the complex plane. It will be clear from the context 
whether Q is meant to be a face of A or a point in the complex plane. 


In Sect.3, discrete complex analysis on planar parallelogram-graphs A is dis- 
cussed. As in Sect. 2, A is bipartite, the induced graphs on black and white vertices 
are denoted by I” and J*, respectively, and we assume that the cellular decomposi- 
tion induced by A is locally finite and strongly regular (which already follows from 
all faces being parallelograms). 

In Propositions 2.1, 2.5, and 2.22, we have already seen that discrete complex 
analysis on parallelogram-graphs is closer to the classical theory than on general 
quad-graphs. For example, f(v) = v? is a discrete holomorphic function on V(A) 
and 94 f(Q) — 2Q; h(Q) = Q is a discrete holomorphic function on V(O) and 
doh = 1; and the discrete Laplacian A approximates the smooth one correctly up to 
order two. 
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In order to concentrate on the calculation of the asymptotics of a certain discrete 
Green’s function and discrete Cauchy’s kernels, we postpone the discussion of some 
necessary combinatorial and geometric results on planar parallelogram-graphs to the 
appendix. Our setup is closely related to the quasicrystallic parallelogram-graphs 
discussed in [2]. There, the quad-graph was embedded into Z" and explicit formulae 
for a discrete exponential function and a discrete logarithm were introduced. These 
results relied on Kenyon's formulae for a discrete exponential and a discrete Green's 
function in [16]. 

In the following, the ideas of [2] are adapted to our slightly more general setting in 
Sect. 3.2. The discrete exponential is the basic building block for the integral formulae 
of a discrete Green's function in Sect. 3.3 and discrete Cauchy's kernels in Sect. 3.4. 
The corresponding functions can be defined for general planar parallelogram-graphs, 
but we need more regularity of the graph to calculate their asymptotics. The two 
conditions we use are that all interior angles of the parallelograms are bounded 
(the same condition was used by Chelkak and Smirnov in [6]) and that the ratio of 
side lengths of the parallelograms is bounded as well. For rhombic quad-graphs, the 
second condition is trivially fulfilled; for quasicrystallic graphs, there are only a finite 
number of interior angles. Note that instead of using boundedness of the ratio of side 
lengths of the parallelograms, we can assume that the side lengths themselves are 
bounded. This seems to be a stronger condition at first, but actually, both conditions 
are equivalent, see Proposition 4.3 in the appendix. 


Remark To our knowledge, it is an open problem to find an explicit formula for a 
discrete Green's function or a discrete Cauchy's kernel in the case of general quad- 
graphs as discussed in Sect. 2. 


We conclude this section by a discussion of integer lattices in Sect. 3.5. On these 
graphs, discrete holomorphic functions can be discretely differentiated infinitely 
many times, and for all higher order discrete derivatives, discrete Cauchy's integral 
formulae with the asymptotics one expects from the asymptotics of the discrete 
Cauchy's integral formula for a discrete holomorphic function hold true. 


Lemma 3.1 Let v, v' € V(A), let k be an odd integer, let ei, ... , e, be a sequence 
ofn oriented edges of A forming a directed path from v to v' on A, and let fi,..., fm 
be another such sequence of m oriented edges. Then, 


m 


n 

k k 
> ej — > E. 
j=l j=l 


Here, the calculations are performed directly with edges rather than replacing them 
with their associated complex numbers (see Sect. 2.1.1). 


Proof Consider a path pi, p2, p3, p4 of oriented edges of A going once around a 
: 4 k 

parallelogram. Since p, = — p3 and p» = — p4, we have ii p; = 9. Now, any 

closed cycle on the planar graph A can be decomposed into elementary oriented 

cycles around faces, where edges e, —e with opposite orientation cancel out, and 
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pairs of oppositely oriented edges (that are not necessarily successive). Using that 
e* + (—e)* = 0, the claim now follows from 


244» («ro 
j=l j=l 


for the cycle e1, ..., €n, — fi, ..., — fm of oriented edges starting and ending in v. 


In the remainder of the paper, we use the following shorthand notation. 


Definition Let v, v/ € V(A) and Q, Q' € V(Q). 


(i) 


(ii) 


Gii) 


Choose any directed path of edges ej, ..., e, on A going from v' to v. Define 


j=! 


which does not depend on the choice of path from v to v’ due to Lemma 3.1. 
Choose any vertex vg incident to Q and any directed path of edges e1,..., €n 
on A from v to vg. Moreover, let dı, d» be the two oriented edges of Q that 
emanate in vg. We now define 


: 1 1 
-J(,Q) = IQ, v) = ej t udi + 54 
j=l 


Note that J(Q, v) does not depend on the choice of path from v to vg by 
Lemma 3.1 nor on the choice of vo by a similar argument as in the proof of the 
above lemma. 

Moreover, let t (v, Q) = T(Q, v) := 1/(di dz) if vg, v are both in V (I7) or both 
in V(I*) and t(v, Q) = 1(Q, v) := —1/(did?) otherwise. Since Q is a paral- 
lelogram, these quantities depend on v and Q only. 

Choose any vertices vo; incident to Q’ and vg incident to Q and a directed path 
of edges ei, ..., e, on A going from vg to vg. Let dı, d» be the two oriented 
edges of Q’ ending in vg and fi, f2 the two oriented edges of Q emanating 
from vg. Define 


1 1 i 1 1 
A. -1 —1 1 1 1 
Hose YR SAT To 


J(Q, Q^) does not depend on the choice of vg and vg or the path from vo to vg. 


Furthermore, let c(Q, Q^) := 1/(did fi f2) if vo, vg: are both in V (T`) or both 
in V(I*) and t(Q, Q^) := —1/(did» fi f2) otherwise. t(Q, Q^) depends on Q 
and Q' only, since they are both parallelograms. 
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Remark In the case that all parallelograms are rhombi of side length one, we have 
J(x,x) 2x-— x. 


Finally, the notion of the argument of a complex number will become important in 
the sequel. In our paper, it will be usually an arbitrary real number and not a number 
modulo 27r. 


Definition For a complex number A Æ 0, a real number ó such that A/ exp(i 9) is a 
positive real number is called argument of à. On the other hand, arg(A) denotes the 
unique argument 6 of A that is contained in the interval (—z, zr]. 


3.2 Discrete Exponential Function 


Definition Let vo be a vertex of A. Then, the discrete exponentials e(4., +; vo) and 
exp(A, -; vo) on V(A) are the rational functions in the complex variable A that are 
inductively defined by e(A, vo; vo) = 1 = exp(A, vo; vo) and 


e(A,v;vog  A-c(v-—v) exp(A, v^; vo) 1+ Roy! — y) 
= an = 
e(à, v; vo) AX—(v-—v) exp(A, v; vo) | 1—à(—v) 


for all vertices v, v’ € V(A) adjacent to each other. 


Remark Note that the quotient of e or exp at the vertices of an oriented edge e 
is by definition the inverse of the quotient for the edge —e oriented in the opposite 
direction. Since all faces of A are parallelograms, the complex numbers associated to 
opposite edges oriented the same are equal and therefore are corresponding quotients 
of the discrete exponentials. Thus, the discrete exponentials are well-defined. 


For v € V(A), exp(-, v; vo) is a rational function on C with poles being the com- 
plex numbers associated to the oriented edges of a shortest directed path connecting 
vo With v. It follows from Lemma 4.2 in the appendix that the arguments of all poles 
can be chosen to lie in an interval of length less than zr. If in addition the interior 
angles of parallelograms are bounded from below by oo, then the arguments of all 
poles can be chosen to lie even in an interval of length at most z — o. 


Remark Note that exp(A, -; vo) = e(2/A, -; vo). Hence, e and exp are equivalent up to 
reparametrization. On square lattices, the discrete exponential was already considered 
by Ferrand [12] and Duffin [9]. The discrete exponential e on rhombic lattices was 
used in the papers [2, 5, 16]. To be comparable to these, we use e and not exp 
to perform our calculations of the asymptotic behavior. In contrast, Mercat [20], 
Chelkak and Smirnov [6] preferred the parametrization of exp that is closer to the 
smooth setting. Indeed, Mercat remarked that the discrete exponential exp in the 
rhombic setting is a generalization of the formula 
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to the case when the path from the origin to x consists of O(|x|/8) straight line 
segments of length 6 of any directions [20]. 


Definition For a face Q € V(O) with incident vertices v_, v' , v+, v, in counter- 
clockwise order and v € V(A), we define the discrete exponentials as the following 


rational functions in the complex variable A: 


e(A,v; Q) := e(A, v; v4.) 
, v; Q) := (A — w —v4)) (A- wa — v2) 
exp(A, Q; v) := exp(A, v4; v) 


(1 — 40, — va)) (1 -— 305 —v3)) 


Remark For arbitrary Qo € V (O) and vo € V(A), the above definition yields well- 
defined rational functions e(-, vo; Qo) and exp(-, Qo; vo). As long as A is not a pole, 
e(A, -; Qo) is a function on V(A) and exp(, -; vo) is a function on V (Q). 


Proposition 3.2 Let v € V(A), Q € V(O). Then, for any X € C that is not a pole 
of exp(-, v; vo) for any vertex v ~ Q, exp(A, +; vo) is discrete holomorphic at Q and 


(84 exp (A, +; vo)) (Q) = Aexp(A, Q; vo). 


Proof Let v., v ,v,, v be the vertices of Q in counterclockwise order. Let us 


denote a := V —v_ and b := v' — v... Using Lemma 2.3 that describes ða asa 
discrete contour integration, v} — v. = a + b, L^ — y =a — b, and the inductive 
formula for exp, we get that (a A exp(A, ;; vo)) (Q) equals 


exp(A, v—; vo) exp(A, -; vo) 
2iar(Fg) exp(A, v—; vo) 
ð Fo 


(ne (2 Ab 1+ Ju a-b (2 Àb 1-- 5a ')) 
2iar(Fg) 2 -b 1-3a 2 —$b1-4a 
exp(A, v—; vo) 


ETF (1- $2) (1- $0) 


Here, Fg is the Varignon parallelogram inside Q, and ar(Fọ) = area(Q). Similarly, 
we obtain that (0, exp(A, -; vo)) (Q) equals 


((a 4- b) A (b — a)+ (a — b) A (a 4- b)) =0. 


exp(A, v—; vo) (a 4- b)À (b — a) - (b — a)À (a 4- b) 
4iar(Fọ) (1 — $a) (1 — $b) (-(a a aÀ (a ) 
Aexp(A, v_3 vo) 


2i Im(ab) = X exp(A, Q; vo). 


~ 2ila||b| sin(gg) (1 — ža) (1 — àb) 
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3.3 Asymptotics of the Discrete Green's Function 


Following the presentation in [2], we first define a discrete logarithmic function on 
the lift An of the quad-graph A onto the Riemann surface of the logarithmic function 
log(- — vo), which can be considered as a branched covering of the quad-graph A 
seen as a cellular decomposition of the complex plane. 

Throughout the following paragraphs, fix vo € V(A), and let e1, e2,..., e; be the 
directed edges starting in vo, ordered according to their slopes. 


Definition To each of these edges e we assign the angle 0, := arg(e) € (—z, 7]. 
We assume that 0,, < 6,,. Now, define Oa+bn :— 0, + 2z b, wherea € (1,..., n] and 
b € Z. For m € Z, let €m :— em moa n, considering the residue classes (1, 2, ..., n}. 


Definition Let e be one of the e;. The sector Ue C A is the subgraph of A that 
consists of all vertices and edges of directed paths on A starting in vo whose oriented 
edges have arguments that can be chosen to lie in [arg(e), arg(e) + 77). 


Definition Form € Z, we define the graph Ŭ, to be the sector U,,, with the additional 
data that each vertex v of U,, besides vo is assigned the real number 2, (v) given by 
On (v) = arg(v — vo) mod 27 and Òn (v) € [0,,, Qn + 7). Then, 


defines a graph Avy on the Riemann surface of log(- — vo) that projects to the planar 
parallelogram graph A. Here, vertices v of U,, and v' of U,,, are equal as vertices 


of Um and Ü,, if and only if v = v’ and either v = v' = vo or Òm (v) = Dm (V’). 


Remark Apart from the additional data of the vertices, Un is composed of all the 
vertices of edges of directed paths of edges on A starting in vo whose arguments can 
be chosen to lie in [0,,, 0,, + 2). It follows that all D xn beZandl<mcn, 
cover the same sector U,, , and Um N Us contains more than just vo if and only if 
|m — m'| < n. In addition, Lemma 4.2 shows that the union of all U,, k = 1,...,n, 
covers the whole quad-graph A. It follows that An is a branched covering of the 
cellular decomposition A, branched over vo. 


Definition To each vertex ve V (Än) covering a vertex v Æ vo of A, let us denote 
0; := Dmv) if v € Um. 


Remark 60; increases by 2z when the vertex winds once around vo in counterclock- 
wise order; and if v, V Æ vo are adjacent vertices of A,,, then |6; — 67| < m. 


Note that by construction, if we connect vo to some v Æ vo by a shortest directed 
path of edges of A,,, then the arguments of all oriented edges can be chosen to lie 
all in (6; — zr, 0; +7). 
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Definition Let vo € V(A) and let An be the corresponding branched covering of 
A. The discrete logarithmic function on V (Ay) is given by log(vo; vo) := 0 and 


E 1 log(A) 
log(Y; vo) :— xi 2A 
C; 


e(A, v; vo)dA 


for Y Æ vo. Here, C; is a collection of sufficiently small counterclockwise oriented 
loops going once around each pole of e(-, v; vo), v € V(A) being the projection of 
ve V(A,,). On each loop around a pole e, we take the branch of logarithm that 
satisfies Im(log(e)) € (05 — 7,6 + 7). 


Remark Let us suppose that vo is a black vertex. In the special case of a rhombic qua- 
sicrystallic quad-graph, the notion of the discrete logarithm is motivated as follows 
[2]: The discrete logarithm is real-valued and does not branch on black vertices; and 
it is purely imaginary on white points and increases by 277i if one goes once around 
vo in counterclockwise order. Therefore, the discrete logarithm models the behavior 
of the real and the imaginary part of the smooth logarithm if restricted to black and 
white vertices, respectively. As we will see later in the proof of Proposition 3.4, the 
values at vertices adjacent to vg coincide with the smooth logarithm. 


Lemma 3.3 Lety, V € V(A,,) be two points that cover the same vertex v € V(A) 
such that 05, — 0; = 2x. Then 


log(v ; vo) — log(?; vo) = 0 
if vo, v are both in V (I^) or both in V (I), and otherwise 
log(v'; vo) — log; vo) = 277i. 


Proof By definition, 


1 
log(v'; vo) — log(v; vo) = I 2*0 v; vodà. 
C; 


The function that is integrated is meromorphic on C with poles given by the one of 
e(-, v; Vo) and zero. By residue formula, we can replace integration along C; by an 
integration along a circle centered at 0 with large radius R (such that all other poles 
lie inside the disk) in counterclockwise direction and an integration along a circle 
centered at 0 with small radius r (such that all poles lie outside the disk) in clockwise 
direction. Now, e(oco, v; vo) = 1. If vo, v are both in V(I) or both in V(I*), then 
e(0, v; vo) = 1, otherwise e(0, v; vo) = —1. Hence, log(v’; vo) — log(v; vo) = 0 in 
the first and log(V ; vo) — log(¥; vo) = 277i in the latter case. 


In particular, the real part of the discrete logarithm log(-; vo) is a well-defined 
function on V (A). Divided by 27r, one actually obtains a discrete Green's function 


Discrete Complex Analysis on Planar Quad-Graphs 107 
with respect to vo. In the rhombic case, it coincides with Kenyon’s discrete logarithm 
in [16] as was shown in [2]. 


Proposition 3.4 Let vo be a vertex of V(A). The function G(-; vo): V(A) > R 
defined by G (vo; vo) = 0 and 


Gutes es T m 
MA VeL 3h $09 
CS 


for each v £ vo is a (free) discrete Green's function with respect to vo. Here, Cy is 
a collection of sufficiently small counterclockwise oriented loops going once around 
each pole of e(-, v; vo), and on each loop around a pole e, we take the branch of log 
where Im(log(e)) € (arg(v — vo) — x, arg(v — vo) + 7). 


Proof When evaluating the real part of the integral, we can also take the branches of 
the logarithm that satisfy Im(log(e)) € (arg(v — vo) — zt, arg(v — vo) + m) + 2kz 
for all poles e, where k € Z is fixed. Indeed, Lemma 3.3 asserts that under this change, 
the discrete logarithm changes by 0 or 2k7ri, so the real part does not change. 

Consider all faces incident to vo in A and its lift to A,,. For any vertex vi € V(A) 
adjacent to vo, A = v; — vo is the only pole of e(A, v.; vo). The residue theorem shows 
that log(v;; vo) and log(v; — vo) coincide up to a multiple of 277i if V; covers vi. By 
a similar calculation for vertices v, adjacent to vo in I” or I"*, we finally get 


1 
GG; vo) = 5— Re(log(v, — vo)), 
TU 


SLM = x Re (toe (v, — vo) — log (v;.., — vo) aa) l 


4)! 
Vs Vs—1 


where vo, V,_,, Vs, V; are the vertices of Qs ~ vo in counterclockwise order. 

As in Corollary 2.20, let p, := —i(v, — vi_,)/(vs — vo). In addition, we assign 
angles 0, = arg (v, — vo) mod 2x in such a way that 0 < 6, — Oy, < m. Due to 
Re (—i/p,) = — Im (ps) /|ps|? and Im (—i/p;) = — Re (ps) /losl?, 


losl? (Gs; vo) — G (vo; vo)) + Im (ps) (G (vi; vo) — GC, ,; vo)) 


Re(p;) 
losl Re (—i/ps) + Im (ps) lo Y — Vo [o]? Im (—i/p;) (8, 6, ) 
2m Re (ps) V. | — Vo 2x Re (ps) nec esl 
Oy = Ov, 
~~ On 


It follows from the explicit formula for the discrete Laplacian in Corollary 2.20 that 
AG (vo; vo) = 1/(2ar(Fy))- 

Now, we show that G(-; vo) is discrete harmonic away from vo. For this, we 
consider the star of some vertex v Æ vo, i.e., all faces of A incident to v € V(A). 
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Let us assume that we can find one collection C of loops together with appropriate 
branches of log such that for all vertices v’ of the star, G(v'; vo) can be computed 
by an integration along C instead of Cy. Then, when we compute AG (v; vo), we 
can exchange the discrete Laplacian not only with the real part, but also with the 
integration. Since e(A, -; vo) is discrete holomorphic by Proposition 3.2, it is also 
discrete harmonic by Corollary 2.21. By this, we conclude that AG (v; vo) = 0. 

Itremains to show that there exists such a collection C of loops with corresponding 
branches of log. We will show that a collection of sufficiently small counterclockwise 
oriented loops going once around each pole of e(-, v^; vo), v’ any vertex of the star 
of v, does the job, where around a pole e of e(-, v; vo) that branch of logarithm 
is taken where Im(log(e)) € (arg(v' — vo) — zt, arg(v' — vo) + x). For this, we just 
have to show that the branches of the logarithm are well-defined. This is the case if 
for two vertices v', v" of the star and a common pole e of e(-, v; vo) and e(., v"; vo), 
there is an argument of e contained in both (arg(v’ — vo) — x, arg(v' — vo) + x) and 
(arg(v" — vo) — x, arg(v" — vg) + 7). 

It easily follows from v Æ vo that if v" is not adjacent to v^, there is a vertex w adja- 
cent to v’ such that all common poles of e(-, v’; vo) and e(-, v"; vo) are also common 
poles of e(-, v^; vo) and e(-, w; vo). So let us assume without loss of generality that 
v' and v" are adjacent. Clearly, we can also assume that both vertices are different 
from vo since e(-, vo; vo) = 1. 

Let us suppose the converse from our claim, that means suppose that there is 
a common pole e of e(-, v; vo) and e(-, v^; vo) such that no argument of the edge 
e is contained in both the two intervals (arg(v’ — vo) — zr, arg(v' — vo) + zx) and 
(arg(v" — vo) — zr, arg(v" — vg) + 2). This can only happen if the edge v'v" inter- 
sects the ray vo — te, t > 0. But since the edge e is a pole of the discrete exponential, 
there is a strip with common parallel e, i.e., an infinite path in the dual graph Q with 
edges dual to edges of A that are parallel to e, that separates vo from both v’ and v" 
in such a way that e is pointing toward the region of v' and v" (see the first part of the 
appendix for more information on a strip). In particular, the edge v'v" is separated 
from the ray vo — te, t > 0, and cannot intersect it, contradiction. 


Remark With almost the same arguments as in the proof of Proposition 3.4, we see 
that the discrete logarithm is a discrete holomorphic function on the vertices of A vo- In 
[2], it was shown that the discrete logarithm on rhombic quasicrystallic quad-graphs 
is even more than discrete holomorphic, namely isomonodromic. 


Before we derive the asymptotics of the discrete Green’s function given in Propo- 
sition 3.4, we state and prove some necessary estimations in two separate lemmas 
since we will use them later during the corresponding calculations for the discrete 
Cauchy’s kernel in Sect. 3.4. 


Lemma 3.5 Let E, > Eo > 0 be fixed real constants and consider a complex vari- 
able X. Then, for any e € CX {0} satisfying E, > |e| > Eo, the following holds true, 
where log denotes the principal branch of the logarithm and constants in O -notation 
depend on Ey and E; only: 
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(i) As X — 0, 


Ace 
AÀ—e 


Ace A 4 e à 2 
log E L—2— + O(X ), and log i -—- O (4 ). 
—e e AÀ—e e 


NN d 
=1+2-+2—+0(), 
e e 


(ii) As |A| > oo, 


A+e e e 3 

—1c-2--c2-—-FO(( 7), 

m + E at Q7) 
Ace e A À € 2 
l ——]-252--0(7, d l ——}=-4+00%). 
og (22) ;*007) an xw (5) FOO) 


Proof (i) 


Ate 1+4 tah EEEE LR (sas GES 
A-e 1-3 | ^e &e&' f. tes 


shows the first equation and implies the second equation noting that 
log(1 + x) =x — x? /2 + O (x?) asx 0. 


The series expansion for log also implies the third equation using 


t zip Epi 
A-d 1-4 d ' 
(ii) These equations are shown in a completely analogous way to (i), e/A taking 


the place of A./e. 


Lemma 3.6 Assume that there exist real constants œo > 0 and E; > Eo > 0 such 
that a > o and E, > e > Eo for all interior angles a and side lengths e of paral- 
lelograms of A. Let vy € V(A) and Qo € V (Q) be fixed and consider v € V (A) and 
Q € V(O) in the following. 


(i) Let k(v) be the combinatorial distance on A between vo and v (or between a 

vertex incident to Qo and v). 
Then, k(v) = €2(|v — vol) (or k(v) = €2(|v — Qo|)) as |v| > co. 

(ti) J(v, vo) = 2(v — vo), J(Q, vo) = €2(Q — vo) and J(Q, Qo) = 2(Q — Qo) 
as |v], |Q| > œ. 

(tii) tT, Qo) = 2(1) and t(Q, Qo) = 2(1) as |v|, |Q| > oo. 

(iv) Furthermore, assume that |v — vo| Z 1 and that the arguments of all oriented 
edges of a shortest directed path on A from vo to v can be chosen to lie in 
[09, —9], where 0) := —(zx — a9)/2. 
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Then, for any X € [- Ei /|v — vol, — E1/4/|v — vol] : 


cos(0o)4/ |v — M) 
2E, f 


le(A, v; vo)| € exp ( 


Here, constants in the §2-notation depend on ao, Eo, and E; only. 


Proof Let ei, e2, ..., xy) denote the oriented edges of A of a shortest directed path 
on A from v, (or a vertex incident to Qo) to v. Due to the bound on the interior angles 
of parallelograms in A, there is a real 0, such that the arguments of ej, e», ... , €x(v) 
can be chosen to lie all in [69, 09 + zt — ao] by Lemma 4.2. All the claims in the 
first three parts stay (essentially) the same under rotation of the complex plane, so 
we may assume that 6) = — (zt — o9)/2. The same assumption is used in the fourth 
part. 

(i) Under the assumptions above, the projections of the e; onto the real axis lie 
on the positive axis and are at least Eo cos(09) long since edge lengths are bounded 
by Eo from below. It follows that k(v) < Re(v — vo)/ (Eo cos(00)). Using in addition 
that k(v) > |v — vo|/ E1, we get k(v) = 2 (|v — vol). 

(ii) Using 1/| Eo| > 1/ļe;| > 1/|£i| for all j, we get 


owl Se'l < 2 = ow wp 
V, Vo)| = e ^x Eo = y Vol); 


kv) - k(v) 


i 1 
Re(J(v, vw) = Re | > “4 | > 5 Re( Xe; | = 


cos(09)|v — vo 
-L 5 IUE eee 
j=l lejl Ej 


2 
Ey 


Hence, J (v, vo) = §2(|v — vo|). This also implies that J (Q, vo) = 2 (Q — vo) since 
|J (v, vo) — J (Q, vo)] € 1/| Eo| for any v incident to Q, which follows easily from the 
definition and the lower bound for edge lengths. Similarly, /(Q, Qo) = 2(Q — Qo) 
follows from the previous statements if we take vo incident to Qo. 

Gii) Ej? > |v(Q, Qo)| > Ej? and Ej^ > |t(Q, Qo)| > Ej^ follow immedi- 
ately from the definitions and the boundedness of edge lengths. 

(iv) Using that A < 0 and Re(e) > 0, we get 


l.-e?  — A?-2ARe(o-le? ^ (A= Jel)? ~ 


|A + e? 4) Re(e) p 4) Re(e) 7 44 Re(e) 
(4 = 2) 


Taking the product of such inequalities, 


2X Re(v — 22. cos(6)|v — 
le(4., v; vo)] < exp Ge) oie ( cos(@%)|Vv 2 


(A — EY (A — Ey)? 


Now, we observe that A/(A — Ej)? attains its maximum on the boundary. Together 
with |v — vo| > 1, 
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Xr 2 —4 |v — vol Z —1 
A-E) Eü-rxVv-w) 4E vol 


Plugging this into the estimation before gives the desired result. 


Theorem 3.7 Assume that there exist real constants o > O and Ej > Eo > O such 
that a > ag and E; > e > Eo for all interior angles a and side lengths e of paral- 
lelograms of A. Let vo € V (A) be fixed. Then, the following is true: 


(i) The discrete Green’s function G(-; vo) given in Proposition 3.4 has the following 
asymptotic behavior as |v| — oo: 


1 ES 
G(v; vg) = log re + O (Iv vo| ?) if v and vo are of different color, 
4r J (v, vo) 
log(2 1 
G(v; vo) = us x og(2) = log |(v — vo) JG, vo)| + O (Iv — vol?) otherwise. 


(ii) There is exactly one discrete Green's function G : V(A) — R for vo that 
behaves for |v| — oo as 


1 = 
G(v) = log ls Fo (Iv vol!) if v and vo are of different color, 
4r J (v, vo) i 
- + log(2 1 
G(v) = VEuler u og) } 1 log |(v — vo) J (v, vo)| + 0 (Iv — vo| 12) otherwise. 
m T 


Here, constants in the O-notation depend on ao, Eo, and E; only, and YEuler 
denotes the Euler-Mascheroni constant. 


Remark Note that due to Lemma 3.6(ii), J (v, vo) = 2 (v — vo) as |v| — oo. 

By Proposition 4.3, we may replace the existence of constants E, > Eo > 0 such 
that E, > e > Eo for all side lengths e of parallelograms by the existence of qo such 
that e/e' > qo for the two side lengths e, e' of any parallelogram of A since the latter 
implies the first assumption. Then, the constants in the O-notation depend instead 
of Eo and E; on qo, eo, and e1, where eo and e; are the side lengths of an arbitrary 
but fixed parallelogram of A. 


The proof of the first part follows the ideas of Kenyon [16] and Bücking [5]. 
Both considered just quasicrystallic rhombic quad-graphs. But the main difference 
to [16] is that we deform the path of integration into an equivalent one different 
from Kenyon's, since his approach does not generalize to parallelogram-graphs. As 
Chelkak and Smirnov did for rhombic quad-graphs with bounded interior angles in 
[6], Kenyon used that two points v, v' € V(A) can be connected by a directed path 
of edges such that the angle between each directed edge and v’ — v is less than 2/2 
or the angle between the sum of two consecutive edges and v’ — v is less than 7/2. 
This is true for rhombic quad-graphs, but not for parallelogram-graphs. Instead, we 
use essentially the same deformation of the path of integration as Bücking did. 
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Proof (i) The poles ei, ..., ei) of e(-, v; vo) correspond to the directed edges of a 
path from vo to v of minimal length k(v). By Lemma 4.2, there is a real 6) such that 
the arguments of all directed edges above can be chosen to lie in [99, 0 + zt — ao]. 
It is easy to check that the claim is invariant under rotation of the complex plane, so 
we can assume 6) = — (zt — o9)/2. By definition, 


Gee) T PE / EOS UL va 

d = Ke e ` 

V; Vo 8z?i X V; Vo , 
C, 


where C, is a collection of sufficiently small counterclockwise oriented loops going 
once around each ei, ..., ex») and log is the principal branch of the logarithm since 
it satisfies Im(log(e;)) € [0o, —60] for all j. 

By residue theorem, we can deform C, into a new path of integration C; that goes 
first along a circle centered at 0 with large radius R(v) (such that all poles lie inside 
this disk) in counterclockwise direction starting and ending in — R(v), then goes 
along the line segment [— R(v), —r(v)] followed by the circle centered at O with 
small radius r(v) (such that all poles lie outside this disk) in clockwise direction, 
and finally goes the line segment [— R(v), —r(v)] backwards. Note that the principal 
branch of log jumps by 27i at the negative real axis where the integration along the 
two line segments takes place. 

By assumption, Eo <S |e;| € Ej for all j. Using |v — vo| > Eo, it follows that 


Ej 4 Eo E 4 
-4dv-w9w  &-— «le < 221 < 2—3 — vol”. 
2 2 Ej 


In particular, we can choose 


5 
RQ) := ei — vo|* and r(v) = ED — w[* 

for all v Æ vo. We first look at the contributions of the circles with radii r(v) and 
R(v) to G(v; vo). 

Let A be on the small circle with radius r(v). Then, à = 2(|v — vol ^ — 0 as 
|v| — oo. In particular, we can apply (—A + e)/(A — e) = 1+ 2A/e + OQ2) by 
Lemma 3.5(i) to estimate (— 1)? e(A, v; vo). More precisely, the latter is a product 
of k(v) = £2(|v — vol) terms (see Lemma 3.6(i)) with e = e;. Multiplying out and 
using in addition Eo € |e;| < E; easily gives for |v| — oo that 


(7D ?e(4, v; vo) = 1 + O(|v — vo| 2). 


Thus, we get for the integration along the small circle with radius r (v): 
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i 7 xv) log(r(v)) + i8 es l 
Re p (Coe ena V^ oa] a 


T 


— — Re na fow (log(r(v)) + i0) (1 + O(|v — vo| ?)) 46 


—1)01 
Ge!) ae (1+ o(v— wi). 


Let us now consider A to be on the large circle with radius R(v). Then, we have 
|A| = 2 (|v — vo|^) — oo as |v| — oo. Analogously to above, repeated use of the 
first equation in Lemma 3.5(ii) gives e(A, v; vo) = 1 + O(|v — vo|-?) as |v| — œ. 
Thus, log( R (v))/ (47) - (1 + O(|v — vol 75) is the contribution of the circle of radius 
R(v). In total, the asymptotics for the real part of the integration along the two circles 
are 


L (lo (RY) — C- D"? logtr(v))) + O(lv — vol?) 

PE g(R(v g(r(v v—vo| ^). 

The two integrations along [— R(v), —r(v)] can be combined into the integral 
—r(v) 


1 À, V; 
/ e(A, v; vo) gz. 
4r À 


—R(v) 


Since we are interested in the asymptotics for |v| — oo, we can consider 
|v — vo| = 1 large enough and split the integration into the three parts along 


Ei 


[-RG), — EV |v — voll. [7 E1v Iv — vol. Jv — vol 


]. and[ r(v)]. 


E 
^/lv — vol 


We first show that the contribution of A € [—E,./|v — vo], — E1/4/|v — vol] can 
be neglected. Indeed, it is a consequence of the estimation in Lemma 3.6(iv) that 


—Ei/A/lv—vol 


À, v; O)/|v — 
e(A, v vo) 45 < Ev iv wie ( cos(00)4/ |v wt). 


An A 2E, 
—E,,/|v—vol 


As |v| — oo, the latter expression decays faster to zero than any power of |v — vol. 
Now, consider A € [—E,/./|v — vol, —r(v)]. Then, à — 0 as |v| — ov, so using 
the second equation in Lemma 3.5(1) k(v) = 2 (|v — vol) times gives as |v| — oo: 


(— D e(A, v; vo) = exp (20 (v, vo) + O (k(v)32)) 


exp QAJ (v, vo)) (1 + O(|v — vol22)) . 
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Thus, the integral near the origin is equal to 


—r(v) 
(-1*9 J exp (2A J (v, vo)) 
4r À 


+ exp (2A J (v, vo)) O (|v — w^) di. 
—Ei/A/|v—vol 


The expansion of the integral of the second term involves two exponential factors, 
one for each bound: exp(—2J (v, vo)r (v)) and exp(—2E, J (v, vo) /A/|v — vol). Now, 
we will use that J (v, vo) = Q (|v — vo|) by Lemma 3.6(ii). Since the exponent of 
the first factor goes to 0 in speed |v — vo|~, the exponential goes exponentially fast 
to 1 as |v| — oo. For the second factor, we use our assumption that the arguments 
of all the poles can be chosen to lie in [~ (x — o9)/2, (zx — o9)/2]. It follows that 
Re(J (v, vo)) is positive and goes to infinity like 2 (|v — vo|) as |v| — oo, such that 
the second exponential factor goes to zero exponentially fast. Now, it is not hard to 
see that the integral of exp (2A J (v, vo)) O(|v — vo|A3) gives O(|v — vo|~2). For the 
first term, we get 


pio —1 ) —2r(v)J (v,vo) ( ) 1 
(= exp(s dod J exp(s " 
4r RY RY 
—2 EJ (v,vo)/ //|v—vo] =í 
1 ko) —2r (v) J (v, vo) 
Cp _ds 
4r 5 
-1 
E 0 
—1)ko) =] —1)k 
a J PED +| 999 —as 4:550 Metro dorw) 
4r sS sS 4r 
oo —1 
i —2E; J (v,vo)/ A |v—vo] 0 
(1/9 exp(s) exp(s) — 1 
— — — ds + ——— ds 
4r sS RY 
—oo —2r(v)J (v,vo) 
cpu -3 
= (euer + 2 (|v — vo| 7) + logQr(v)J (v, vo))) . 


To get to the last line, we used that Re(J (v, vo)) = 2 (|v — vol) as |v| — oo stays 
positive. Indeed, as |v| — co, the first integral in the second to last line goes to zero 
exponentially fast (to see this, just write the integrand as s exp(s)/s? and bound 
the absolute value of the integral from above by so exp(so) where so denotes the 
term —2E; J (v, vo)/A/]v — vol) and the second integral is of order 2 (|v — vo|-?) as 
|v| — oo as a Taylor expansion of the exponential shows. 
Finally, let 4 € [- R(v), — Ej /]v — vol]. Then, A — —ooas |v| — co, and repeated 

use of the second equation in Lemma 3.5(ii) gives 
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2(v — vo) E 
e(A, v; vo) = exp = (1+ O(\v — vola ™>’)) 


as |v| — oco, so the corresponding contribution of the integral to 47 G (v; vo) is 


—Ei V Iv—vol -EwI7wl. (2) 
exp(A, v; vo) P m 
vs oes dA + O(|v — vo| ^) 
—R(v) —R(v) 
=f —E, V[v=vo]/20-—vo)) 
1 1 
- ev()-1, ex (2) 


—R(v)/(2(v—vo)) -1 
-1 
1 -2 
+ ds + Olly — vol ) 
—R(v)/(2(v—vo)) 
RQ) 


ER uu o -2 
x) «o vol“) 


= YEuler — log ( 


by a similar reasoning as above. Summing up the integrals over all four parts of the 
contour and taking the real part, we finally get that 47r G (v; vo) equals 


(1+ C 09) euer + 1og@2)) + log [v — vol + C7 D log Jv. vo)! + O(lv — vol). 


(ii) We know from Theorem 2.31 that discrete harmonic functions of asymptotics 
o(|v — vo|-!2) as |v| — oo are zero. We can apply this result to the discrete harmonic 
function G — G(-; vo), where G(-; vo) from the first part has the desired asymptotics. 


Remark Let us compare this result to the case of rhombi of side length one. Assume 
that vo € V(I). Then, the discrete logarithm is purely real and nonbranched on 
V (17) and purely imaginary and branched on V (17*). It follows that G(v; vo) = 0 if 
v € VU), well fitting to the fact that A splits into two discrete Laplacians on I” 
and J*. Using J (v, vo) = v — vo, 


1 
Gv; vo) = z (Euler + logQ) + log |v — vol) + O (|v — vol) 


as |v| — oo for v e V(I), exactly as in the work of Bücking [5], who slightly 
strengthened the error term in Kenyon’s work [16]. In this paper, Kenyon showed 
that there is no further discrete Green's function with asymptotics o(|v — vol). 
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3.4 Asymptotics of Discrete Cauchy’s Kernels 


Let vo € V(A) and Qo € V(Q) be given. We first give a formula for a discrete 
Cauchy’s kernel K, with respect to vo on V (Q) that has asymptotics 2(|Q — vo|~!) 
as |Q| — oo. Remember that the vertex Q € V()) = F(A) is placed on the center 
of the corresponding parallelogram. Then, we provide a discrete Cauchy's kernel 
Ko, with respect to Qo on V(A) with asymptotics £2(|v — Qo| !) as v > oo. 
In both cases, there are no further discrete Cauchy's kernels with asymptotics 
o(|Q — vol!) or o(|v — Qo|- ?) as |Q], |v| — oo. In the end of this section, the 
asymptotics of 04 Kg, are determined. 


Theorem 3.8 Let G(-; vo) be a discrete Green's function on V (Q) for vo € V(A). 


(i) Ky := 8104G(; vo) is a discrete Cauchy's kernel with respect to vo. 

(ii) Assume additionally that there exist real constants ag > 0 and E, > Ey > 0 
such that a > ay and Ej > e > Eo for all interior angles a and side lengths e 
of parallelograms of A. Suppose that G(-; vo) is the discrete Green's function 
given in Proposition 3.4 and Ky, the discrete Cauchy's kernel given in (i). Then, 


1 (Q, vo) 3 
K,,(Q) = O(Q— 
Oee a 


as |Q| — œ. Here, constants in the O-notation depend on a, Eo, and E only. 
(iii) Under the conditions of (ii), there is exactly one discrete Cauchy's kernel with 
respect to vo with asymptotics o(|Q — vo|-!/?) as |Q| — oo. 


Remark Note that due to Lemma 3.6(ii) and (iii), 


t(Q.vo) _ 


-1 
gw "9-7 


as |Q| — oo. As in Theorem 3.7, we may replace the existence of E; > Eo > 0 
such that E, > e > Eo for all side lengths e of parallelograms by the existence of 
qo such that e/e' > qo for the two side lengths e, e' of any parallelogram of A since 
the latter implies the first assumption by Proposition 4.3. Then, the constants in the 
O-notation depend instead of Eo and E, on qo, eo, and ej, where eo and e; are the 
side lengths of an arbitrary but fixed parallelogram of A. 


Proof (i) By Corollary 2.20 about the factorization of the discrete Laplacian, 


= = T 
9o Kn (v) = 87 (8594GC; vo)) (v) = 2r AG (v; vo) = bm ET 
vo 


(ii) For the ease of notation, we assume that vo € V (T`), but note that the other 
case of a white vertex vo can be handled in the same manner. Let b_, w_, b+, w+ 
denote the vertices of the parallelogram Q in counterclockwise order, starting with 
a black vertex. Using the asymptotics of Theorem 3.7, as |Q| — oo: 
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|J (b4, vo)llb+ — 2) -2 
+ O(IQ — vl), 
|J (b... vo) ||b_ — vol d 


|J(w_, vo)||w+ — vol 


4r G(b,; vo) — 4t G(b_; vo) = log ( 


4r G(w4; vo) — 4 G(w_; vo) = ve( ) +0(|Q- vol). 


|J (w+, vo)]lw- — vol 


Let a := w, — b_ and b := w_ — b... Using log|1 + x| = (x + 3)/2 + O(x?) 
as x — 0 and J(Q, vo) = £2(|Q — vol) as |Q| — co given by Lemma 3.6(ii), we 
get as |Q| — oc: 


log |b+ — vo| = log |(Q — vo) ( + a) 
2(Q — vo) 
= log] — vol + Re (x55)  O(9 — vo| 2), 
2(Q — vo) 
—b 
log |w+ — vo| = log |Q — vo| + Re (x55) 35 vol, 
aÍ c 
log |J (b+, vo)| = log |J (Q, vo) (: SE ess) 
2J (Q, vo) 
=i = 
= log |J(Q, v0) + Re (£— 5) + oqo - vol). 
2J(Q, vo) 
al-p! "s 
log |J (w+, vo)| = log |J (Q, vo)| + Re (Ss) + O(\Q — vo| ^). 


Therefore, we get for the discrete derivative of 82 G(-; vo) at the face Q: 


a+b arp! a—b a-!—p-! 
K,,(Q) =A B (5) is ( rir) 45 BS (&) dii ( ais) 
vo —AQ "E b Q 1 
+ O(IQ — vol?) 
1 


= 1 —2 
"oca amos eT 


1 a+b - a—b 1 1 
+ Ag +ho + 
2 a+b a—b}\Q-—v abJ(Q, vo) 
1 T(Q, vo) 


= O(1Q — vol 
D-a WOW (Q — vol ^) 


as |Q| — oo. Here, Ag — exp (—i(vo — 1/2)), and we have used the identity 


À ( 2i ) a+b iot a+b - a—b 
—2— = exp |—zl = . ——— ——— ——— 
ho P Po a—b a+b 98b 
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(iii) Let h be the difference of two discrete Cauchy's kernels with respect to vo 
with asymptotics o(|Q — vo|-!?) as |Q| > oo. K,, in the second part is such a 
discrete Cauchy's kernel. Then, A is discrete holomorphic, and by Proposition 2.8, a 
discrete primitive f on V(A) exists. By construction, 


= da f(Q) = h(Q) = o(|Q — vo| ^. 


fOr- FO) _ fw) - fv) 
Ww- 


b, — b_ W= 


Since angles and edge lengths of parallelograms are bounded, the conditions of 
Theorem 2.31 are fulfilled, implying that f is biconstant, so h vanishes identically. 


Since we do not have discrete Green's functions on V(O), we have to derive 
a discrete Cauchy's kernels on V (A) differently. To do so, we follow the original 
approach of Kenyon using the discrete exponential [16] that was reintroduced by 
Chelkak and Smirnov in [6]. 


Proposition 3.9 Let Qo € V (Q). The function defined by 


0 
1 
Pub J inet. Od =e J eQ., v; Qo)dd 
Il 
C, —(v— Qo)oo 


is a discrete Cauchy's kernel with respect to Qo. Here, C, is a collection of sufficiently 
small counterclockwise oriented loops going once around each pole of e(-, v; Qo). 
On each loop around a pole e of e(-, v; Qo), we take the branch of logarithm that 
satisfies Im(log(e)) € (0, — zr, 0, + zt), where 0, :— arg(v — Qo). The second inte- 
gration goes along the straight ray that ends in the origin in direction (v — Qo). 


Proof Lemma 4.2 assures that the arguments of all poles can be indeed chosen in 
such a way that they lie in (0, — zr, 0, + 7). 

By residue theorem, we can replace integration along C, by an integration along a 
circle centered at O with large radius R (such that all poles lie inside the disk) in coun- 
terclockwise direction, an integration along a circle centered at 0 with small radius 
r (such that all poles lie outside the disk) in clockwise direction, and integrations 
along the two directions of the line segment [— R, —r]. Using that 


lim Ae(, v; Qo) log(A) = 0 
|A| oo 


and taking r arbitrarily small, there is a homotopy between the new integration path 
and the path from complex infinity to 0 and back along the ray spanned by —(v — Qo) 
that does not change the value of the integral. The branch of log we consider jumps 
by 277i on the two sides of the ray, which shows 


1 
— I log(A)e(A, v; Qo)dà = 2 / e(A, v; Qo)dA. 
zi 

C, —(v— Qo)oo 
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In particular, 0, can be replaced by any 0, + 2kzt, k € Z, in the first integration. 

Let us consider the parallelogram Qo with vertices b_, w_, b+, w+ in counter- 
clockwise direction, starting with a black vertex, and let us denote a := w, — b_, 
b :— w_ — b... Without loss of generality, we rotate the complex plane in such a way 
that arg(b, — Qo) = 0. Then, arg(a) and arg(b) lie between 0 and +x, and using 
residue theorem, 


(log |a| + i arg(a) + ix) — (log |b| +i arg(b) + iz) 
Koc prem 5 L— : - 
(log |b| + i arg(b)) — (log |a| + i arg(a)) 

Ko, (b,) = 2528 — : 
(log |b| + i arg(b) + 2iz) — (log |a| + i arg(a) + iz) 
Kg,(w_) 22 ; 
a+b 
(log |a| + i arg(a)) — (log |b| + i arg(b) + iz) 
Ko,(w+) =2 pde E 


Finally, we get by Lemma 2.3 giving an integration formula for 84: 


(a — b) (Ko, (b+) — Ko, (b+)) + (a + b) (Kg, (w-) — Ko, (w4)) 


ða Ko, (Q0) = Aiar(Fo,) 


x 
ar(Fo,) 


By a similar argument as in the proof of Proposition 3.4, we can choose the same 
contours of integration for all incident vertices v of a face Q Æ Qo. Then, the discrete 
derivative 94 commutes with the integration, and a,K Q,(Q) = Obecause e(A, -; Qo) 
is discrete holomorphic by Proposition 3.2. 


Theorem 3.10 Assume that there are a) > 0 and E, > Eo > 0 such that a > a 
and E, > e Z Eo for all interior angles a and side lengths e of parallelograms of 
A. Let Qo € V(Q) be fixed. 


(i) The discrete Cauchy's kernel Kg, given in Proposition 3.9 has the following 
asymptotics as |v| — oo: 


1 P t(v, Qo) 


m 3 
y= Oo * 76,99 * OMY 97). 


Ko,(v) = 


(ii) There is no further discrete Cauchy’s kernel with respect to Qo that has asymp- 
totics o(|v — Qg|- 2) as |v| > oo. 

(iii) For the discrete Cauchy’s kernel Kg, given in Proposition 3.9, 04 Ko, has the 
following asymptotics as |v| — oo: 


1 T(Q, Qo) 


OAK MEM, 
aKo =~ oop?” FO, Oo 


+ 0 (IQ — Qo 7). 
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(iv) Up to two additive complex constants on I and I, there is no further dis- 
crete Cauchy’s kernel with respect to Qo such that its discrete derivative has 
asymptotics o(|Q — Q|!) as |Q| > oo. 


Here, constants in the O-notation depend on o, Eo, and E; only. 


Remark By Lemma 3.6(ii) and (iii), 


T, Qo) — 
J (v, Qo) 


t(Q, Qo) _ 


Q ((v — Qo) !) and 10.092 =” ((Q — Qo)~’) 


as |v|,|Q| — oo. As in the previous Theorem 3.8, we may replace the existence of 
constants E; 2 Eo > 0 such that E; 2 e > Ep for all side lengths e of parallelo- 
grams by the existence of go such that e/e’ > qo for the two side lengths e, e' of any 
parallelogram of A since the latter implies the first assumption by Proposition 4.3. 
Then, the constants in the O-notation depend instead of Eo and E; on qo, eo, and ei, 
where e, and e; are the side lengths of an arbitrary but fixed parallelogram of A. 


The proof of the first part follows the ideas of Kenyon [16]. Similar to the proof 
of Theorem 3.7, the path of integration is deformed into a path different from the 
one Kenyon used, (—(v — Qo)oo, 0]. For the same reasons as before, his approach 
does not generalize to parallelogram-graphs. The second and the fourth part of the 
theorem are immediate consequences of Theorem 2.31; the third part is shown by a 
direct computation. 


Proof (1) Among all the vertices incident to Qo, let vo be the one that is combinatori- 
ally closest to v on A. Then, the poles di, d», e1, ... , ek» of eC, v; Qo) correspond 
to the directed edges of a shortest path from vo to v of length k(v) and the two directed 
edges of Qo that point toward vo. It is easy to deduce from Lemma 4.2 that the argu- 
ments of all poles can be chosen to lie in [0o, 0o + zt — ao]. For more details, we refer 
to the appendix in [13]. The claim is invariant under multiplication of the complex 
plane, so we can assume that 09 = —(z — o:9)/2. Then, there are no poles in the left 
half-plane, such that we can reduce the calculation to an integration over IR: 


0 0 
Ko,(v) 22 J e(A, v; Qo)dà = 2 / e(A, v; Qo)d4. 
—(v— Qo)oo —eo 


Since we are interested in the limit |v] — oo, we take |v — Qo| > 1 large enough 
and split the integration into the three parts along the intervals (—o0, — Ej4/|v — Qol], 
[-EiAlv — Qol, — Ei/A/lv — Qol], [—E1/V|v — Qoi, 0]. Lemma 3.6(iv) shows 
that the contribution of the range à € [—-Ej4|v — Qol, — E1/4/|v — Qol] decays 


faster to zero than any power of v — Qo as |v| — oo. By Lemma 3.6(1) and (ii) we 
know that k(v) = 2 (v — Qo) and J(v, Qo) = 2(v — Qo) as |v| — oo. Since the 
arguments of all the poles can be chosen to lie in [—(z — o0)/2, (zx — o9)/2], it 
follows even that Re(J (v, Qo)) = 2 (|v — Qol) as |v| — oo stays positive. 
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Let A € [—E,//|v — Qol, 0]. Then, A — 0 as |v| — co. Repeated use of the 
second and the third equation in Lemma 3.5(i) yields 


e(A, v; Qo) = T(v, Qo) exp (2A (v, Qo) (1 + OAP) + O(|v — Qola’) 


as |v| — oo. Thus, the integral near the origin behaves for |v| — oo as 


0 
_ tv, Qo) we 
2 | e. v; Qd. = FOG + Olly - Bol”). 
—E,/V/\v-Qol 


For this, we used that exp(—2E1J (v, Qo)/A/|v — Qol) goes to zero exponentially 
fast as |v| — oo. 

Now, let A € (—oo, — Ej 4 |v — Qol]. Then, à — —oo as |v| > oo. Repeated use 
of the second and the third equation in Lemma 3.5(ii) shows that 


e(A, v; Qo) = A? exp (2(v — Qo)/A) (1 + OA?) + O(lv — Qol7)) 
as |v| — oo. Using the result of above, we get for the integral near minus infinity: 


—E|Xv- Qol 
2 / e(A, v; Qo)dA 
—EiN/|v- Qol 
=2 J A ^ exp Q(v — Qo)/A) (1 + OG?) + O(lv — Qo 7)) da 


=2 J exp (2A(v — Qo)) (1 + OP) + O(\v — Qolà’)) da 


—1/(Eı vlv- Qol) 


a + O(\v— Qo| 7) 
| v— Qo SS 


Summing the contributions of the three ranges up gives the desired result and also 
shows the asymptotic behavior required in (ii). 

(ii) The difference f of two discrete Cauchy's kernels with respect to Qo of 
asymptotics o(|v — Qo|-/?) is discrete holomorphic and fulfills the conditions of 
Theorem 2.31. Hence, f is biconstant, so f = 0. 

(iii) Let b_, w_, b}, w, denote the vertices of the parallelogram Q € V(Q) in 
counterclockwise order, starting with a black vertex. Let us introduce a := w4 — b_ 
and b := w_ — b_. Using the expansion 1/(1 +x) 21— x + O (x?) as x — 0 and 
the asymptotics of the first part, we get that Ko, (b) and K o, (w4.) equal 
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1 a+b t(b_, Qo) qp E 
Bot cte qam 
9-gs * esas” JU an Tao "Me ver 3 
: rt WD) oy au cis io or) 
TW-_, PUER CIE WESESEER Y = ; 
Q-Qo 29-Q JIQ. Q) * FTO, Oo)? 0 


respectively. By definition, t(b_, Qo) = —t(w_, Qo). Therefore, 


a+b a +b! 
34Ko, (0) = — ho 2-2 TO- 20) G07 


a+b 
qus - 10-. 00 50 


L3, (Q- Q9? TOO , - 
li "END FO(Q — Qol ^) 
: t(b_, Qo) = 

+ O 
(Q — Qo)? abJ(O, Qo) (Q — Qo >) 
1 i 7 
t(Q, Qo) iio -o ES 


(Q -— Q0)?  J(Q, Qo)? 


(iv) Let f be the difference of two discrete Cauchy’s kernels with respect to Qo 
whose discrete derivatives have asymptotics o(|Q — vo|~'/?). Then, f is discrete 
holomorphic and 


fb) - f(b-) _ flws) — f(w-) - 
a = da f(Q) = o(|Q — vol"). 
een 2 a Wy — W_ 
Since angles and edge lengths are bounded, the conditions of Theorem 2.31 are 
fulfilled. Hence, f is biconstant. 


Remark Note that Kenyon [16] and Chelkak and Smirnov [6] proved in the rhombic 
setting the stronger result that there is a unique discrete Cauchy’s kernel on V(A) 
with respect to Qo with asymptotics o(1) as |v| > oo. 


3.5 Integer Lattice 


Let us consider a planar parallelogram-graph A such that each vertex has degree 
four. With the embedding of Q described in Sect. 3.1, this happens if and only if ¢ is 
a planar quad-graph or, equivalently, if A has the combinatorics of the integer lattice 
72. The vertices of © lie at the midpoints of edges of I" or *. Since any vertex 
of I' or T* is enclosed by a quadrilateral of /'* or I”, respectively, the faces of © 
are parallelograms by Varignon’s theorem. Thus, ® becomes a planar parallelogram- 
graph as well. 

Of particular interest is the case that the two notions of discrete holomorphicity 
on Q, the one coming from Q being the dual of A and the other coming from the quad- 
graph © itself, coincide. It is not hard to show that this happens only for the integer 
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lattice of a skew coordinate system, onto which we restrict ourselves in the following. 
For more details, see [13]. If e1, e2 denote two spanning vectors, then Q is a parallel 
shift of A by e,/2 + e;/2. Furthermore, the discrete derivatives on Q seen as the dual 
of A coincide with the discrete derivatives on Q seen as a parallelogram-graph. 

Since corresponding notions coincide and Q and A are congruent, we can skip all 
subscripts A and Q in the definitions of discrete derivatives. Moreover, the discrete 
Laplacian A is now defined for functions on V(A) and functions on V() in the 
same way. Due to Corollary 2.20, 498 = A = 49 is now true on both graphs. It 
follows that all discrete derivatives 9" f of a discrete holomorphic function f are 
discrete holomorphic themselves. Conversely, a discrete primitive exists for any 
discrete holomorphic function on a simply-connected domain by Proposition 2.8. 

Our main interests lie in giving discrete Cauchy's integral formulae for higher 
order derivatives of a discrete holomorphic function and determining the asymptotics 
of higher order discrete derivatives of the discrete Cauchy's kernel given in Sect. 3.4. 
Note that due to the uniqueness statements in Theorems 3.8 and 3.10, both formulae 
yield the same discrete Cauchy's kernel. 

Without loss of generality, we restrict our attention to functions on V (A). For the 
ease of notation, we introduce the discrete distance D(-,-) on V (A) U V (Q) that is 
induced by the | - |5;-distance on the integer lattice spanned by e;/2, e5/2. 


Theorem 3.11 Let A be the integer lattice spanned by the pair ei, e; of linearly 
independent complex vectors. Let vo € V(A), Qo :— vo + e1/2 + e3/2 € V (Q), let 
f be a discrete holomorphic function on V (A), and let Ky, and Kg, be discrete 
Cauchy's kernels with respect to vo and Qo, respectively. Let n be a nonnegative 
integer and define xo :— vo if n is even and xo := Qo if n is odd. Similarly, let 
x € V(A) ifn is even and x € V(Q) ifn is odd. 


(i) For any counterclockwise oriented discrete contour C,, in the medial graph X 
enclosing all points x' € V (A) U V (OQ) with D(x’, xo) <S n/2, 


2i 
Ci 


9^ ou n 
f(xo) — f9" Kydz. 


(ii) If Kg, is the discrete Cauchy's kernel given in Proposition 3.9, then 


CD” 1 Tt'(x, Qo) 


o"K = O M. —n—3 
a9) — e oW  UG.djea ol? 


n! 


as |x| — co, where t'(x, Qo) = 1 ifx and Qo or (x + e1/2 + e3/2) and Qo can 
be connected by a path on V (Q) of even length and t'(x, Qo) = —1 otherwise. 
Constants in the O-notation depend on the spanning vectors eo, e; only. 
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Remark By Lemma 3.6(ii) and (iii), we have for |x| — oo: 


t(x, Qo) 


— = —(n+1) 
(JG, Qo)eie2) | — S (e en ) 


Proof (i) Let D be the discrete domain in F(X) bounded by C,,. By the assumptions 
on C,,, the discrete one-form aan! K,,dz vanishes on C,,. Thus, 


j fa" Kyydz = j fd (o Ku) = f| acram y - Jf df ^d (9 Kx,) 
D D 


Um Gs 


by discrete Stokes’ Theorem 2.9 in the second equation and Theorem 2.16 and Propo- 
sition 2.10 stating that d is a derivation for the discrete wedge product and ddf = 0 
in the third equation. Now, f is discrete holomorphic, meaning that ðf = 0, so 
df ^d (E) = ðf ð”! K (26. But since the discrete derivatives commute 
according to Corollary 2.11, 39”! K,, = 90"-!8K,, vanishes outside Cw, so by 
repeated use of Proposition 2.7 stating that 3 is the formal adjoint of —d, 


f f3 Kdz = —2i (ðf, 8713 Kn) = 2i(—1)"(" f, 9K,) = 2mi(—1)"8" f (xo). 


Ca 


(ii) Let us define the discrete exponential e(A, Q; Qo) for Q € V (Q) in the same 
way as a rational function in the complex variable à as we defined e(A, v; vo). By 
inductive use of the formula for the discrete derivative of exp in Proposition 3.2 and 
exp(A, +; Qo) = e(2/A, -; Qo), we get for the discrete exponential e(A, -; Qo) that is 
defined on V (A): 


CY e(A, x; Qo) 
(A — e1)(A — e) (Aà + ei) A + e) , X; Qo). 


(d"e(A, +5 Qo) E) = 


To compute 0” K o, (x), we need the values of K o, only at vertices v € V(A) with 
D(v, x) < n/2. For these points, 


0 
Ko (v) 22 J e(A, v; Oo)da 


(v— Qo)oo 


by the formula in Proposition 3.9. If D(x, Qo) is sufficiently large, then we can 
choose e € (ei, e?, —e;, —e5) such that D(ke, x) > n/2 for all positive integers k. 
So if D(v, x) < n/2 and D(x, Qo) is sufficiently large, then e(-, v; Qo) does not 
have the pole e. Since +e), ce» are the only possible poles, it follows that there are 
no poles in the convex hull of all the rays (—(v — Qo)oo, 0] for the vertices v with 
D(v, x) € n/2. By residue theorem, we can use the same path of integration for all 
relevant values of Kg, and get 
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0 
0” Kg,.(x) = 2 J (d"e(A, 5 Qo) )(x)dr. 
-(x- Quyoo 


Now, we follow the proof of Theorem 3.10(1). Again, the claim is invariant under 
rotation of the complex plane, so we may assume (x — Qo) > 0. 

Let E; := max (leil, |e2|} and Eo := min lei], |e2|}. For |x — Qo| > 1 large 
enough, we split the integration into the three parts along (—oo, —E,./|x — Qoll, 

Eix — Qol, — Ei/ 1x — Qol], and [—E1/V]x — Qol, 01. 

By Lemma 3.6(iv), the contribution of à € [- Ei /|x — Qol, — E1/4/|x — Qoll 


decays faster to zero than any power of x — Qoas|x| — oo. By Lemma 3.6(1) and (ii), 
we know that D(x, Qo) = Q(x — Qo) and J (x, Qo) = 2(x — Qo). Furthermore, 
the choice of (x — Qo) > 0 implies that Re(J (x, Qo)) = 2 (x — Qo) stays positive 
as |x| — oo. 

Let A € [- E£i1/4A/|x — Qol], 0]. Then, A — 0 as |x| — oo, and repeated use of the 
second and third equation in Lemma 3.5(1) gives that (0"e(A, -; Qo)) (x) equals 


t'G. Qo) 


(eee Q9" exp CAJ (Œ, Q9) (1+ 005) + Olx = QolA)). 


With a similar argument as in the proof of Theorem 3.10(1), the integral near the 
origin behaves for |x| — oo as 


(C- D'ntz'(x, Qo) 
(e162J (x, Qo))"*! 


+ O(Ix — Qo| "). 


Now, let à € (—oo, — Ey |x — Qol]. For |x| — œ, à — —oo, and repeated use 
of the second and third equation in Lemma 3.5(ii) implies that (0"e(A, -; Qo))(x) 
equals 


OLYA exp (ER 7 on) (1 + OAD ais O(\x Z Qola 7) . 


Using the result of above, we get for the integral near minus infinity for |x| — oo: 


—-EiIx- Qol 
(8"eQ., +5 Qo))(x)da 


—E,/|x—Qol 5 
= f (2) X exp (mm - 22) (1-00) + Ox — QI) da 
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0 
=2 J (22)” exp (2A(x — Qo)) (1 + 02) + O(|x — Qo|A°)) dx 
—1/(E:V/1x— Qo) 
_ (—1)"n! o —n-3 
= @— Qu + O(Ix — Qol ). 


Summing up the contributions of the three ranges gives 


(—1)" 1 t'(x, Qo) 
Ə” K — 
9,0) = Coot * UG. QUee 
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+ O(Ix — Qo| "). 


n! 


Appendix: Planar Parallelogram-Graphs 


The aim of this appendix is to discuss some combinatorial and geometric properties 
of parallelogram-graphs that were used in Sect. 3. The following notion of a strip is 
standard, see for example the book [3]. 


Definition A strip in a planar quad-graph A is a path on its dual such that two 
successive faces share an edge and the strip leaves a face in the opposite edge where 
it enters it. Moreover, strips are assumed to have maximal length, i.e., there are no 
strips containing it apart from itself. 


Note that a strip is uniquely determined by the edges it passes through, meaning 
the edges two successive faces share. 


Definition For a strip S of a parallelogram-graph A, there exists a complex vector 
as such that any (nonoriented) edge through which S passes is tas. We call as a 
common parallel. 


as is unique up to sign; the choice of the sign induces an orientation on all edges. 
The parallel edges ofthe strip can be rescaled to length |as| = 1, without changing the 
combinatorics. Hence, rhombic planar quad-graphs and planar parallelogram-graphs 
are combinatorially equivalent. Rhombic planar quad-graphs are characterized by the 
following proposition of Kenyon and Schlenker [17]: 
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Proposition 4.1 A planar quad-graph A admits a combinatorially equivalent 
embedding in C with all rhombic faces if and only if the following two conditions 
are satisfied: 


e No strip crosses itself or is periodic. 
e Two distinct strips cross each other at most once. 


Remark Let us prove the simpler claim that planar parallelogram-graphs fulfill these 
two conditions as was already noted by Kenyon in [16]. The underlying reason is 
that any strip S is monotone with respect to the direction ias: The coordinates of 
the endpoints of the edges parallel to as are strictly increasing or strictly decreasing 
if they are projected to ias. Whether the projections are decreasing or increasing 
depends on the direction in which the faces of S are passed through. Without loss 
of generality, we assume that the faces of S are passed through in such a way that 
the projections of the corresponding coordinates are strictly increasing. For Q € S, 
let S? denote the semi-infinite part of S starting in the quadrilateral Q that passes 
through the faces of S in the same order. 

As à consequence, no strip crosses itself or is periodic. Furthermore, S divides 
the complex plane into two unbounded regions, to one is as pointing and to the other 
—as. When a distinct strip S’ crosses S, it enters a different region determined by S, 
say it goes to the one to which a; is pointing. Due to monotonicity, the angle between 
ids and ag is less than 7/2. It follows that S’ cannot cross S another time, since it 
would then go to the region —as is pointing to, contradicting that the angle between 
ias and —as is greater and not less than 7/2. 


In order to give explicit formulae for the discrete Green's function and the discrete 
Cauchy's kernels in Sects. 3.3 and 3.4, we chose a particular directed path connecting 
two vertices (or a face and a vertex) by edges of the parallelogram-graph A. This 
path was monotone in one direction. The existence of such a path follows from the 
following lemma, generalizing a result of [2] to general parallelogram-graphs. The 
proof bases on the same ideas. 


Lemma 4.2 Let A be a parallelogram-graph and let vy € V(A) be fixed. For a 
directed edge e of A starting in vo, consider the subgraph U, C A that consists of 
all vertices and edges of directed paths on A starting in vo whose oriented edges 
have arguments that can be chosen to lie in [arg(e), arg(e) + 7). 

Then, the union of all U,, e a directed edge starting in vo, covers the whole quad- 
graph. If there is a constant œo > O0 such that a > ao for all interior angles a of 
faces of A, then the same statement holds true if [arg(e), arg(e) + 7) is replaced by 
[arg(e), arg(e) + — o]. 


Proof Let us rescale the edges such that all of them have length one. By this, we 
change neither the combinatorics of A nor the size of interior angles. 

For a directed edge e starting in vo, let U7 and U7 denote the (directed) paths 
on A starting in vo, obtained by choosing the directed edge with the least or largest 
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argument in [arg(e), arg(e) + x) (or [arg(e), arg(e) + z — ao]) at a vertex, respec- 
tively. We first show that all vertices in between U; and U7 are contained in V (U,). 
Then, it follows that U, is the conical sector with boundary U; and Už. 

Suppose the contrary, i.e., suppose that there is a vertex v between U; and U7 to 
which vo cannot be connected by a directed path of edges whose arguments lie all in 
the interval [arg(e), arg(e) + x) (or [arg(e), arg(e) + zx — ao]). Let the combinato- 
rial distance between vo and v be minimal among all such vertices. 

In the case that interior angles of rhombi are bounded by o from below, they 
are bounded from above by zr — ao. Hence, there is a vertex v' adjacent to v such 
that the argument of the directed edge v'v lies in [arg(e), arg(e) + z — ao]. Even if 
interior angles are not uniformly bounded, v' can be chosen in such a way that the 
argument of v'y lies in [arg(e), arg(e) + 2). By construction, v’ is not in V (U,), but 
still between U; and U;. Let us look at the strip S passing through v’v. Suppose 
that the common parallel as points from v’ to v. 

If S intersects U; or U7, then an edge parallel to as is contained in U; or UJ, 
respectively. By construction, vo and v' then lie on the same side of the strip S. 

If S does neither intersect U; nor U}, then it is completely contained in the left 
half space determined by the oriented line vo + te, t € R, as U; and UJ are. Suppose 
S intersects the ray vo + tas, t > 0. Again, it follows that vo and v' lie on the same 
side of S. 

It remains the case that S neither intersects U; , U, e , hor the ray vo + tas, t > 0. 
Consider the quadrilateral area R in between the parallels vo + tas, v' + tas and 
vo + te, v + te, t € IR. By assumption, the semi-infinite part of S that starts with the 
edge v'v and then goes into R does not intersect an edge of R incident to vo, and by 
monotonicity, it does not intersect v' + tas again. Now, A is locally finite, such that 
only finitely many quadrilaterals of S are inside P. Thus, S leaves P on the edge 
v' + te, t € R, and it follows that S separates vo and v. 

So in any case, S separates vo from v. Any shortest path P connecting both points 
has to pass through S. Let w be the first point of P that lies on the same side of S as 
v does. Any strip passing through an edge on the shortest path connecting w and v 
on S has to intersect P as well. It follows that replacing all edges of P on the same 
side of S as v by the path from w to v does not change its length. But then, v' is 
combinatorially nearer to vo than v, contradiction. 

Finally, we can cyclically order the directed edges starting in vo according to their 
slopes. Then, the sectors U, are interlaced, 1.e., U, contains both LU and U - where 
e_, €, €, are consecutive according to the cyclic order. As a consequence, the union 
of all these U, covers the whole A. 


To perform our computations in Sects. 3.3 and 3.4, we needed not only that the 
interior angles were bounded, but also that the side lengths were bounded. We can 
relax the latter condition to boundedness of the ratio of side lengths. 


Proposition 4.3 Let A be a parallelogram-graph and assume that there are con- 
stants œo, qo > 0 such that a > ao and e/e' > qo for all interior angles a and two 
side lengths e, e' of any parallelogram of A. Then, E; > e > Eo for all edge lengths 
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e, where Eo := eogy’ and E; := eiga” with N := [|27/ao9|/2] and ei È eo being 
the side lengths of an arbitrary parallelogram of A. 


Proof Let Q' € V(O) be fixed with edge lengths ei > eg and let Q € V(Q) be 
another parallelogram with center x. In the following, we construct a sequence of 
n strips such that any two consecutive strips are crossing each other, the first one 
contains Q’, the last one contains Q, and n < N. Then, it follows that the side lengths 
of Q are bounded by E, and Ej. 

Let So be a strip containing Q’. If Q € So, we are done. Otherwise, we choose 
the common parallel as, in such a way that x lies in the region —as, is pointing to. 
Let f :— arg(as,). Since So is monotone in the direction ias, and interior angles are 
uniformly bounded, the ray x + tas,, t > O, intersects S in exactly one line segment. 
Let yo be the first intersection point and Qo a quadrilateral of S containing yo. 

Because A is locally finite, the line segment connecting x and yo intersects only 
finitely many parallelograms. Through any such parallelogram at most two strips are 
passing. Thus, only a finite number of strips intersect this line segment. Therefore, 
we can choose a strip 5, intersecting se in a parallelogram Qo,; such that Sı does 
not contain Q and does not intersect the line segment connecting x and yo. Moreover, 
we require that Q' ¢ ge . Now, choose the common parallel as, of 5; in such a way 


that there is an argument £, of as, that satisfies zt + Bo > 1 > fo. By construction, 


x lies in the region —ds, is pointing to. Note that S 2 *! cannot cross So a second time. 


Suppose we have already constructed the strip Są with common parallel as, and 
argument fz, k > 0, and x lies in the region —as, is pointing to. S; shall not intersect 
the line segments connecting x and yo or connecting x and y;..;. Moreover, assume 
that the semi-infinite part s? tb starting in the intersection Qx_1,, Of S, with Sk—1 
does not cross So. 

Let y, be the first intersection of the ray x + tas,, t > 0, with a quadrilateral Q% 
of the strip S. By the same arguments as above, there exists a strip Sz+1ı intersect- 
ing geo N SE" that does not contain Q and does not intersect the line segments 
connecting x and yo or x and yg. Choose its common parallel as,,, in such a way 
that it has an argument 6;+, that satisfies 7 + By > Bei1 > By. By construction, x 
lies in the region —as,,, is pointing to. If the semi-infinite part Sj 1^ starting in the 
intersection Qk x41 with S, does not cross So, then we continue this procedure. For 
a schematic picture of the proof, see Fig. 7. 

After at most l :— [27:/o9] steps, we end up with a strip S; such that gre 
intersects So. Indeed, let us suppose the contrary, that is, let us suppose that all 
S dat TE su do not cross So. 

By assumption, f, + zt — ao > Beri > Be + oo. It follows that the first j such 
that £; is greater or equal than Bp + 27 satisfies j < [27/a]. In addition, we have 
Bj < fo 4- 31 — on. 

By construction, S; does not intersect the line segment connecting x and y;. i. 
Moreover, s” =} cannot cross S j-1 a second time. It follows that id cannot 
intersect the ray x + fag, ,,t > 0. 
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Fig.7 Schematic picture of the proof of Proposition 4.3 


Also, vd ^! does neither cross So nor does it intersect the line segment connecting 


x and yo, so it does not intersect the ray x + tas,, t > 0. Thus, gore is contained in 
the cone with tip x spanned by as, , and as, (with angle less than zr). This contradicts 


the monotonicity of E => into the direction i as), because the ray x + tas,,t > 0, 
is not contained in the interior of the cone above. 

In summary, we found a cycle of m strips So, $1, ..., Sm—1 surrounding x, where 
m < |2z/ao| + 1. Actually, m < |27/ao], because the as, are cyclically ordered. 
Since only finitely many strips intersect the strip So in between Q’ and Qoi, we can 
assume that Q' is contained in gm 

These m strips determine a bounded region x is contained in. If Q' Æ Q,. 10. 
then we look at the semi-infinite part of the strip So different from So that passes 
through Q' and goes into the interior of the bounded region above. It has to intersect 
one of the strips $1,..., Sm—1, say Sy. Then, So, ..., Sk, So Or So. Sk, Sm 1, 90 
determine a bounded region x is contained in (Q may be an element of So). Clearly, 
they are at most |27 /æo] such strips, and Q’ lies on an intersection. 

IfOé£é So, then a strip $9 containing Q has to cross two different strips of the 
cycle due to local finiteness. In the same way as above, we can find a cycle of at 


most m’ < |2/ao] strips So, Sj, ..., $;, , such that Q lies on one of the strips, 
say S;, and the intersection of Sọ and S,, , is Q’. Ifk < [m'/2], then we choose the 
sequence of strips Sj, $;,..., S;; otherwise, we take S’,,_,, S’,,_5,..., S,. Any two 


consecutive strips are crossing each other, Q' is on the first strip, Q on the last one, 
and there are at most [|27 /æo]/2] of them. 


Remark In general, the bound [ [27/00] /2] in the proof is optimal. Indeed, consider 
n rays emanating from O such that the angle between any two neighboring rays is 
27 / n. In each of the n segments, choose the quad-graph combinatorially equivalent 
to the positive octant of the integer lattice that is spanned by two consecutive rays. 
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For example, if n = 4, we obtain Z?. Then, any strip passes through exactly two 
adjacent segments, and [n/2] is the optimal bound. 


Open Access This chapter is distributed under the terms of the Creative Commons Attribution- 
Noncommercial 2.5 License (http://creativecommons.org/licenses/by-nc/2.5/) which permits any 
noncommercial use, distribution, and reproduction in any medium, provided the original author(s) 
and source are credited. 

The images or other third party material in this chapter are included in the work's Creative 
Commons license, unless indicated otherwise in the credit line; if such material is not included 
in the work's Creative Commons license and the respective action is not permitted by statutory 
regulation, users will need to obtain permission from the license holder to duplicate, adapt or 
reproduce the material. 


References 


1. Bobenko, A., Günther, F.: Discrete Riemann surfaces based on quadrilateral cellular decom- 
positions (2015). Preprint arXiv:1511.00652 
2. Bobenko, A., Mercat, C., Suris, Y.: Linear and nonlinear theories of discrete analytic functions. 
Integrable structure and isomonodromic Green's function. J. Reine Angew. Math. 583, 117-161 
(2005) 
3. Bobenko, A., Suris, Y.: Discrete differential geometry: integrable structure. In: Graduate Studies 
in Mathematics, vol. 98. AMS, Providence (2008) 
4. Brooks, R., Smith, C., Stone, A., Tutte, W.: The dissection of rectangles into squares. Duke 
Math. J. 7(1), 312-340 (1940) 
5. Bücking, U.: Approximation of conformal mappings by circle patterns. Geom. Dedicata 137, 
163-197 (2008) 
6. Chelkak, D., Smirnov, S.: Discrete complex analysis on isoradial graphs. Adv. Math. 228, 
1590-1630 (2011) 
7. Chelkak, D., Smirnov, S.: Universality in the 2D Ising model and conformal invariance of 
fermionic observables. Invent. Math. 189(3), 515—580 (2012) 
8. Courant, R., Friedrichs, K., Lewy, H.: Über diepartiellen Differenzengleichungen der mathe- 
matischen Physik. Math. Ann. 100, 32-74 (1928) 
9. Duffin, R.: Basic properties of discrete analytic functions. Duke Math. J. 23(2), 335—363 (1956) 
10. Duffin, R.: Potential theory on a rhombic lattice. J. Comb. Th. 5, 258-272 (1968) 
11. Dynnikov, I., Novikov, S.: Geometry of the triangle equation on two-manifolds. Moscow Math. 
J. 3(2), 419—482 (2003) 
12. Ferrand, J.: Fonctions préharmoniques et fonctions préholomorphes. Bull. Sci. Math. Ser. 2(68), 
152-180 (1944) 
13. Günther, F.: Discrete Riemann surfaces and integrable systems. Ph.D. thesis, Technische Uni- 
versitüt Berlin (2014). http://opus4.kobv.de/opus4-tuberlin/files/5659/guenther_felix.pdf 
14. Isaacs, R.: A finite difference function theory. Univ. Nac. Tucumán. Rev. A 2, 177—201 (1941) 
15. Kenyon, R.: Conformal invariance of domino tiling. Ann. Prob. 28(2), 759—795 (2002) 
16. Kenyon, R.: The Laplacian and Dirac operators on critical planar graphs. Invent. Math. 150, 
409—439 (2002) 
17. Kenyon, R., Schlenker, J.M.: Rhombic embeddings of planar quad-graphs. Trans. Amer. Math. 
Soc. 357(9), 3443-3458 (2005) 
18. Lelong-Ferrand, J.: Représentation conforme et transformations à intégrale de Dirichlet bornée. 
Gauthier-Villars, Paris (1955) 


132 A.I. Bobenko and F. Günther 


19. Mercat, C.: Discrete Riemann surfaces and the Ising model. Commun. Math. Phys. 218(1), 
177-216 (2001) 

20. Mercat, C.: Discrete Riemann surfaces. In: Handbook of Teichmüller theory. Vol. I, IRMA Lect. 
Math. Theor. Phys., vol. 11, pp. 541—575. Eur. Math. Soc., Zurich (2007) 

2]. Mercat, C.: Discrete complex structure on surfel surfaces. Proceedings of the 14th IAPR Inter- 
national Conference on Discrete Geometry for Computer Imagery. DGCI’08, pp. 153-164. 
Springer-Verlag, Berlin, Heidelberg (2008) 

22. Rodin, B., Sullivan, D.: The convergence of circle packings to the Riemann mapping. J. Diff. 
Geom. 26(2), 349-360 (1987) 

23. Skopenkov, M.: The boundary value problem for discrete analytic functions. Adv. Math. 240, 
61-87 (2013) 

24. Smirnov, S.: Discrete complex analysis and probability. In: Proceedings of the International 
Congress of Mathematicians 2010 (ICM 2010), vol. I: Plenary Lectures and Ceremonies, vols. 
II-IV: Invited Lectures, pp. 595-621. Hindustan Book Agency, New Delhi, India (2000) 

25. Smirnov, S.: Critical percolation in the plane: conformal invariance, Cardy's formula, scaling 
limits. C. R. Math. Acad. Sci. Paris Sér. I 333(3), 239-244 (2001) 

26. Smirnov, S.: Conformal invariance in random cluster models. I. Holomorphic fermions in the 
Ising model. Ann. Math. 172(2), 1435-1467 (2010) 

27. Whitney, H.: On products in a complex. Ann. Math. 39(2), 397—432 (1938) 


Approximation of Conformal Mappings 
Using Conformally Equivalent Triangular 
Lattices 


Ulrike Biicking 


Abstract Two triangle meshes are conformally equivalent if their edge lengths are 
related by scale factors associated to the vertices. Such a pair can be considered 
as preimage and image of a discrete conformal map. In this article we study the 
approximation of a given smooth conformal map f by such discrete conformal maps 
f^ defined on triangular lattices. In particular, let T be an infinite triangulation of 
the plane with congruent strictly acute triangles. We scale this triangular lattice by 
£ > 0 and approximate a compact subset of the domain of f with a portion of it. For 
£ small enough we prove that there exists a conformally equivalent triangle mesh 
whose scale factors are given by log | f'| on the boundary. Furthermore we show 
that the corresponding discrete conformal (piecewise linear) maps f^ converge to f 
uniformly in C! with error of order e. 


1 Introduction 


Holomorphic functions build the basis and heart of the rich theory of complex analy- 
sis. Holomorphic functions with nowhere vanishing derivative, also called conformal 
maps, have the property to preserve angles. Thus they may be characterized by the 
fact that they are infinitesimal scale-rotations. 

In the discrete theory, the idea of characterizing conformal maps as local scale- 
rotations may be translated into different concepts. Here we consider the discretiza- 
tion coming from a metric viewpoint: Infinitesimally, lengths are scaled by a factor, 
i.e. by | f'(z)| for a conformal function f on D C C. More generally, on a smooth 
manifold two Riemannian metrics g and g are conformally equivalent if g = e?" g 
for some smooth function u. 
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(a) (b) 


Fig. 1 Lattice triangulation of the plane with congruent triangles. a Example of a triangular lattice. 
b Acute angled triangle. 


The smooth complex domain (or manifold) is replaced in this discrete setting by 
a triangulation of a connected subset of the plane C (or a triangulated piecewise 
Euclidean manifold). 


1.1 Convergence for Discrete Conformal PL-Maps 
on Triangular Lattices 


In this article we focus on the case where the triangulation is a (part of a) triangular 
lattice. In particular, let T be a lattice triangulation of the whole complex plane C with 
congruent triangles, see Fig. la. The sets of vertices and edges of T are denoted by V 
and E respectively. Edges will often be written as e = [v;, vj] € E, where vj, vj € 
V are its incident vertices. For triangular faces we use the notation A[v;, vj, vy] 
enumerating the incident vertices with respect to the orientation (counterclockwise) 
of C. 

On a subcomplex of T we now define a discrete conformal mapping. The main 
idea is to change the lengths of the edges of the triangulation according to scale 
factors at the vertices. The new triangles are then 'glued together' to result in a 
piecewise linear map, see Fig.2 for an illustration. More precisely, we have 


Definition 1.1 A discrete conformal PL-mapping g is a continuous and orientation 
preserving map of a subcomplex Ts of a triangular lattice T to C which is locally 
a homeomorphism in a neighborhood of each interior point and whose restriction 
to every triangle is a linear map onto the corresponding image triangle, that is the 
mapping is piecewise linear. Furthermore, there exists a function u : Vg > R on 
the vertices, called associated scale factors, such that for all edges e = [v, w] € Es 
there holds 


Ig) — g(w)| = |v — wet Ot, d) 


where |a| denotes the modulus of a € C. 
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ge 
- pO 


Fig. 2 Example of a discrete conformal PL-map g 


Note that Eq. (1) expresses a linear relation for the logarithmic edge lengths, that is 
2log |g(v) — g(w)| = 2log |v — w| + u(v) + uw). 


In fact, the definition of a discrete conformal PL-map relies on the notion of 
discrete conformal triangle meshes. These have been studied by Luo, Gu, Sun, Wu, 
Guo [8, 9, 14], Bobenko, Pinkall, and Springborn [1] and others. 

As possible application, discrete conformal PL-maps can be used for discrete 
uniformization. The simplest case is a discrete Riemann mapping theorem, i.e. the 
problem of finding a discrete conformal mapping of a simply connected domain onto 
the unit disc. Similarly, we may consider a related Dirichlet problem. Given some 
function ua on the boundary of a subcomplex Ts, find a discrete conformal PL-map 
whose associated scale factors agree on the boundary with ua. For such a Dirichlet 
problem (with assumptions on ua and Ts) we will prove existence as part of our 
convergence theorem. 

In this article we present a first answer to the following problem: Given a smooth 
conformal map, find a sequence of discrete conformal PL-maps which approximate 
the given map. We study this problem on triangular lattices T with acute angles and 
always assume for simplicity that the origin is a vertex. Denote by eT the lattice T 
scaled by € > 0. Using the values of log | f'|, we obtain a discrete conformal PL-map 
f^ on a subcomplex of £T from a boundary value problem for the associated scale 
factors. More precisely, we prove the following approximation result. 


Theorem 1.2 Let f : D — C bea conformal map (i.e. holomorphic with f' 4 0). 
Let K C D be a compact set which is the closure of its simply connected interior 
int (K) and assume that 0 € int (K). Let T be a triangular lattice with strictly acute 
angles. For each ¢ > 0 let Tg be a subcomplex of £T whose support is contained 
in K and is homeomorphic to a closed disc. We further assume that 0 is an interior 
vertex of Te. Let eg = [0, to] € EX be one of its incident edges. 
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Then if € > 0 is small enough (depending on K, f, and T ) there exists a unique 
discrete conformal PL-map f* on Tg which satisfies the following two conditions: 


e The associated scale factors u° : Vz — R satisfy 
u*(v) 2log|f'(v)| for all boundary vertices v of Vg. (2) 
e The discrete conformal PL-map is normalized according to f*(0) = f(0) and 


arg(f* (ĉo) — f*(0)) = arg(9o) + argC/^ (2)) (mod 27). 


Furthermore, the following estimates for u* and f* hold for all vertices v € Vz and 
points x in the support of Tg. respectively with constants C1, C2, C3 depending only 
on K, f, and T, but not on v or x: 


(i) The scale factors u* approximate log | f'| uniformly with error of order &': 
|^) — log | I| < Cie’. (3) 


(ii) The discrete conformal PL-mappings f^ converge to f for e — 0 uniformly 
with error of order £: 


If? œ — f| € Cre. 


(üi) The derivatives of f* (in the interior of the triangles) converge to f' uniformly 
for e — O with error of order €: 


9.f'Q) - f'eG)| < Ce and |8:f*QX)| < Cre 


for all points x in the interior of a triangle A of Te. Here 0, and 0; denote the 
Wirtinger derivatives applied to the linear maps f*|A. 


Note that the subcomplexes T£ may be chosen such that they approximate the 
compact set K. Further notice that (3) implies that u^ converges to log | "| in C! 
with error of order e, in the sense that also 


ut() tQ) v (oe + 2/2) p 
€ f'(v--w)2)/|- 


on edges [v, w] uniformly for some constant Č. 

The proof of Theorem 1.2 is given in Sect. 4. The arguments are based on estimates 
derived in Sect. 3. 

The problem of actually computing the scale factors u for given boundary values 
ua such that u gives rise to a discrete conformal PL-map (in case it exists) can be 
solved using a variational principle, see [1, 20]. Our proof relies on investigations 
using the corresponding convex functional, see Theorem 2.2 in Sect. 2. 
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Remark 1.3 The convergence result of Theorem 1.2 also remains true if linear inter- 
polation is replaced with the piecewise projective interpolation schemes described 
in [1, 3], i.e., circumcircle preserving, angle bisector preserving and, generally, 
exponent-t-center preserving for all t € IR. The proof is the same with only small 
adaptations. This is due to the fact that the image of the vertices is the same for 
all these interpolation schemes and these image points converge uniformly to the 
corresponding image points under f with error of order £. The estimates for the 
derivatives similarly follow from Theorem 1.2(i). 


1.2 Other Convergence Results for Discrete Conformal Maps 


Smooth conformal maps can be characterized in various ways. This leads to different 
notions of discrete conformality. Convergence issues have already been studied for 
some of these discrete analogs. We only give a very short overview and cite some 
results of a growing literature. 

In particular, linear definitions can be derived as discrete versions of the Cauchy- 
Riemann equations and have a long and still developing history. Connections of such 
discrete mappings to smooth conformal functions have been studied for example 
in [2, 6, 7, 13, 16, 19, 22]. 

The idea of characterizing conformal maps as local scale-rotations has lead to the 
consideration of circle packings, more precisely to investigations on circle packings 
with the same (given) combinatorics of the tangency graph. Thurston [21] first con- 
jectured the convergence of circle packings to the Riemann map, which was then 
proven by [10, 11, 17]. 

The theory of circle patterns generalizes the case of circle packings. Also, there 
is a link to integrable structures via isoradial circle patterns. The approximation of 
conformal maps using circle patterns has been studied in [4, 5, 12, 15, 18]. 

The approach taken in this article constructs discrete conformal maps from given 
boundary values. Our approximation results and some ideas of the proof are therefore 
similar to those in [4, 5, 18] for circle patterns which also rely on boundary value 
problems. 


2 Some Characterizations of Associated Scale Factors 
of Discrete Conformal PL-Maps 


Consider a subcomplex Ts of a triangular lattice T and an arbitrary function u : 
Vs — R. Assign new lengths to the edges according to (1) by 


I([v, w]) = |v — w|e ^r /2 a 
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In order to obtain new triangles with these lengths (and ultimately a discrete con- 
formal PL-map) the triangle inequalities need to hold for the edge lengths / on each 
triangle. If we assume this, we can embed the new triangles (respecting orientation) 
and immerse sequences of triangles with edge lengths given by / as in (4). In order 
to obtain a discrete conformal PL-map, in particular a local homeomorphism, the 
interior angles of the triangles need to sum up to 27 at each interior vertex. The angle 
at a vertex of a triangle with given side lengths can be calculated. With the notation 
of Fig. 1b we have the half-angle formula 


ites 


[pres 


a = 
tan ( j= = 
(b -- c — a)(a -- b -- c) 


The last expression emphasizes the fact that the angle does not depend on the scaling 
of the triangle. Careful considerations of this angle function depending on (scaled) 
side lengths of the triangle form the basis for our proof. In particular, we define the 
function 


l= (e7*/2 = e-»/22 


(e 7/2 + e-¥/2)2 — 1° (8) 


0(x, y) i= zarean | 
so (5) can be written as 
b c , 
a —60(x,y) with —-—e? and £ = e^, 
a a 


Summing up, we have the following characterization of scale factors associated 
to discrete conformal PL-maps. 


Proposition 2.1 Let Ts be a subcomplex of a triangular lattice T and u : Vs > R 
a function satisfying the following two conditions. 


(i) For every triangle A[vi, v2, v3] of Ts the triangle inequalities for | defined by (4) 
hold, in particular 


(u(vi)-u(vj))/2 (uv; )--u (vk ))/2 


lv; — vjle < |v; — ule + [vj — velet ODD (7) 
for all permutations (ijk) of (123). 

(ii) For every interior vertex vo with neighbors vi, V2, ..., Ve, Uet1 = V1 in cyclic 
order we have 


k 
$1600. vj, vj 41) (vj 41) — ulo), Awo, Vj 41, vj) + uvj) — u(v)) = 27. 


j=l 
(8) 
where X(v,, Vp, v.) = 2 log(|vp — v.|/|v, — vol) for a triangle A[ va, Vp, Vel. 
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Then there is a discrete conformal PL-map (unique up to post-composition with 
Euclidean motions) such that its associated scale factors are the given function 
u: Vs R. 

Conversely, given a discrete conformal PL-map on a subcomplex Ts ofa triangular 
lattice T, its associated scale factors u : Vs — R satisfy conditions (i) and (ii). 


In order to obtain discrete conformal PL-maps from a given smooth conformal 
map we will consider a Dirichlet problem for the associated scale factors. Therefore 
we will apply a theorem from [1] which characterizes the scale factors u for given 
boundary values using a variational principle for a functional E defined in [1, Sect. 4]. 
Note that we will not need the exact expression for E but only the formula for its 
partial derivatives. In fact, the vanishing of these derivatives is equivalent to the 
necessary condition (8) for the scale factors to correspond to a discrete conformal 
PL-map. 


Theorem 2.2 ([1]) Let Ts be a subcomplex of a triangular lattice and let ua : V} > 
R be a function on the boundary vertices V3 of Ts. Then the solution u (if it exists) 
of Eq. (8) at all interior vertices with u|y, = ua is the unique argmin of a locally 
strictly convex functional E(u) = Er,(u) which is defined for functions u : V > R 
satisfying the inequalities (7). 

The partial derivative of E with respect to u; = u(v;) at an interior vertex vj € Vint 
with k neighbors vj,, Viz, .. ., Vi, Viz, = Vi in cyclic order is 


dE - lii; lii; 
a 00 22 - >) A 2log so) + ui — wi, 2log (77 Jua — ui), 
i j=l Lip hij 
(9) 


where lj, = |v; — vgl. 
By Proposition 2.1 such a solution à are then scale factors associated to a discrete 
conformal PL-map. 


Remark 2.3 The functional E can be extended to a convex continuously differen- 
tiable function on R”, see [1] for details. 


3 Taylor Expansions 


We now examine the effect when we take u = log | f'| as ‘scale factors’, i.e. for each 
triangle we multiply the length |v — w| of an edge [v, w] by the geometric mean 
VIJ Q) f’(w)| of | f’| at the vertices. The proof of Theorem 1.2 is based on the idea 
that u = log | f’| almost satisfies the conditions for being the associated scale factors 
of an discrete conformal PL-map, that is conditions (i) and (ii) of Proposition 2.1, 
and therefore is close to the exact solution uf. 
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To be precise, suppose that eT is the equilateral triangulation of the plane. Assume 
without loss of generality that the edge lengths equal Be > 0 and edges are parallel 


to e/7/5 for j = 0, 1, ..., 5. Let the conformal function f, the compact set K, and 
the subcomplexes T (with vertices Vý and edges E) be given as in Theorem 1.2. 
Let vy € Vg int bean inferior vertex. Here and below Ve int denotes the set of interior 


vertices having six neighbors in Vz. Denote the neighbors of vo by v; = v teS— a = 
and consider the triangle A; = 2 Abus vj, Uj41] for some j € (0, 1,...,5]. Taking 
u = log | f'|, we obtain di lengths of a new triangle Aj, ie. saisie (7), if € is 
small enough. Then the angle in A j at the image vertex of vo is given by 


int 


Mae GDF 


2 )| — log f' (vo)D) 


-)| — log |f" (vo). log |f/(vo + € 


Bet 
6 (log | f’ (vo +e 2 


according to (6). Summing up these angles—that is inserting log | f’| into (8) instead 


of u at an interior vertex vo € Vx ;,,—Wwe obtain the function 


Ay (€) = 


ijj$ ae Ut D$ 
)| — log | f’(vo)|, log | f (vo + £—, —! — log | f'(vo)l) 


5 
3 
dog If (vo te MEE 


j-0 


We are interested in the Taylor expansion of Aw in e. The symmetry of the lattice 
T implies that .Y,, is an even function, so the expansion contains only even powers 
of e". Using a computer algebra program we arrive at 


Pry (e) = 27 + Cye* + 6 (79). (10) 


Here and below, the notation h(¢) = @(e") means that there is a constant @, such 
that |h(e)| < Ge” holds for all small enough £ > 0. The constant of the e*-term is 


C= An(sow() 2 


"N! n\2 
where S( f) = (£) — 1 (£) is the Schwarzian derivative of f. We will not need 
the exact form of this constant, but only the fact that it is bounded on K. 
Analogous results to (10) hold for all triangular lattices eT with edge lengths 
a^ = esing, b^ = e sin B, c^ = e sin y, also if the angles are larger than 7/2. We 
assume without loss of generality the edge directions being parallel to 1, e'* and 


e/**P. Arguing as above, we consider the function 
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A sino f! (vo + esin B) sino 
Syl) = (21 -1 21 T 
vo (€) (2 log iny og| fü |, 2log sin B og | fao D 
0(21og sing log f'(vo dee el) i 2log sing + log | f'(vo + e singe) 
Se f' (vo) sin y f'(v9) 
' (ug + € Si i(a+f) ; Wri — wes 
6 log sin lop f'(vo + esing e ) 2log SI i jon (vo esin p) 
sin B f'(vo) sin f'(vo) 
0 (2log ia log f'(vo - e sin B) | 2log sino ! tog) £0 = sin y e/*) 
si f' (vo) sin f f'(vo)l 
i ‘(vg — esin y e/^ i vo — esin g ei @+8) 
A(2 log me log f (vo iid. n 2log sing l iog? (vo Esi wp ) 
SUTO f'(vo) sin y f'(v) 
i (ug — esing el @+8) l j 
6 (21og xs log f'(v9 — €sinae ) ig sin y logi (o + esin 6) y 
sin B f'(vg) sino f'(v9) 


Again, -%,, is an even function. Using a computer algebra program we arrive at 


S^ (e) = 27 + Cyst + 6 (79), 


with corresponding constant 


sin a sin f sin YR 


Cu =- i 


where c(a, B, y) = cos B sin? B + cos y sin? ye 


e(suoo(£ 
ny 2 
*c(a, p, »( (£) ( 


) (vo) 


(41) 


?i* 4 cosa sin? ae 


^) 1 (£ 
T 3X 


2i(a+B) 


))) 


Our key observation is that we can control the sign of the © (&^)-term in (10) if we 
replace log | f’(x)| by log | f’(x)| + ae?|x|*, where a € R is some suitable constant. 


In particular, for positive constants M 


“=log|f’|+q"= | with? 


“(v) = $ 


, C7 consider the functions 


be*(M=—C 


Here and below 9 Vg denotes the set of boundary vertices of Vz. 


lv?) forve Vg 
for v e ƏV. 


int? 


Then we obtain for equilateral triangulations with edge length wg the following 
Taylor expansion for all interior vertices vo € Vg in, whose neighbors are also in 


Vex int 
5 
3... B nne 
Yow! e ert) — w (vo), w (oy tees) — 
j=0 
3V3 _ a: 
=2n + (Cy, F 3V3 ose + 6(e)). 


2 


w™ (vo)) 


(12) 
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Fig. 3 Two adjacent 
triangles of the triangular 
lattice eT and orthogonal 
edges e € (e E) (solid) and 
e* € (&E*) (dashed) 


Again, analogous results hold for all regular triangular lattices, where the corre- 
sponding 6 (&^)-term then is 


C, F Asina sin B sin y C^. 


For interior vertices vo € Vr imn which are incident to k boundary vertices we 
obtain instead of the right-hand side of (12): 


3 
Qn ra — C*|up|*)e* + Olet). 


For general triangular lattices we get for every edge e = [vo, vj] which is incident 
to a boundary vertex v; € Vk aterm -(M~ — C |vo[?) cos pe sin pee? where ge is 
the angle opposite to the edge e, see Fig.3. 

The following lemma summarizes the main properties of w^ which follow from 
the definition of w- together with the preceding estimates. 


Lemma 3.1 w- satisfies the boundary condition w^ |ay; = log | f '| oss 
K 


Furthermore, C^ > 0and M^ > Ocan be chosen such that for all e small enough 
and all vo € Ve i: 
(i) q*(vo) > 0 and q7 (vo) < 0 
(ii) If v1, v2, ..., v6, v; = v denote the chain of neighboring vertices of vo in 
cyclic order and X(v,, Vp, Ve) = 2 log(|vp — Vel/|Va — vol) for any triangle 
A[va, Vp, Uc], we have 


6 
590, vj41, vj) + w* (vj) — wt (vo), A(vo, vj, Vj41) + w* (Vj41) — w* (vo)) < 27, 
j=l 


6 
SoA, Vj+1,0j) tw (vj) — w (vo), A(vo, vj, vj+1) + w~ (vj+1)— W (vo)) > 2x 
j=l 
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The choices of C^ and M^ only depend on f (and its derivatives), K, and on the 
angles of the triangular lattice T. 


In analogy to the continuous case we interpret Eq. (8) as a non-linear Laplace 
equation for u. In this spirit w* may be taken as superharmonic function and w~ as 
subharmonic function. 


4 Existence of Discrete Conformal PL-Maps and Estimates 


The functions w- have been introduced in order to ‘catch’ the solution u in the 
following compact set: 


W° ={u: Vg > R|u(v) = log|f'(v)| for all v € 3 Vg, 
w (v) < u(v) € w* (v) for all v € Vg int 


Note that W* is a n-dimensional interval in R” for n = |V£| = number of vertices, 
if we identify a function u : V — R with the vector of its values u(v;). Also, for 
neighboring vertices v; ~ v; andu € W° we have u(v;) — u(vi) = Oe). Therefore, 
u € W° satisfies the triangle inequalities (7) if e is small enough. 

Our aim is to show that for £ small enough there exists a function u^ satisfying 
conditions (i) and (ii) of Proposition 2.1 and u° (v) = log | f’(v)| for all boundary ver- 
tices v € ð Vg. This function then defines a discrete conformal PL-map f° (uniquely 
if we use the normalization of Theorem 1.2). 


Theorem 4.1 Assume that all angles of the triangular lattice T are strictly smaller 
than x /2. There is an £y > 0 (depending on f, K and the triangulation parameters) 
such that for all 0 < € < & the minimum of the functional E (see Theorem 2.2) with 
boundary conditions (2) is attained in W*. 


Corollary 4.2 For all 0 < £ < £o there exists a discrete conformal PL-map on Ty. 
whose associated scale factors satisfy the boundary conditions (2). 


The proof of Theorem 4.1 follows from Lemma 4.4 below. It is based on Theo- 
rem 2.2 and on monotonicity estimates of the angle function 0 (x, y) defined in (6). 
It is only here where we need the assumption that all angles of the triangular lattice 
T are strictly smaller than 7/2. 


Lemma 4.3 (Monotonicity lemma) Consider the star of a vertex vo of a triangular 
lattice T and its neighboring vertices vi, ..., vg, v; = v4 in cyclic order. Denote 
Ào,k = 2log(|vz+1 — vil/|vo — vil). Assume that all triangles A(vo, vy, Vk+1) are 
strictly acute angled, i.e. all angles < m /2. 
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Then there exists no > 0, depending on the Xs, such that for all 0 € n, ... , ne 
0n; = ni < no there holds 


6 


$6024 + ne Xo + mei) 2 


6 
0 (Xo,k, À0,k41); 
k=l k=l 


and for all 0 > qi, ..., 0e, n7 = m > —No we have 


6 


S 604 + ne, Aoi e S 


6 
0 (Xo, À0,k+1)- 
=i k= 


Proof First, consider a single acute angled triangle. Observe that with the notation 
of Fig. 1b: 


op " 
— = —- CcoO 
ða a Y 
Thus, we easily deduce that 
eO log(*) + e, 2log( 5) I cot 
— og(— £, 2log(— = —coty. 
fee d |e id 


Now the claim follows by Taylor expansion. 


Lemma 4.4 There is an £y > 0 such that for all 0 < £ < £o the negative gradient 
—grad( E) on the boundary of W* points into the interior of W*. 


Proof For notational simplicity, set ug = u (vg), wj = w^ (v) for vertices v, € Ve 
and a,b,c = 2 log(|vp — v.|/|va — vel). 

Consider grad(E) on a boundary face wF ={[u Ee W iu = wj) of the n- 
dimensional interval W*. Let v4, ..., vg, v; = v; denote the neighbors of v; in cyclic 
order. Note that wr - w; = e?(M+ + M- — (C* + C~)|v;|*) for all vertices vj. 
As K is compact we may assume that O < £ọ is such that wt — w; <efor0 < €< &o. 


Then using the properties of wt and u we obtain from Lemmas 4.3 and 3.1 


5 


OE - 
(u) = 2n — > OA jij T uj — Ui Ajit tujti— Ui) 
Ou; = ae) a 
i =u =u; 
No — AM S —" 
&wi-w; Kw, w 


5 

> 2r - 3 604i; + wt wT, Aij j + wh w) 
j=0 

> 0. 


An analogous estimate holds for boundary faces W; . 
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We are now ready to deduce our convergence theorem. 


Proof (of Theorem 1.2) The existence part follows from Theorem 4.1. The unique- 
ness is obvious as the translational and rotational freedom of the image of f is fixed 
using values of f. 

We now deduce the remaining estimates. 
Part (i): Together with the definition of w^, Theorem 4.1 implies that for e > 0 small 
enough and all vertices v € Vg 


— &(M- — CI) 
< w (v) — log | f’(v)| < u*(v) — log|f'(v)| < w*(v) — log | f’) 
< e'(M* — C+ ivl). 


As K is compact, this implies estimate (3). 

Part (ii): Given the scale factors u^ associated to the discrete conformal PL-map 
f* on T£, we can in every image triangle determine the interior angles (using for 
example (5)). In particular, we begin by deducing from estimate (3) the change of 
these interior angles of the triangles. 

Recall that for acute angled triangles the center of the circumcircle lies in the 
interior of the triangle. Joining these centers for incident triangles leads to an embed- 
ded regular graph eT* = (eV*, &E*) which is dual to the given triangular lattice 
eT. In particular, the vertices eV* are identified with the centers of the circumcir- 
cles of the triangles of eT. Furthermore, each edge e* € (& E*) intersects exactly 
one edge e € (&E) orthogonally, so e and e* are dual, see Fig.3. Consider an 
edge e = [vi, v2] € EX with dual edge e* = [c1, c2]. Their lengths are related by 
[c2 — cı| = |v2 — vi| cot pe, where pe denotes the angle opposite to e in eT . Further- 
more we obtain 


cot ge (log |f (v2)] — log | f’(v1)|) = cot e; Re((log f’) (vi) (va — v1)) + 6(&)) 
= cot o,Im((log f^) (vi)i (v2 — vi)) + 6(&)) 
= Im((log f^'(vi)(c — e) + Oe”) 
= 2Im((log f^ (vi)(c — vi) 


+ 2Im(Qog f^) wr — 9.55) + Ce) 
= 2arg f'(c2) — 2arg f'( ate oF) + eel) 
m (13) 
= 2arg C23 — 2arg f(c) + (5, 


(14) 
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where we have chosen the notation such that (v2 — vi)i = (co — ci) tang. 

Now we estimate the change of the angles in a triangle of Tz compared with 
its image triangle under f^. Assume given a triangle A[vo, vı, v2] and denote e; = 
[vo, vi] and e? = [vo, v2]. Denote the angle at vo by 09 = 0 (4.1, À2), Where le, zog 
vo| and A; = 2log(|vi — v2|/le,,,) for j = 1, 2 and e3 = e1. Consider the Taylor 
expansion 


eju 


cot Pe cot Qe, 
Pa d B oA 


0 (A1 + x16, Ag + x2€) = 09 + &( 2 2 


We apply this estimate for the bounded terms 


y te? a u° (vo) _ log|f'(vj)| eM Cols og) 


for j = 1,2. Denote by 5 + 6o € (0, x) the angle at the image point of vo in the 
image triangle f^(A[vo, vi, v?]). Then by (13) and (14) the change of angle ô is 
given by 

, Vo + Vy 


2) — arg f'( k 


) + O(c’) (15) 


pūtu 
ô = arg C7 


This local change of angles is related to the angle y* (e) by which each edge e of Ty 
has to be rotated to obtain the corresponding image edge f*(e) (or, more precisely, a 
parallel edge). The function yf may be defined globally on E; such that in the above 
notation the change of the angle at vo is given as 6 = y*(e3) — Y° (e1) € (—7, 7). 
We fix the value of Y°, that is the rotational freedom of the image of Tg under f° at the 
edge eo according to arg f", see Theorem 1.2. Then we take shortest simple paths and 
deduce from (15) that each edge e = [vj, vj+1] € EX is rotated counterclockwise by 


E „Yj t Vj 
vO = arg f (27>) + 6€). 
This implies together with (3) that for all edges e = [vj, vj41] € Ez we have uni- 
formly 
u* (vj) + uf (vj41) 
2 


vj t Vj+ 


log f iy*(e) = O(e). (16) 


) 


Therefore the difference of the smooth and discrete conformal maps at vertices 
vo € Vý satisfies uniformly 


f (vo) — f° (vo) = O(&) 
by suitable integration along shortest simple paths from the reference point as above. 


This estimate then also holds for all points in the support of Ty and € — 0. 
Part (iii): As last step we consider the derivatives of f° restricted to a triangle. 
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Assume given a triangle A[vo, vi, v2] in Tg. As f* is piecewise linear its restric- 
tion to A = A[vo, v1, v2] is the restriction of an R-linear map L4. This map can be 
written for z € C as 


La(z) = f*(vo) +a: (z — vo) + b - (z — vo). 


where the constants a, b € C are determined from the conditions LA(v;) = f*(v;) 
for j — 0, 1, 2. Straightforward calculation gives 


dishes (f° (v2) — f*(vo)) (vi — vo) — Cf^(vi) — f*(v9)) (vo — vo) 
: (vı — vo) (v2 — vo) — (vi — vo) (vo — vo) 
Cf*(v3) — f*(v9)) (vi — vo) — (F° w) — f*(v9)) (v2 — vo) 


(v1 — vo) (v2 — vo) — (vı — vo) (v2 — vo) 


ð:La =b = 


Note that by definition of f° and y^ we know that 
f*(vj) — f° (vo) = (vj — uy)e OH OO AHH duy) 
where we use the rotation function y/* on the edges as defined in the previous part (ii) 


of the proof. Now (16) together with the above expressions of a and b immediately 
implies the desired estimates 


8.f*lA(2) = 0-La(z) = f'(z) - Ge) and 8:f*|A(z) = 8L A(z) = Ole). 


uniformly on the triangle A = A[vo, v1, v2]. Also, the constants in the estimate do 
not depend on the choice of the triangle. This finishes the proof. 


Remark 4.5 Theorem 1.2 focuses on a particular way to approximate a given con- 
formal map f by a sequence of discrete conformal PL-maps. Namely, we consider 
corresponding smooth and discrete Dirichlet boundary value problems and compare 
the solutions. There is of course a corresponding problem for Neumann boundary 
conditions, i.e. prescribing angle sums of the triangles at boundary vertices using 
arg f'. Also, there is a corresponding variational description for conformally equiv- 
alent triangle meshes or discrete conformal PL-maps in terms of angles, see [1]. But 
unfortunately, the presented methods for a convergence proof seem not to generalize 
in a straightforward manner to this case, as the order of the corresponding Taylor 
expansion is lower. 
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Numerical Methods for the Discrete Map Z^ 


Folkmar Bornemann, Alexander Its, Sheehan Olver 
and Georg Wechslberger 


Abstract As a basic example in nonlinear theories of discrete complex analysis, 
we explore various numerical methods for the accurate evaluation of the discrete 
map Z^ introduced by Agafonov and Bobenko. The methods are based either on a 
discrete Painlevé equation or on the Riemann-Hilbert method. In the latter case, the 
underlying structure of a triangular Riemann-Hilbert problem with a non-triangular 
solution requires special care in the numerical approach. Complexity and numerical 
stability are discussed, the results are illustrated by numerical examples. 


1 Introduction 


Following the famous ideas of Thurston's for a nonlinear theory of discrete com- 
plex analysis based on circle packings, Bobenko and Pinkall [5] defined a discrete 
conformal map as a complex valued function f : Z? C C — C satisfying 


(fam d fn m) fnt mat E fima) = 
(fa+1,m = fn mad) Jamel = fnm) 


(1) 
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That is, the cross ratio on each elementary quadrilateral (fundamental cell) of the lat- 
tice Z? is — 1; infinitesimally, this property characterizes conformal maps among the 
smooth ones. A discrete conformal map fn, m is called an immersion if the interiors 
of adjacent elementary quadrilaterals are disjoint. 

A central problem in discrete complex analysis is to find discrete conformal ana- 
logues of classical holomorphic functions that are immersions; simply evolving just 
the boundary values of the classical function by (1) would not work [6]. To solve this 
problem, Bobenko [3] suggested to augment (1) by another equation: using meth- 
ods from the theory of integrable systems it can be shown that the non-autonomous 
system of constraints 
afam — 2n (fa+1.m T fnm) (frm oo Sn-1.m) ES 2m fnm Exp fnm) frm a, fami) 


(fn+t.m = faim) fnm = fnm) i 
(2) 


obtained as an integrable discretization of the differential equation 


af =Xxfrt+yfy = zf. 


that would define f(z) = z^ up to scaling, is compatible with (1). Agafonov and 
Bobenko [1] proved that, for 0 < a < 2, the system (1) and (2) of recursions, 
applied to the three initial values 


fo.0 = 0, fio = 1, foa = err, (3) 


defines a unique discrete conformal map Zn = fnm that is an immersion 
[1, Theorem 1]. 

Moreover, they showed [1, Sect. 3] that this discrete conformal map Z^ deter- 
mines a circle pattern of Schramm type, i.e., an orthogonal circle pattern with the 


Fig. 1 Left Red dots are the discrete Z2? for 0 < n, m < 19; blue circles are the asymptotics 
given by (4). Right The Schramm circle pattern of the discrete Z?/? [courtesy of J. Richter-Gebert] 
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Fig. 2 Numerical discrete x (0 X n, m < 49): recursing from the initial values (3) by a 
straightforward application of the system (1) and (2) quickly develops numerical instabilities. The 
color cycles with the coordinate m 


combinatorics of the square grid, see Fig. 1. They conjectured, recently proved by 
Bobenko and Its [4] using the Riemann-Hilbert method, that asymptotically 


í a 1 
muro) € a 


with the constant Aem) 
" T$) 


(4b) 


For 0 <a < 1, as exemplified in Fig. 1, this asymptotics is already accurate to 
plotting accuracy for all but the very smallest values of n and m. If a — 2, however, 
it requires increasingly larger values of n and m to become accurate. 

In this work we study the stable and accurate numerical calculation of Z^; to 
the best of our knowledge for the first time in the literature. This is an interesting 
mathematical problem in itself, but the underlying methods should be applicable to 
a large set of similar discrete integrable systems. Now, the basic difficulty is that 
the evolution of the discrete dynamical system (1) and (2), starting from the initial 
values (3), is numerically highly unstable, see Fig. 2.! 


! AII numerical calculations are done in hardware arithmetic using double precision. 


154 F. Bornemann et al. 


The support of the stencils of (1) and (2) has the form of a square and a five-point 
cross in the lattice Z?, that is, 


f i f 1 i Jam 
Pini i dad and Juan Faim Sn+tm; 
fnm Jatim 


Fami 


with the latter reducing to be dimensional along the boundary of Z2 , namely 


Jomi 
Jom , resp. Sn-1,0 fno fno; 
So,m-1 


if n = 0 or m = 0. Thus, the forward evolution can be organized as follows. If fim 
is known for 0 < n, m < N the upper index N is increased to N + 1 according to: 


(i) use (2) to compute the boundary values fy+1,0 and fo,n+15 
(ii) use (1) to compute the row fy+1,m, 1 <S m € N; 
(iii) use (1) to compute the column f, ny), 1 & n € N; 
(iv) use (1) to compute the diagonal value fw..1, N44. 


It is this algorithm that gives the unstable calculation shown in Fig. 2. Alterna- 
tively, one could use (2) to calculate the row values fy+im, 1 < m < N — 1, and 
column values f, y.,, 1 <n € N — 1, up to the first sub- and superdiagonal (note 
that these calculations do not depend on order within the rows and columns). The 
missing values are then completed by using (1). However, this alternative forward 
evolution gives a result that is visually indistinguishable from Fig. 2. 

As can be seen from Fig.2, the numerical instability starts spreading from the 
diagonal elements f, ;. In fact, there is an initial exponential growth of numerical 
errors to be found in the diagonal entries, see Fig. 3. Such a numerical instability of 


Fig. 3 Numerical error of 
the diagonal values fin 10? tpe 
from Fig. 2 (blue), of the x, e 

as in (5) and computed by Ed 
forward evolution of the deo 

discrete Painlevé II equation 
(red), and of the 
corresponding invariant 

|Xn| = 1 (yellow); a = 2/3. 
They share the same rate of 
initial exponential growth 


error 


9e. 
9e. 
Se. 
Cen 
9e; 
9e; 
9e; 
9e; 
9e; 
t 
at 
Ses 
Ses 
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an evolution is the direct consequence of the instability of the underlying dynamical 
system, that is, of positive Lyapunov exponents. 

As a remedy we suggest two different approaches to calculating Z7 ,,. In Sect. 2 
we stabilize the calculation of the diagonal values by solving a boundary value prob- 
lem for an underlying discrete Painlevé II equation and in Sects. 3-8 we explore 
numerical methods based on the Riemann-Hilbert method. The latter reveals an 
interesting structure (Sect. 4): the Riemann-Hilbert problem has triangular data but 
a non-triangular solution; the operator equation can thus be written as a uniquely 
solvable block triangular system where the infinite-dimensional diagonal operators 
are not invertible. We discuss two different ways to prevent this particular struc- 
ture from hurting finite-dimensional numerical schemes: a coefficient-based spectral 
method with infinite-dimensional linear algebra in Sect. 6 and a modified Nystróm 
method based on least squares in Sect. 8. 


2 Discrete Painlevé II Separatrix as a Boundary 
Value Problem 


Since the source of the numerical instability of the direct evolution of the discrete 
dynamical system (1) and (2) is found in the diagonal elements f, ;,, we first express 
the f, directly in terms of a one-dimensional three-term recursion and then study 
its stable numerical evaluation. To begin with, Agafonov and Bobenko [1, Proposi- 
tion 3] proved that the geometric quantities 


23 fnnt m Ían 
Í Sasin = Fan , 


X 


arg x, € (0, 7/2), (5) 


have invariant magnitude |x,| — 1 (see the circle packing in Fig. 1) and that they 
satisfy the following form of the discrete Painlevé II equation 


(n+ DE- 1) (= = =) n(x? + 1) (A) eue 3j 


i F XnXn41 i + Xn—1Xn 


with initial value xg = e/^"/^, Note that for n = 0 this nonlinear three-term recur- 


rence degenerates and gives the missing second initial value, namely 


xo(xà +a-—1) 


"a= Dg + i 


Reversely, given the solution x, of this equation, the diagonal elements f, can be 
calculated according to the simple recursion [1, p. 176] 
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a Fn = I _ — ian/4 
Un = , Fn+1 = Un : MX), 8n+1 = Sn + Un, Jarini = En41€ , 
(8) 


Rex, 
with inital values go = 0, ro = 1 (note that un, Fn, 2, are all positive); the sub- and 
superdiagonal elements f,41,, and fn ,n+1 are obtained from (1) and (5) by 


a = 1) fun + (c + D f, 


frtin = E Lana (9a) 
(1— x2) in F d+ x2), n+l,n 
oes MEM (9b) 


However, given that x, is a separatrix solution of the discrete Painlevé II equation 
[1, p. 167], we expect that a forward evolution of (6), starting with the initial values 
xo and x, suffers from exactly the same instability as the calculation of the diagonal 
values fn.» by evolving (1) and (2). Figure3 shows that this is indeed the case, 
exhibiting the same initial exponential growth rate; it also shows that the deviation 
of the calculated values of |x,,| from its invariant value | can serve as an explicitly 
computable error indicator. 

In the continuous case of the Hastings- McLeod solution of Painlevé IL, which 
also constitutes a separatrix, Bornemann [8, Sect. 3.2] suggested to address such 
problems by solving an asymptotic two-point boundary value problem instead of 
the originally given evolution problem. To this end, one has to solve the connection 
problem first, that is, one has to establish the asymptotics of x, as n — oo. By 
inserting the known asymptotics (4) of Z7 „ into the defining Eq. (5), we obtain 


Xn metn geo 5) (n — oo). 


Since in actual numerical calculations we need accurate approximations already for 


moderately large n, we match the coefficients of an expansion in terms of ^! to the 
discrete Painlevé II equation (6) and get, as n — oo, 


in i(a — 1) a^4(2—-2i)a—(1—2i) i (a? — (3 — 2i)a? — (1 + 4i)a + (3 + 2i)) 
x, =e {1-4 ! 
2n 8n? 1655 

, 3at — (12 — 12i)a? — Q + 36i)a? + Q8 + 4i)a — (17 — 20i) 

128^ 
_ i (3a° — (15 — 12i)a* — (30 + 48i)a? + (150 + 24i)a? — (5 — 48i)a — (103 + 36i)) 
256n5 

+005). 


We denote the r.h.s. of this asymptotic formula, without the O(n~°) term, by x, «. 

Next, using Newton’s method, we solve the nonlinear system of N + | equations 
in N + 1 unknowns xo, ..., xw given by the discrete Painlevé equation (6) for 1 < 
n X N — 1 and the two boundary conditions 
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= xo(x2 +a — 1) 
' i(a- Dx] D' 


XN = XN,6- 


Note that the value xo = e/^"/^ is not explicitly used and must be obtained as output 


of the Newton solve, that is, it can be used as an measure of success. We choose N 
large enough that |xy,6| = 1 up to machine precision (about N ~ 300 uniformly in 
a). Then, using the excellent initial guesses (for the accuracy of the asymptotics cf. 
the left panel of Fig. 1) 


x Lg Oke (0 &n«N) 


Newton’s method will converge in about just 10 iterations to machine precision 
yielding a numerical solution that satisfies the invariant |x,| — 1 also up to machine 
precision. Since the Jacobian of a nonlinear system stemming from a three-term 
recurrence is tridiagonal, each Newton step has an operation count of order O(N). 
Hence, the overall complexity of accurately calculating the values x,, 0 < n < N, 
is of optimal order O(N). 

Finally, having accurate values of x, at hand, and therefore by (8) and (9) also 
those of fins fa+1,n and fj 4441, one can calculate the missing values of f; row- 
and column-wise, starting from the second sup- and superdiagonal and evolving 
to the boundary, either by evolving the cross-ratio relations (1) or by evolving the 
discrete differential equation (2). It turns out that the first option develops numerical 
instabilities spreading from the boundary, see Fig. 4, whereas the second option is, 


Fig. 4 Numerical discrete Zalm (0 x n, m < 49): evolving from accurate values of f, 4, fiii. 
Jn.n+1 close to the diagonal back to the boundary by using the cross-ratio relations (1) develops 
numerical instabilities. The color cycles with the coordinate m 
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. 
e e ee 


Fig. 5 Numerical discrete z7’, a (0 < n, m < 49): recursing from accurate values of fa,n, fnti.n> 
fn,n41 close to the diagonal back to the boundary by using the discrete differential equation (2) is 
perfectly stable. The color cycles with the coordinate m 


for a wide range of the parameter a, numerically observed to be perfectly stable, 
see Fig. 5. Note that this stable algorithm only differs from the alternative direct 
evolution discussed in the introduction in how the values close to the diagonal, that 
iS fans fa+1,n and f 444, are computed. 

The total complexity of this stable numerical calculation of the array f,,, with 
0 x n, m < N is of optimal order O(N’). 


3 The Riemann-Hilbert Method 


Based on the integrability of the system (1) and (2), by identifying (1) as the com- 
patibility condition of a Lax pair of linear difference equations [5] and by using 
isomonodromy, Bobenko and Its [4, p. 15] expressed the Z^ map in terms of the fol- 
lowing Riemann-Hilbert problem (which is a slightly transformed and transposed 
version of the X-RHP by these authors): Let I be the oriented contour built of two 
non-intersecting circles in the complex plane centered at z = +1 (see Fig. 6 left), 
the holomorphic function X : C \ I; — GL (2) satisfies the jump condition 


X+) = GEX- | (Gern) (10a) 
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oo 69 


Fig. 6 Contours for the X-RHP [4, p. 15]. Left Two non-intersecting circles l} centered at +1 
(black); right additional circle I> centered at 0 (red) for standard normalization at co 


with the jump matrix? 


1 0 
G =|; 2a = x 10b 
iG) (oen, Pe _ 1) MC + 1) 1 ( ) 
subject to the following normalization 
zu 0 E 
X(z)— u—— (+O ) @&—> oo). (10c) 


Here, we restrict ourselves to values of n and m having the same parity such that 
(m 4- n)/2 is an integer. The discrete Z^ map is now given by the values f, 
extracted from an LU -decomposition at z = 0, namely, 


1 0 ee 
ae Gre ') D jJ 


X51(0) 
Xj (0) 


that is, 
don - (—D"*! 


Subsequently, using the Deift-Zhou nonlinear steepest decent method, Bobenko and 
Its [4] transform this X-RHP to a series of Riemann-Hilbert problems that are more 
suitable for asymptotic analysis. The last one of this series before introducing a 


—a/2 


?To make G; holomorphic in the vicinity of T} we place the branch-cut of ¢ at the negative 


imaginary axis, that is, we take, using the principal branch Log of the logarithm, 


gin Lan = eiat/4 eT Log(¢/i) 
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Fig. 7 Left Contour of the S-RHP [4, pp.24—27] centered at z = 0. Right Modified contour after 
normalizing the RHP at z = 0 and z — oo (analogously to Fig. 6); the relative size of the inner and 
outer circles is chosen depending on n and m and has a major influence on the condition number 
of the spectral collocation method. Proper choices steer the condition number into a regime, which 
corresponds to a loss of about three to eight digits, see [24, Sect. 5.4] 


global parametrix,? the S-RHP [4, pp. 24-27], is based on the contour shown in the 
left part of Fig. 7. This rather elaborate S-RHP is, after normalizing at z = 0 and 
z — oo appropriately, amenable to the spectral collocation method of Olver [18]; 
we skip the details which can be found in the thesis of the fourth author G.W. [24, 
Sect. 5.4] that extends previous work on automatic contour deformation by Borne- 
mann and Wechslberger [10, 25]. Here, the relative size of the inner and outer cir- 
cles shaping the contour system shown in the right part of Fig. 7 have to be carefully 
adjusted to the parameters n and m to keep the condition number at a reasonable 
size. The complexity of computing f, ,, for fixed n and m is then basically indepen- 
dent of m and n. 

In the rest of this work we explore to what extent the analytic transformation 
from the X-RHP to the S-RHP is a necessary preparatory step also numerically, or 
whether one can use the originally given X-RHP as the basis for numerical calcula- 
tions. To this end, we replace the normalization (10c) by the standard one, that is, 


X@=I+0@') (oo, (10d) 
and introduce a further circle 75 as shown in the right part of Fig. 6 with the jump 


condition 


m+n 


XLO = GOX) GEM), exo - (5, EN! (109) 


3Though the parametrix leads to a near-identity RHP, the actually computation of the parametrix 
would require solving a problem that is, numerically, of similar difficulty as the S-RHP itself. 
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We define F = Ti U I5 and put G(¢) = G;(¢) fort € T; (j = 1, 2). That way, 
the Riemann-Hilbert problem is given in the standard form 


X4()—-GQG)X-G) eT), X()-21I1-0(z) (zo) (1) 


Because of detG = 1, the solution X € C®(C\ I, GL(2)) is unique, see 
[12, p. 104]. 


4 Lower Triangular Jump Matrices and Indices 


We note that the jump matrix G defined in (10b) and (10e) is lower triangular. How- 
ever, even though the non-singular lower triangular matrices form a multiplicative 
group and the normalization at z — oo is also lower triangular, the solution X turns 
out to not be lower triangular. Arguably the most natural source of RHPs exhibiting 
this structure are connected to orthogonal polynomials. By renormalizing at z — oo 
the standard RHP for the system of orthogonal polynomials on the unit circle with 
complex weight e7, we are led to consider the following model problem (m € N)*: 


¥,(¢) = (5 EA Y G) (l=), Y@=1+0G (o oo. 
(12) 
Though one could perform a set of transformations to this problem that are stan- 
dard in the RHP approach to the asymptotics of orthogonal polynomials on the 
circle, basically resulting in an analogue of the S-RHP of [4], our point here is to 
understand the issues of a direct numerical approach to the X-RHP (11) in a simple 
model case. It is straightforward to check that the unique solution of (12) is given 


explicitly by 
1 —z "e,(—z 
({ m ) (zl > D. 


E —€m(—Z) 
1 
(: z"( 5 M (izl < ), 


YZ) = 


"The standard form, see [2, p. 1124], of that orthogonal polynomial RHP would be 


m 
Z 


1 0 
X+) = (aa ') X-Q) =D XO= [b es) oct E > 09). 


The model problem (12) is obtained by putting the diagonal scaling at z — oo into the jump matrix. 
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with 


z z=! 0 F2) 
at @om* re (13) 


e(z) =1l+z+ 


where I (z) and I (k, z) denote the Gamma function and the incomplete Gamma 
function. In particular, we observe that Y,.(0) = —1 Æ 0. 

The nontrivial 12-component v of a Riemann-Hilbert problem with lower trian- 
gular jump matrices, such as (11) or (12), can be expressed independently of the 
other components, it satisfies a homogeneous scalar Riemann-Hilbert problem of 
its own. Namely, denoting the 11-component of G by g, we get 


v+) = g(O)u_) Eer), viz) =O") >œ). (14) 


If the contour is a cycle as in (11), or as in the model problem above, the gen- 
eral theory [17, Sect. 127] of Riemann-Hilbert problems with Hólder continuous 
boundary regularity states that the Noether index? x of (14) is given by the winding 
number 


k — indr g. 


More precisely, the nullity is the sum of the positive partial indices and the defi- 
ciency is the sum of the magnitudes of the negative partial indices, see 
[17, Eq. (127.30)]. Since there is just one partial index in the scalar case, the nullity 
of (14) is x if k > 0, and the deficiency is —« if x < 0. 

Thus, in the case of the RHP (11), the nullity of the scalar sub-RHP for the 12- 


component is 
n+m 


indr g = indy, 1 + indr, ¢®7™/ = 
in the case of the model RHP (12) the corresponding nullity is m. In both cases, the 
unique non-zero solution of (14) that is induced by the solution of the defining 2 x 2 
RHP is precisely selected by the compatibility conditions set up by the remaining 
linear relations of that RHP: the homogeneous part of these relations must then have 
Noether index —«. 


Impact on Numerical Methods 
This particular substructure of a Riemann-Hilbert problem with lower triangular 


jump matrices G is a major challenge for numerical methods. If a discretization of 
the 2 x 2 RHP induces a discretization of the scalar subproblem (14) that results in 


Here, we identify a RHP with an equivalent linear operator equation Tu = - - -, see, e.g., (15) in 
the next section. We recall that à = dim ker T is called the nullity, u = dim coker T the deficiency 
and x = à — u the Noether index of a linear operator T with closed range. 
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a homogeneous linear system with a square matrix Sy (that is, the same number of 
equations and unknowns), there are just two (non exclusive) options: 


e Sy is non-singular, which results in a 12-component vy = 0 that does not con- 
verge; 

e the full system is singular and therefore numerically of not much use (ill- 
conditioning and convergence issues will abound). 


Such methods compute fake lower triangular solutions, are ill-conditioned, or both. 

To understand this claim, let us denote the 12-component of the 2 x 2 discrete 
solution matrix by vy and the vector of the three other components by wy. By inher- 
iting the subproblem structure such as (14) for the 12-component, the discretization 
results then in a linear system of the block matrix form 


(52)()-) 


Because of det(Ay) = det(Sy) det(Ty) a non-singular discretization matrix Aw 
implies a non-singular Sy and, thus, a non-convergent trivial component vy = 0. 
Such a non-convergent zero 12-component is what one gets, for example, if one 
applies the spectral collocation method of [18] (with square contours replacing the 
circles) to the Riemann-Hilbert problems (11) or to the model problem (14). As a 
hint of failure, the resulting discrete system is ill-conditioned; details which can be 
found in the thesis of the fourth author G.W. [24, Sect. 5.4]. 

The deeper structural reason for this problem can be seen in the fact that the 
Noether index of finite-dimensional square matrices is always zero, whereas the 
index of the infinite-dimensional subproblem (14) is strictly positive. 

We suggest two approaches to deal with this problem: first, an infinite- 
dimensional discretization using sequence spaces, that is, without truncation, and 
using infinite-dimensional numerical linear algebra, and second, using underdeter- 
mined discretizations with rectangular linear systems that are complemented by a 
set of explicit compatibility conditions. 


5 RHPsasIntegral Equations with Singular Kernels 


In this section, we recall a way to express the RHP (11), with standard normalization 
at infinity, as a particular system of singular integral equations, cf. [11, 16, 18]. We 
introduce the Cauchy transform 


1 
cto zi] fO a egr) 


Qi ré=z 
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and their directional limits C+ when approaching the left or right of the oriented 
contour I”, defined by 


1 
Qc ueque ae Ger: 
zone 201 Jr 6 —Z 


Note that C4 can be extended as bounded linear operators mapping L?(I) (or 
spaces of Hólder continuous functions) into itself, and C (suitably extended) maps 
such functions into functions that are holomorphic on C V I”, see [12, p. 100]. By 
using the decomposition C} — C- = id, the ansatz (by letting C act component- 
wise on the matrix-valued function u) 


X()=1+Cu(z),  ueL(rc», (15a) 
establishes the equivalence of a RHP of the form (11) and the system of singular 
integral equations 

Gd —(G — 1)C. )u = G— I (15b) 
As the following theorem shows, singular integral operators of the form 
To =id-(G — D)C- : L?(T, C?) > L?(r, C3) 
can be preconditioned by operators of exactly the same form. 


Theorem 1 Let T be a smooth, bounded, and non-self intersecting® contour system 
and G : I’ — GL(2) a system of jump matrices which continues analytically to a 
vicinity of I. Then, Tg-: is a Fredholm regulator of Tg, that is, Tg-: Tg = id +K 
with a compact operator K : L? (T, C2%*) > L?(T, C?*?) that can be represented 
as a regular integral operator. 


Proof The Sokhotski-Plemelj formula [17, Eq. (17.2)] gives that 2C_ = —id+H, 
where H denotes a variant of the Hilbert transform (normalized as in [17]), 


1 
AiG. ET cel), 


with the integral understood in the sense of principle values. This way, we have 


ÓPoints of self intersection are allowed if certain cyclic conditions are satisfied [13]: at such a point 
the product of the corresponding parts of the jump matrix should be the identity matrix. These 
conditions guarantee smoothness in the sense of [26], where the analog of Theorem | is proved for 
the general smooth Riemann-Hilbert data. 
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1 1 
T; = Arid +BiH, — Aic 50 G) Bi 5-6) 


1 1 
Tg = Arid +B>H, A> = ail +G'), B= ju 7. 


By a product formula of Muskhelishvili [17, Eq. (130.15)], which directly follows 
from the Poincaré-Betrand formula [17, Eq. (23.8)], one has 


ToTg = Aid -B H +K, 


where K represents a regular integral operator and the coefficient matrices A and B 
are given by the expressions 


A = AA; + BoB), B = AzBı + BoA}. 


Here, we thus obtain A = Z and B = 0, which finally proves the assertion. 


This theorem implies that the operator Tg is Fredholm, that is, its nullity and 
deficiency are finite. In fact, since in our examples det G = 1, we have that the 
Noether index of Tg is zero. The possibility to use the Fredholm theory is extremely 
important in studying RHPs: it allows one to use, when proving the solvability of 
Riemann-Hilbert problems, the “vanishing lemma" [26], see also [12, Chap. 5]. For 
the use of Fredholm regulators in iterative methods applied to solving singular inte- 
gral equations, see [23]. 


6 A Well-Conditioned Spectral Method 
for Closed Contours 


We follow the ideas of Olver and Townsend [20] on spectral methods for differential 
equations, recently extended by Olver and Slevinsky [19] to singular integral equa- 
tions. First, the solution u and the data G — J of the singular integral equation (15b) 
are expanded’ in the Laurent bases of the circles that built up the cycle I^. Next, the 
resulting linear system is solved using the framework of infinite-dimensional linear 
algebra [14, 21], built out of the adaptive QR factorization introduced in [20]. 

To be specific, we describe the details for the model RHP (12), where the cycle 
T is just the unit circle. Here, we have the expansions 


wO= > Us, GQ)-I- S AC — (ern), 


k-——oo k=—00 


TIt is actually implemented this way in SingularIntegralEquations.jl, a JULIA soft- 
ware package described in [19]. 
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both rapidly decaying with 2 x 2 coefficient matrices Up and Az. In the Laurent 
basis, the operator C_ acts diagonally in the simple form 


Cha 0 k 20, 
=e k <0. 


which gives 
Cu)--P9,Ua4t* Cer). 


Note that —C_ acts as a projection to the subspace spanned by the basis elements 
with negative index. This way, the system (15b) of singular integral equations is 
transformed to® 


Ue Yt k — j « 0] A;jUr-j = Ax (k € Z). (16) 


j—-—o0 
Up to a given accuracy, we may assume that the data is given as a finite sum, 


ni 


GE- IS >) Acct, 


k--n, 


likewise for G^! (£z) — I with a truncation at n2. Thus, writing the discrete system 
(16) in matrix-vector form, the corresponding double-infinite matrix has a band- 
width of order O(n,). Preconditioning this system, following Theorem 1, by the 
multiplication with the double-infinite matrix belonging to G7! instead of G, results 
in a double-infinite matrix that has a bandwidth of order O (nı + n2). Since the right 
hand side of (16) is truncated at indices of magnitude O(n), application of the 
adaptive QR factorization [20], after re-ordering the double-infinite coefficients as 
Uo, U—1, U1, ... in order to be singly infinite, will result in an algorithm that has a 
complexity of order O ((n; + n5)?n3), where n3 is the number of coefficients needed 
to resolve u, dictated by a specified tolerance. 


Remark 1 The extension to systems I” of closed contours built from several circles 
is straightforward. The jump data and the solution, restricted to a circle centered at 
a are expanded in the Laurent basis (z — a)*, k € Z. When instead evaluated at a 
circle centered at b, a change of basis is straightforwardly computed using 


oo 


e-a 2 Y P (b-ay-(-b*  Qe2. 


k=0 


8 We use the Iverson bracket of a condition: [2] = 1 if the predicate 2 is true, [Y] = 0 otherwise. 
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valid for |z — b| < |b — a|. Because of a geometric decay, one can truncate those 
series at k = O(1) as long as |z — b| < 0|b — a| with 0 < 0 < 1 small enough. The 
adaptive QR factorization can then be applied by interlacing the Laurent coefficients 
on each circle to obtain a singly infinite unknown vector of coefficients. 


Numerical Example 1: Model problem 


Because of the entries ¢” and ¢~” in the jump matrix of the model problem (12), 
we have that n1, n2, n3 = O(m) in order to resolve the data and the solution; hence 
the computational complexity of the method scales as O (m?). Using the JULIA 
software package SingularIntegralEquations.j 1? (v0.0.1) the problem 
is numerically solved by the following short code showing that the user has to do 
little more than just providing the data and entering the singular integral equation 
(15b) as a mathematical expression: 


using ApproxFun, SingularIntegralEquations 
m 

V^ ex esusaretbe (000) 9). dE 5) 
G = initia, => [am (Ug. Saole db rom] zn) 


@time u = (I-(G-I)*C)N(G-I) 
Y= 2 =SI+cauchy(u, m) 


9 Ger = norm(yY(0)—(0 b; 1 (=1)°m<exp(-—liact (m)) |\,2) 


The run time!® is 2.8 seconds, the error of Y(0) is 4.22 - 10- ^ (spectral norm), 
which corresponds to a loss of one digit in absolute error. 


Numerical Example 2: Riemann-Hilbert Problem for the Discrete Z^? 


Now, we apply the method to the Riemann-Hilbert problem (11) encoding the dis- 
crete Z^ map. Here, because of the exponents —m, —n and «(n + m)/2 in (10), we 
have n, n5, n3 = O(n + m) in order to resolve the data and the solution, see Fig. 8; 
hence the computational complexity scales as O ((n + m)?). Note that this is far 
from optimal, using the stabilized recursion of Sect. 2 to compute a table including 
Z* „ would give a complexity of order O ((n + m)?). Once more, however, the code 


n,m 


requires little more than typing the mathematical equations of the RHP. 


using ApproxFun, SingularIntegralEquations 


Mme = 2/3) 


5 
ll 


6; m = 8; # n+m must be even 


5 pow = Zz -> exp(limtaxpi/4) *exp(-a/2*log(z/1im) ) 


j^ = Caiscile(=1,0,0.,3) U Giecile(41,0,0.3)) U Checile(0.0,3..0) 


°https: //github.com/ApproxFun/SingularIntegralEquations.jl,cf. [19]. 
Using a MacBook Pro with a 3.0 GHz Intel Core i7-4578U processor and 16 GB of RAM. 
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Fig. 8 Left u2(¢) on the circle ¢ = —1 + 0.3e27"'; right u21 (¢) on € = +1 + 0.3e27"". The real 
parts are shown in blue, the imaginary part in yellow. Note that there are m = 6 oscillations on the 


left and n = 8 oscillations on the right; the maximum amplitude is about 1.1 - 10^ on the left and 
7.5 - 10? on the right 


uc = cuum = saum(ssJ 995 59) 722) OF © 3/722 Gn) 7/2) 1 sb OF 
pow(z)/(z-1)^m/(z-1)^n 11,1") 

s Cocaochyt-1) 

» @time u = (I-(G-I)*C)N(G-I) 

i X = z -» I+cauchy(u, Zz) ; 

n XO = X(0) 

2 Za0 = (-1)*(m+1) *X0[2,1]/X0[1,1] 


3 Zal = 3.610326860525178 + 2.568086087959661im # exact solution 
from the recursion as in Section 1.2 using bigfloats 
4 | err = abs(Za0 - Zal) 


The run time is 2.7s, the absolute error of m is 3.38 - 1075, which corresponds 
to a loss of about 7 digits. This loss of accuracy can be explained by comparing the 
magnitude of the 21-component of u as shown in Fig. 8, along the two black circles 
of Fig. 6, with that of the corresponding component of the solution matrix at z — 0, 
namely, 


X(0) © 338191 12.2073 + 8.68324i 
~ \ 12.2073 + 8.68324i 66.0758 


We observe that during the evaluation of the Cauchy transform (15a), which maps 
u — X(0) by means of an integral, at least 5 digits must have been lost by 
cancellation—a loss, which structurally cannot be avoided for oscillatory integrands 
with large amplitudes. (Note that this is not an issue of frequency: just one oscilla- 
tion with a large amplitude suffices to get such a severe cancellation.) 

Since the amplitudes of u21 grow exponentially with n and m, the algorithm 
for computing Z; ,, based on the numerical evaluation of (15) applied to the RHP 
(11) is numerically unstable. Even though the initial step, the spectral method in 
coefficient space applied to (15b) is perfectly stable, stability is destructed by the 
bad conditioning of the post-processing step, that is, the evaluation of the integral in 
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(15a). We refer to [7] for an analysis that algorithms with a badly conditioned post 
processing of intermediate solutions are generally prone to numerical instability. 


7 RHPs as Integral Equations with Nonsingular Kernels 


By reversing the orientation of the two small circles in the RHP (11), and by simul- 
taneously replacing the jump matrix G; by Gi= Gis the RHP is transformed to 
an equivalent one with a contour system È that satisfies the following properties, 
see Fig. 9: it is a union of non-self intersecting smooth curves, that bound a domain 
Q- to its left. By Q_ we will denote the (generally not connected) region which is 
the complement of Q, U I". Note that the model problem (12) falls into that class 
of contours without any further transformation. 
We drop the tilde from the jump matrices and consider RHPs of the form 


PL) = GEDE) (eX) @(2)=1+0(2"') (0o, (17) 


on such contours systems X. It will either represent the aforementioned transforma- 
tion of (11) or the model problem (12). In particular, G is lower triangular and can 
be analytically continued to a vicinity of X. 

The classical theory developed by Plemelj (see [17, Sect. 126]) for such prob- 
lems teaches the following: the directed boundary values ®_ of the unique analytic 
solution ® : C V X — GL(2) of the RHP (17) satisfy a Fredholm integral equation 
[17, Eq. (126.5)] of the second kind on X, namely 


@(n\dn=I (FE), (18) 


1 | G (6G — 1 
n-¢ 


ee 2xi 


Fig.9 A modified, but equivalent, contour system 2 for the for the RHP (11) obtained by revers- 
ing the orientation and by simultaneously replacing the jump matrix G; by 61. Now, there is a 
bounded domain Q- (marked in green) to the left of X, cf. the original system shown in Fig. 6 


170 F. Bornemann et al. 


understood here as an integral equation in L?(X, C?*?). The matrix kernel of this 
equation, that is, 


G! (EGM) — G G 
Kits Dm - G^) mn a. 


is smooth on X x X, since it extends as an analytic function and since the singular- 
ity at & = n is removable. Integral equations of the form (18) with a smooth kernel 
are, in principle, amenable to fast quadrature based methods, see the next section. 

We note that, given the boundary values 9. (Z) for ¢ € X, the solution of the 
RHP (17) can be reconstructed by 


1 o. (6) 
E fme dt ZEQ_, 
p(z) = (19) 
at ^ (£) dt do 


In general, however, the Fredholm equation (18) is not equivalent to the RHP, see 
[17, p. 387]: the Fredholm equation has but a kernel of the same dimension as the 
kernel of the associated homogeneous RHP, defined as 


PE) = GGP) (eX) Yz) =O!) (xo). (20) 


As we will show now, the kernel of the associated RHP is nontrivial in the examples 
studied in this work. 

First, we observe, by the lower triangular form of G, that the 11- and the 12- 
components of W both satisfy a scalar RHP of the form (14) with a jump function g 
that has a winding number which is 


n+m 


2 


indy g = — 


for the discrete map Z^, and which is indy g = —m for the model problem (12). 
Note that this winding number has the sign opposite to the results of Sect. 4 since 
the underlying 2 x 2 RHP is based on G^ instead of G. Hence, the nullity of the 
scalar RHPs for the 11- and the 12-components of W is zero and the deficiency is 
(n + m)/2 (m in case of the model problem). As a consequence, the 11- and the 
12-components of V must both be identically zero. 

Next, since we now know that V has a zero first row, also the 21- and 22- 
components of W satisfy a scalar RHP of the form (14) each, but with a jump 
function g that has the positive winding number 


n+m 


2 


indy g = 
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for the discrete map Z^, and indy g = m for the model problem (12), just as dis- 
cussed in Sect. 4. Hence, the deficiency of the scalar RHPs for the 21- and the 22- 
components of W is zero and the nullity is (n + m)/2 (m in case of the model 
problem). Since both components are linearly independent from of each other, we 
have thus proven the following lemma. 


Lemma 1 The nullity of the associated homogeneous RHP (20), and hence, that of 
the Fredholm integral equation (18) is n + m in the case of the discrete map Z^ and 
2m in the case of the model problem (12). 


Example 1 For the model RHP (12) the smooth kernel of the Fredholm integral 
equation (18) can be constructed explicitly. Here we have 


7 = 
_Gi@cm-1_ (“2 0 

K, n) = ~ gpg =| arer emra h 
" n=% n=% 


A column of a matrix belonging to the kernel of (18) satisfies the equation 


ici. t u_(n) 
Gen 7 zi]. K, n) be dy (EÐ), (21) 


where » is the positively oriented unit circle. We will construct solutions that extend 
analytically as u_(z) and w_(z) for z Æ 0, such that 


E) = reso K (z, n) b (z #0). 


w_(z) w_(n) 
By recalling the notation introduced in (13) we observe, for k = 0,...,m — 1, that 
resy=0 Kii, n" eng, 
resp=0 Kz (z, M)" = —z'es 42), 
res, Ko(z, n)n* = —2*. 


Using the coefficients ay that induce a change of polynomial basis by 
m—1 


gs ap z enj) (k 20,...,m— D), 
k=0 


we define the polynomials 


m—1 


A’ @S > ae k=0,...,m— 1), 
j=0 
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each of which has degree at most m — 1. Then, the m linear independent vectors 


u cQ) OE) H E 
Pom zi (k=0,...,m— 1) (22) 


are solutions of (21) each. Thus, since its dimension is 2m by Lemma 1, the kernel 
of the integral equation (18) is spanned by the 2 x 2 matrices whose columns are 
linear combinations of these vectors. 

The unique solution ®_ of the RHP (17) can be picked among the solutions 
of (18) by imposing additional linear conditions, namely n + m independent such 
conditions in the case of the discrete map Z^ and 2m in the case of the model 
problem. Specifically, for the model problem (12), we obtain such conditions as 
follows. First, since ®_(z) continues analytically to |z| > 1 and since ®_(z) = I + 
O (z^!) as z — oo, we get by Cauchy's formula for the Laurent coefficients at z = 
oo that 


: d en d (k 21,2,...) 

mil 94 ue = =1,2,...). 

Second, by restricting this relation to the second row of the matrix ®_ for k = 
1,...,m, we get the conditions 


1 dt 
vum E 1) - 6. (2) T = (0 [k = 1]) (k= l,m): (23) 
In fact, these conditions force all the components of the columns (22) that would 
span an offset from the kernel of (18) to be zero. 

For the Z^-RHP, similar arguments prove that the kernel of (17) is spanned by 
matrices whose second row extends to polynomials of degree smaller than (n + 
m)/2 to the outside of the outer circle in Fig. 9. Thus, the same form of conditions 
as in (23) can be applied for picking the proper solution ®_(¢), except that one 
would have to replace © by that outer circle and the upper index m by (n + m)/2. 


8 A Modified Nystróm Method 


Fredholm integral equations of the second kind with smooth kernels defined on a 
system of circular contours are best discretized by the classical Nystróm method 
[15, Sect. 12.2]. Here, one uses the composite trapezoidal rule as the underlying 
quadrature formula, that is, 


1 N-1 


n zij 2nij/N 
— f@dz — > f (zo + re? IN) eiin, 
27i JaB, (o) N 
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For integrands that extend analytically to a vicinity of the contour, this quadrature 
formula is spectrally accurate, see, e.g., [9, $2] or [22, $2]. 

Since the Fredholm integral equation (18) has a positive nullity, applying the 
Nystróm method to it will yield, for N large enough, a numerically singular linear 
system. However, the theory of the last section suggests a simple modification of 
the Nystróm method: we use the conditions (23) (after approximating them by the 
same quadrature formula as for the Nystróm method) as additional equations and 
solve the resulting overdetermined linear system by the least squares method. 


Numerical Example 1: Model problem 


We apply the modified Nystróm method to the Fredholm integral equation repre- 
senting the model problem (12). By the sampling condition, see, e.g., [9, $2], the 
number N of quadrature points will scale as N = O(m), hence the computational 
complexity scales as O (m?). To check the accuracy we compare with 


1 d 1 
Y0) = zi] GOS, I 
I 


: —-.]9$-€ yes 

Ti 2zi Jr & 

evaluated by the same quadrature formula as for the Nystróm method. For the par- 
ticular parameters m = 100 and N = 140 we get, within a run-time of 0.49 s for 
a straightforward Matlab implementation, a maximum error of these two quanti- 
ties, measured in 2-norm, of 1.33 - 107 !^. The condition number of the least squares 
matrix grows just moderately with m: it is about 23 for m = 1 and about 650 for 
m = 1000. 


Numerical Example 2: Discrete Z7/* 


Now, we apply the modified Nystróm method to the Fredholm integral equation 
representing the RHP (11) subject to a transformation to the form (17). Here, the 
sampling condition requires N = O(n + m), hence the computational complexity 
scales as O ((n + m)?). For Zz , the modified Nystróm method yields the conver- 
gence plot shown in Fig. 10: it exhibits exponential (i.e., spectral) convergence until 
a noise level of about 107? is reached, which corresponds to a loss of about 6 digits. 
The reason for this loss is that this method for approximating the discrete Z^ suffers 
the same issue with a bad conditioning of the post-processing step, that is, of 


1 dt 
6 ()& X0) = zl con oS, 
E 


as the spectral method for the singular integral equation discussed in Sect. 6. Here, 
the amplitude of the real and imaginary part of ®_(¢) along the two inner circles is 
of the order 10^ which causes a cancellation of at least 4 significant digits. 
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Fig. 10 Absolute error of the approximation of Za by the modified Nyström method vs. the 


number of quadrature points No on each of the three circles in Fig. 9 (the radii are 1/2 for the 
inner circles, 3 for the outer one); the total number of quadrature points is then N = 3 x No. One 
observes, after a threshold caused by a sampling condition, exponential (i.e., spectral) convergence 
that saturates at a level of numerical noise at an error of about 107°. Run time of a Mathematica 
implementation with No = 42 is about 0.15 s 


9 Conclusion 


To summarize, there are two fundamental options for the stable numerical evaluation 
of the discrete map Z7 


n,m’ 


e Computing all the values of the array 1 < n,m < N at once by, first, computing 
the diagonal using a boundary value solve for the discrete Painlevé II equation (5) 
and, then, by recursing from the diagonal to the boundary using the discrete dif- 
ferential equation (2). This approach has optimal complexity O (N?). 

e Computing just a single value for a given index pair (n, m) by using the RHP (11) 
and one of the methods discussed in Sect. 6 or 8. Since both methods suffer from 
an instability caused by a post-processing quadrature for larger values of n and 
m, one would rather mix this approach with the asymptotics (4). For instance, 
using the numerical schemes for ri, m < 10, and the asymptotics otherwise, gives 
a uniform precision of about 5 digits for a — 2/3. Higher accuracy would require 
the calculation of the next order terms of the asymptotics as in Sect. 2. This mixed 
numerical-asymptotic method has optimal complexity O(1). 
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A Variational Principle for Cyclic Polygons 
with Prescribed Edge Lengths 


Hana Kouřimská, Lara Skuppin and Boris Springborn 


Abstract We provide a new proof of the elementary geometric theorem on the exis- 
tence and uniqueness of cyclic polygons with prescribed side lengths. The proof 
is based on a variational principle involving the central angles of the polygon as 
variables. The uniqueness follows from the concavity of the target function. The 
existence proof relies on a fundamental inequality of information theory. We also 
provide proofs for the corresponding theorems of spherical and hyperbolic geom- 
etry (and, as a byproduct, in 1 + 1 spacetime). The spherical theorem is reduced 
to the Euclidean one. The proof of the hyperbolic theorem treats three cases sepa- 
rately: Only the case of polygons inscribed in compact circles can be reduced to the 
Euclidean theorem. For the other two cases, polygons inscribed in horocycles and 
hypercycles, we provide separate arguments. The hypercycle case also proves the 
theorem for “cyclic” polygons in 1 + 1 spacetime. 


1 Introduction 


This article is concerned with cyclic polygons, i.e., convex polygons inscribed in a 
circle. We will provide a new proof of the following elementary theorem in Sect. 2. 


Theorem 1.1 There exists a Euclidean cyclic polygon with n > 3 sides of lengths 
£,..., ln € Ryo if and only if they satisfy the polygon inequalities 
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n 
Li < = (1) 
i=l 
igk 
and this cyclic polygon is unique. 


Our proof involves a variational principle with the central angles as variables. 
The variational principle has a geometric interpretation in terms of volume in 
3-dimensional hyperbolic space (see Remark 2.6). Another striking feature of 
our proof is the use of a fundamental inequality of information theory: 


Theorem (Information Inequality) Let p = (pi,.... Pm) and q = (qi, ..., qm) be 
discrete probability distributions, then 


m 


> plog * > 0, (2) 
kel dk 


and equality holds if and only if p = q. 


The left hand side of inequality (2) is called the Kullback-Leibler divergence 
or information gain of q from p, also the relative entropy of p with respect to q. 
The inequality follows from the strict concavity of the logarithm function (see, e.g., 
Cover and Thomas [3]). 

In Sects. 3 and 4 we provide proofs for non-Euclidean versions of Theorem 1.1. 
The spherical version requires an extra inequality: 


Theorem 1.2 There exists a spherical cyclic polygon with n > 3 sides of lengths 
£,..., ln € Ryo if and only if they satisfy the polygon inequalities (1) and 


Y» « 2m, (3) 
i=l 


and this cyclic spherical polygon is unique. 


Inequality (3) is necessary because the perimeter of a circle in the unit sphere 
cannot be greater than 27, and the perimeter of the inscribed polygon is a lower 
bound. We require strict inequality to exclude polygons that degenerate to great 
circles (with all interior angles equal to zr). 

In Sect. 3, we prove Theorem 1.2 by a straightforward reduction to Theorem 1.1: 
connecting the vertices of a spherical cyclic polygon by straight line segments in the 
ambient Euclidean R?, one obtains a Euclidean cyclic polygon. 

In the case of hyperbolic geometry, the notion of “cyclic polygon" requires addi- 
tional explanation. We call a convex hyperbolic polygon cyclic if its vertices lie on 
a curve of constant non-zero curvature. Such a curve is either 
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e ahyperbolic circle if the curvature is greater than 1, 

e a horocycle if the curvature is equal to 1, 

e a hypercycle, i.e., a curve at constant distance from a geodesic if the curvature is 
strictly between 0 and 1. 


Theorem 1.3 There exists a hyperbolic cyclic polygon with n > 3 sides of lengths 
£,..., ln e R ifand only if they satisfy the polygon inequalities (1), and this cyclic 
hyperbolic polygon is unique. 


We prove this theorem in Sect. 4. The case of hyperbolic polygons inscribed in 
circles can be reduced to Theorem 1.1 by considering the hyperboloid model of the 
hyperbolic plane: Connecting the vertices of a hyperbolic polygon inscribed in a 
circle by straight line segments in the ambient R?'!, one obtains a Euclidean cyclic 
polygon. 

The cases of polygons inscribed in horocycles and hypercycles cannot be reduced 

to the Euclidean case because the intrinsic geometry of the affine plane of the poly- 
gon is not Euclidean: In the horocycle case, the scalar product is degenerate with a 
1-dimensional kernel. Hence, this case reduces to the case of degenerate polygons 
inscribed in a straight line. It is easy to deal with. In the hypercycle case, the scalar 
product is indefinite. This case reduces to polygons inscribed in hyperbolas in flat 
1 + 1 spacetime. The variational principle of Sect. 2 can be adapted for this case (see 
Sect. 5), but the corresponding target function fails to be concave or convex. It may 
be possible to base a proof of existence and uniqueness on this variational principle, 
perhaps using a min-max-argument, but we do not pursue this route in this arti- 
cle. Instead, we deal with polygons inscribed in hypercycles using a straightforward 
analytic argument. 
Some history, from ancient to recent. Theorems 1.1—1.3 belong to the circle of 
results connected with the classical isoperimetric problem. As the subject is ancient 
and the body of literature is vast, we can only attempt to provide a rough histor- 
ical perspective and ask for leniency regarding any essential work that we fail to 
mention. 

The early history of the relevant results about polygons is briefly discussed by 
Steinitz [13, Sect. 16]. Steinitz goes on to discuss analogous results for polyhedra, a 
topic into which we will not go. A more recent and comprehensive survey of proofs 
of the isoperimetric property of the circle was given by Blásjó [2]. 

It was known to Pappus that the regular n-gon had the largest area among n-gons 
with the same perimeter, and that the area grew with the number of sides. This was 
used to argue for the isoperimetric property of the circle: 


Theorem 1.4 (Isoperimetric Theorem) Among all closed planar curves with given 
length, only the circle encloses the largest area. 


It is not clear who first stated the following theorem about polygons: 


Theorem 1.5 (Secant Polygon) Among all n-gons with given side lengths, only the 
one inscribed in a circle has the largest area. 
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This was proved by Moula [8], by L’Huilier [5] (who cites Moula), and by 
Steiner [12] (who cites L'Huilier). L' Huilier also proved the following theorem: 


Theorem 1.6 (Tangent Polygon) Among all convex n-gons with given angles, only 
the one circumscribed to a circle has the largest area when the perimeter is fixed 
and and smallest perimeter when the area is fixed. 


Steiner also proves versions of Theorems 1.5 and 1.6 for spherical polygons. 
None of these authors deemed it necessary to prove the existence of a maximizer, 
an issue that became generally recognized only after Weierstrass [14]. For polygons, 
the existence of a maximizer follows by a standard compactness argument. 

Blaschke [1, Sect. 12], notes that the quadrilateral case (n — 4) of Theorem 1.5 
can easily be deduced from the Isoperimetric Theorem 1.4 using Steiner's four- 
hinge method. Conversely, one can similarly deduce Theorem 1.4 and the general 
Theorem 1.5 from the quadrilateral case of Theorem 1.5. He remarks that the quadri- 
lateral case of Theorem 1.5 can be proved directly by deriving the following equa- 
tion for the area A of a quadrilateral with sides £;: 


A? = (s — £:)(s — £2)(s — L) (s — £4) — &to6304 cos? 6, (4) 


where s = (£4 + £5 + £3 + £4)/2 is half the perimeter, and 0 is the arithmetic mean 
of two opposite angles. 

Neither Blaschke, nor Steiner, L’ Huilier, or Moula provide an argument for the 
uniqueness of the maximizer in Theorem 1.5 or 1.6. It seems that even after Weier- 
strass, the fact that the sides determine a cyclic polygon uniquely was considered 
too obvious to deserve a proof. 

Penner [9, Theorem 6.2] gives a complete proof of Theorem 1.1. He proceeds 
by showing that there is one and only one circumcircle radius that allows the con- 
struction of a Euclidean cyclic polygon with given sides (provided they satisfy the 
polygon inequalities). 

Schlenker [11] proves Theorems 1.2 and 1.3, and also the isoperimetric prop- 
erty of non-Euclidean cyclic polygons, i.e., the spherical and hyperbolic versions of 
Theorem 1.5. His proofs of the isoperimetric property are based on the remarkable 


equation 
> ai; =0 (5) 


characterizing the change of angles o; of a spherical or hyperbolic polygon under 
infinitesimal deformations with fixed side lengths. Here, v; € IR? are the position 
vectors of the polygon's vertices in the sphere or in the hyperboloid, respectively. 
To prove the uniqueness of spherical and hyperbolic cyclic polygons with given 
sides he uses separate arguments similar to Penner's. 
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2 Euclidean Polygons. Proof of Theorem 1.1 


To construct an inscribed polygon with given side lengths £ = (£1,..., £n) € RZo 
(see Fig. 1) is equivalent to finding a point (o, . . . æn) in the set 
p, - {a enl accen (6) 
k=1 

satisfying, for some R € R and for all k € {1,..., n}, 

£ 

ke de (7) 

2 2 


This problem admits the following variational formulation. Define the function 
fc: R” > R by 


n 


fela) = $ (Ch(ax) + log(€x) ax) (8) 


k=1 


where Cl, denotes Clausen’s integral [4]: 
x t 
Chix) = -f log [sin 5| dr. (9) 
0 
Clausen’s integral is closely related to Milnor’s Lobachevsky function [6]: 


I(x) = ; Cl; x). 


Fig. 1 Euclidean polygon 
inscribed in a circle 
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Fig. 2. Graph of Clausen’s 1.01494... - 
integral Cl» (x) 


—1.01494 ... - 


The function Cl; : IR — R is continuous, 27 -periodic, and odd. It is differentiable 
except at integer multiples of 27 where the graph has vertical tangents (see Fig. 2). 


Proposition 2.1 (Variational Principle) A point a € D, is a critical point of fe 
restricted to D, if and only if there exists an R € R satisfying equations (7). 


Proof A point a € D, is a critical point of f; restricted to D, if and only if there 
exists a Lagrange multiplier log R such that V f;(o) = (log R)Vg(a) for the con- 
straint function g(a) = J. ax, i.e., 


— log |2 sin & + log £; 1 
: —logR|: 
— log |2 sin a | + log £, 1 


Since 0 < a, < 2z we may omit the absolute value signs, obtaining equations 


(7). 


Thus, to prove Theorem 1.1, we need to show that f; has a critical point in D, 
if and only if the polygon inequalities (1) are satisfied, and that this critical point 
is then unique. The following proposition and corollary deal with the uniqueness 
claim. 


Proposition 2.2 The function f; is strictly concave on Dy. 


Corollary 2.3 If f, has a critical point in Dp, it is the unique maximizer of f, in 
the closure D, = {a € R29 | Dia, = 27}. 


This proves the uniqueness claim of Theorem 1.1. 


Proof (of Proposition 2.2) We will show that 


Va (œ) = >) Ch(ax) (10) 
k=1 
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is strictly concave on D,. Since V, differs from f; by a linear function, this is 
equivalent to the claim. 

Rivin [10, Theorem 2.1] showed that V3 is strictly concave on D3. Forn > 3 we 
proceed by induction on n by “cutting off a triangle”: first, note the obvious identity 


V, (o1, tts On) = Vn—-1(Q1, eee Og + Qn) = Cl (On-1 + On) 
+ Cb(o, 1) + Cl (@n). 


Since Clausen's integral is 27r -periodic and odd, 


n—2 
—Ch(o,..1 + On) = Ch2z — 0,1 — Op) = Ch (= a) ; 


k=1 
SO 
n—2 
V, (01, ..., On) = Va-1(03,..., 051 +n) + V3 > Ak, An—1, An f- 
k=1 


Hence, if V,..; and V3 are strictly concave on D,,_; and Ds, respectively, the claim 
for V, follows. 


Since f, attains its maximum on the compact set D,,, it remains to show that the 
maximum is attained in D, if and only if the polygon inequalities (1) are satisfied. 
This is achieved by the following Propositions 2.4 and 2.5. 

Note that D, is an (n — 1)-dimensional simplex in IR". Its vertices are the points 
2761, ..., 27 e,, Where e, are the canonical basis vectors of IR". The relative bound- 
ary of the simplex D, is 


8D, = {a € D, | o = 0 for at least one k}. (11) 


Proposition 2.4 If the function f, attains its maximum on the simplex D, at a 
boundary point a € ð D,, then o is a vertex. 


Proof Suppose o € 8 D, is not a vertex. We need to show that f; does not attain 
its maximum at o. This follows from the fact that the derivative of f; in a direction 
pointing towards D, is 4-oo. 

Indeed, suppose v € RZ,, X; v; = 0 and v, > 0 if a, = 0. Then a + tv € D, 
for small enough ¢ > 0, and because lim,_,9 CL,(x) = +00, 


. d 
lim = fela + tv) = +00. (12) 


Hence f¢(a + tv) > fe(a) for small enough t > 0. 
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Proposition 2.5 The function f, attains its maximum on D, at a vertex 27 ex if and 
only if 
n 
i> by (13) 
il 
izk 
Proof By symmetry, it is enough to consider the case k = n, i.e., to show that the 
function f, attains its maximum on D, at the vertex (0,..., 0,277) if and only 


if £, > a £p. To this end, we will calculate the directional derivative of f, in 
directions v € IR" pointing inside Dy, i.e., satisfying 


n—1 


vw>0 for ke{l,...,n— 1}, Vn =— > w <0. 
k=1 


Since we are only interested in the sign, we may assume v to be scaled so that 


Clausen's integral has the asymptotic behavior 
Clo(x) = —xlog|x| +x 4o(x) as x — 0. (14) 
This can be seen by considering 
Ch) = — f; log |Q sin $)/t| dt — fy log |t| dt. 


Using (14) and the 2x -periodicity of Clausen's integral, one obtains 


fiQze, + tv) — feren) = X (— twlog|vi + tvk log £x) + ot) 
k=1 
n—l y 
=— 5 tv; log y — t log l, + o(t), 
k=1 " 


and hence 


n-1l 


d Vk 
= 2 " t = — l T —] Las 
2 -— Ten + tv) 2 og ü og 


Now we invoke the information inequality (2) for the discrete probability distri- 
butions (v1, ..., v4 1) and (£4, ..., £4 4)/ ae £,. Thus, 
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n—i n—1 
d ar 
e f Omen +tv) = -> vk (e Jo het J 
dt ' k=1 "EXE I£ ln 


~ 


<0 


If £, > 97-1 £4, then 


— 2z e, + tv) x 0. 
With the concavity of f (Proposition 2.2), this implies that f, attains its maximum 
on D, at (0,...,0, 277). 

If, on the otber hand, £, < pee, | x, then we obtain, for vg = £,/ pue ilm 


d 
di of One 4 tv) > 0. 


This implies that f; does not attain its maximum at (0,..., 0, 27r). 


This completes the proof of Theorem 1.1. 


Remark 2.6 The function V, has the following interpretation in terms of hyper- 
bolic volume [6]. Consider a Euclidean cyclic n-gon with central angles o, . . . , Qn. 
Imagine the Euclidean plane of the polygon to be the ideal boundary of hyperbolic 
3-space in the Poincaré upper half-space model. Then the vertical planes through 
the edges of the polygon and the hemisphere above its circumcircle bound a hyper- 
bolic pyramid with vertices at infinity. Its volume is iV, (0, ..., 0&4). Together with 
Schlafli’s differential volume equation (rather, Milnor's generalization that allows 
for ideal vertices [7]), this provides another way to prove Proposition 2.1. 


3 Spherical Polygons. Proof of Theorem 1.2 


The polygon inequalities (1) are clearly necessary for the existence of a spheri- 
cal cyclic polygon because every side is a shortest geodesic. That inequality (3) is 
also necessary was already noted in the introduction. It remains to show that these 
inequalities are also sufficient, and that the polygon is unique. 

We reduce the spherical case to the Euclidean one as shown in Fig. 3. Connecting 
the vertices of a spherical cyclic polygon with line segments in the ambient Euclid- 
ean space, one obtains a Euclidean cyclic polygon whose circumradius is smaller 
than 1. Conversely, every Euclidean polygon inscribed in a circle of radius less than 
] corresponds to a unique spherical cyclic polygon. The spherical side lengths £ are 
related to the Euclidean lengths £ by 


l= (15) 


pa 
3 
NIS 
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Fig. 3. Spherical and 
Euclidean polygons 


It remains to show the following two propositions: 


Proposition 3.1 Ifthe spherical lengths £ € RZ} satisfy the inequalities (1) and (3), 
then the Euclidean lengths £ defined by (15) satisfy the inequalities (1) as well. By 
Theorem 1.1 there is then a unique Euclidean cyclic polygon P; with side lengths €. 


Proposition 3.2. The circumradius R of the polygon P; of Proposition 3.1 is strictly 
less than 1. 


We will use the following estimate in the proof of Proposition 3.1: 


Lemma 3.3 (Sum of Sines Estimate) If B1,..., B, € R>ọ satisfy pum Bk <T, 


then n n 
(34) < Y sin fx. (16) 
k=1 k=1 


Proof (of Lemma 3.3) By induction on n, the base case n = 1 being trivial. For the 
inductive step, use the addition theorem, 


n+l n n 
sin (X4) = sin ( ps) cos Bn +1 + cos D ps) sin Br, 
k=1 


k=1 k=1 


and note that the cosines are < 1. 


Remark 3.4 The statement of Lemma 3.3 can be strengthened. Equality holds 
in (16) if and only if at most one f, is greater than zero. This is easy to see, but 
we do not need this stronger statement in the following proof. 
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Proof (of Proposition 3.1) Suppose £1, ..., €n € R>o satisfy the polygon inequali- 
ties (1) and (3). We need to show that £1, ..., £, defined by (15) satisfy 
& « V E. (17) 
ik 


To this end, we will show that 


£k Li 
in — i =], 18 
ain (X2) (18) 
izk 
from which inequality (17) follows by Lemma 3.3. To prove inequality (18), we 
consider two cases separately. 


e»; ES £i < x. Inequality (18) simply follows from the polygon inequality £% < 
> izk £; and the monotonicity of the sine function on the closed interval [0, sl 
e 2,44 6 Z7. Note that 2x > >’; (; implies 27 — £4 > > 4, li, and hence 


2n > 2n - 04 » M ti m m. (19) 
izk 


Inequality (18) follows from sin E — sin(z — E) and the monotonicity of the 


sine function on the closed interval [55 7 ]. 


This completes the proof of (18) and hence the proof of Proposition 3.1. 


Proof (of Proposition 3.2) Let a, be the central angles of the Euclidean cyclic poly- 
gon P;. Then 
ek k- 
sin — = — = Rsin —, (20) 
2 2 2 
by (7) and (15). Note that a, are the central angles of both the Euclidean and the 
spherical polygon (provided it exists). We consider two cases separately. 
First, suppose that a, < 7 for all k. Since >", £, < 2z = >", o, there is some 
k such that £} < o. Then sin 4 < sin o and equation (20) implies that R <1. 
Otherwise, since >” Ok = 27, there is exactly one i such that o; > 2, and a, < 
x for all k Z i. By symmetry, it is enough to consider the case 


a>, Oy «mx for ke {2,...,n}. 


For future reference, we note that a; > x implies that £ 1 is the longest side of Pz. 
(Use (20) and the monotonicity of the sine function.) 
We will show R « 1 by induction on n. First, assume n = 3. Then (18) says 


. £1 . f2+ 65 
sin < sin f 


2 
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By (20) and using 27 — o = a2 + a3, we have 


NEA -. 02 a3 = a2 . Q3 
sin — = R sin — cos — + R cos — sin —, (21) 
2 2 2 2 2 
and 
hth NEZ £3 hL. bi 
sin = sin — cos — + cos — sin 
2 2 2 2 2 (22) 
- . a2 b3 - fy , 0 
= R sin — cos — + Rcos— sin— . 
2 2 2, 2 


For at least one k € (2, 3}, cos 4 < cos s £ and hence sin 


implies R < 1. 

Now assume that R < 1 has already been shown if P; has at most n sides. Sup- 
pose P; has n + 1 sides. The idea of the following argument is to cut off a triangle 
with sides Las TUN and A = 2R sin -————. Since à< " (the longest side), and 


"n < 2 by (15), we may define A = 2 arcsin 2 5 Now assume R > 1. Then, by the 
inductive hypothesis, the polygon inequalities (1) or (3) are violated for the cut-off 
triangle and the remaining n-gon. Inequality (3) cannot be violated because it was 
assumed to hold for £1, ..., €n41. Hence, 


OK 


> > sin & >. Equation (20) 


£2 blo o b bpp +A and À > bn + lng. 


This implies £, > £» +--+ + £444. Conversely, if (1) and (3) hold, then R < 1. This 
completes the proof of Proposition 3.2. 


4 Hyperbolic Polygons. Proof of Theorem 1.3 


The polygon inequalities (1) are clearly necessary for the existence of a hyperbolic 
cyclic polygon, because every side is a shortest geodesic. It remains to show that 
they are also sufficient, and that the polygon is unique, i.e., Proposition 4.2. First, 
we review some basic facts from hyperbolic geometry. 

As in the spherical case (Sect. 3), we will connect vertices by straight line seg- 
ments in the ambient vector space. But instead of the sphere, we consider the hyper- 
bolic plane in the hyperboloid model, 


H? = (x e R>! | (x, x) = —1, x3 > 0), 
where R>! denotes the vector space IR? equipped with the scalar product 


(x, y) = xiyi + Xoy2 — Xays, 
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and lengths and angles in IH? are measured using the Riemannian metric induced by 
this scalar product. 

Straight lines (i.e., geodesics) in H? are the intersections of H? with 
2-dimensional subspaces of IR?. The length £ of the geodesic segment connecting 
points p, q € H? is determined by 


cosh £ = — (p, q). 


The length of the straight line segment connecting points p, q € H? in the ambient 
R>! is i 
€=V(P—4,Pp—4)- 


This chordal length and the hyperbolic distance £ are related by 
d inh : (23) 
=~ = sinh +. 
2 2 


An affine plane in R>! is called spacelike, lightlike, or timelike, if the restric- 
tion of the scalar product (-, -) to (the tangent space of) the affine plane is positive 
definite, positive semidefinite, or indefinite, respectively. In terms of the standard 
Euclidean metric on R?, a plane is spacelike, lightlike, or timelike if its slope is less 
than, equal to, or greater than 45?. 

A curve of intersection of H? with an affine plane in R>! that does not contain 0 
is a hyperbolic circle, a horocycle, or a hypercycle, depending on whether the plane 
is spacelike, lightlike, or timelike. 

Thus, connecting the vertices of a hyperbolic cyclic polygon by straight line seg- 
ments in the ambient R*!, one obtains a planar polygon in R~!, but the intrinsic 
geometry of the plane will only be Euclidean if the hyperbolic polygon is inscribed 
in a circle (see Fig. 4). If the polygon is inscribed in a horocycle or hypercycle, 
then the geometry of the plane will be degenerate with signature (+, 0) or a 1 + 1- 
spacetime with signature (4-, —), respectively. 


Proposition 4.1 Let P, be a hyperbolic cyclic polygon with side lengths £, .. . , 
£, € Ryo, and let €, be the chordal lengths (23). If P, is inscribed in 


(i) a circle then 


& <J & forallk. (24) 
zk 
(ii) a horocycle then 
& — S foronek. (25) 


i=l 
izk 
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Fig. 4 Hyperbolic polygon 
inscribed in a circle, shown 
in the hyperboloid model 


(iii) a hypercycle then 


> M 4 for one k. (26) 
zi 


Proof (i) If P; is inscribed in a circle, then the chordal polygon obtained by con- 
necting the vertices of P, by straight line segments in IR?! is a Euclidean polygon. 
Hence, its side lengths £ satisfy (24). 

(ii) If P; is inscribed in a horocycle, then the chordal length Z; of a side is equal 
to the length of the arc of the horocycle between its vertices (see Fig. 5). Since one 
horocycle arc comprises all others, this implies (25). 

(iii) If P; is inscribed in a hypercycle at distance R from a geodesic g, then the 
chordal lengths @;, the hypercycle “radius” R, and the distances a; between the foot 
points of the perpendiculars from the vertices to g (see Fig. 6) are related by 


i 
> = cosh(R) sinh 7. (27) 


Fig. 5 Polygon inscribed in a horocycle, shown in the Poincaré half-plane model. Here, [ES 
b #n £j is the largest chordal length. Since all horocycles are congruent, we may without loss of 
generality assume that the polygon is inscribed in the horocycle y = 1 
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Fig. 6 Polygon inscribed in 
a hypercycle, shown in the 
Poincaré disk model. Here, 
£, and £, are the largest side 
length and chordal length, 
respectively 


Since one of the segments of g comprises all others, 
ak = Sai for one k. 
ik 


With (27) this implies (26): 


Ly i : i 
E = cosh(R) sinh (> 2) > >) cosh(R) sinh S = 2. 


ik izk 


l 


, 


Nis 


where we have used the inequality sinh(x + y) > sinh(x) + sinh(y), which holds 
for positive x, y. This follows immediately from the addition theorem for the hyper- 
bolic sine function. 

This completes the proof of Proposition 4.1. 


Proposition 4.2 /f € € R^, satisfies the polygon inequalities (1), then there exists 
a unique hyperbolic cyclic polygon with these side lengths. 


Proof Suppose £ € R7, satisfies the polygon inequalities (1). Let l be the corre- 
sponding chordal lengths (23). We will treat each case of Proposition 4.1 separately. 
In each case, we will tacitly use Proposition 4.1 and its proof. Our treatment of case 
(iii) is analogous to Penner's proof [9] of Theorem 1.1 (his Theorem 6.2). 

(i) If the chordal lengths £ satisfy condition (24), then the existence and unique- 
ness of a hyperbolic cyclic polygon with side lengths £ follows from the existence 
and uniqueness of a Euclidean cyclic polygon with side lengths £, i.e., from Theo- 
rem 1.1 (see Fig. 4). 
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(ii) If the chordal lengths £ satisfy condition (25), then the corresponding hyper- 
bolic cyclic polygon can be constructed by marking off the lengths Z; for i Z k 
along a horocycle (see Fig. 5). To see the uniqueness claim, note that all horocycles 
are congruent. 

(iii) It remains to consider the case that the chordal lengths @ satisfy condi- 
tion (26). For simplicity, we will assume that £, is the largest side length. Then 
l, is the largest chordal length and condition (26) says 


(= x d (28) 


Now suppose P; is a hyperbolic polygon with side lengths £ that is inscribed in 
a hypercycle at distance R from its geodesic g, and let 


R = cosh R. (29) 


Then the distances a; between the foot points (see Fig. 6) satisfy 


n—1 


an = > ak, 


k=1 
Using (27), one obtains 


n—1 


arsinh() = Y arsim (£5). (30) 
k=1 


Conversely, if, for given £, a number R > 1 satisfies (30) then R defined by (29) 
is the correct hypercycle distance. More precisely, one can then construct a hyper- 
bolic cyclic polygon with side lengths £ by marking off the distances aj, ..., à, 1 
determined by (27) along a geodesic and intersect the perpendiculars in the marked 
points with a hypercycle at distance R (see Fig. 6). 

It remains to show that there is exactly one R > 1 satisfying (30). To this end, 
consider the function 


n—1 2 


P(x) = arsinh(“*) z > arsinn(54). G1) 
k=1 


We need to show that @ has exactly one zero in the interval (1, oo). Using (23), we 


see 
n—1 


@(1) = 5 (ts = > 4) <0. (32) 
k=1 
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For x — oo, 
B(x) ~(i > &) + (5) (33) 
x)= — = k 0| —-]. 
2x \” x 


so 
@(x) > 0 for large x. 


By continuity, ® has at least one zero in the interval (1, oo). 
Finally, we will show that the derivative 


1 h n—1 = 
p(x) = ( st > = ) (34) 
2 E 
Mg a+ ® 


1+ 


is positive at the positive zeroes of ®. This implies that ® has at most one zero in 
R-o. Let us define 


a(x) = arsinh( 4) ; 


SO 
n—1 


P(x) = a(x) — $ ax (x), 


k=1 


and 
n—l 


$'(x)- A — tanh a, (x) + 5 tanh ak). 


k=1 
The claim follows from the inequality 


m m 


tanh > a; < > J tanha;, 
j=l 


j=l 


which holds for m > 2 and positive numbers a;. (Use induction on m and the addi- 
tion theorem for tanh for the base case m = 2.) 
This concludes the proof of Proposition 4.2. 


5 Concluding Remarks on 1 + 1 Spacetime 


The scalar product of R}! is 


(x, y)hui = xiyi — X22, 
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and the length of a spacelike vector x is £ = ,/(x, x)1,1. The proof of Theorem 1.3 
for polygons inscribed in hypercycles (Sect. 4) also proves the following theorem 
about “cyclic” polygons in 1 + 1 spacetime. 


Theorem 5.1 There exists a polygon in R)! with n > 3 spacelike sides with lengths 


£,,...,, > Othat is inscribed in one branch of a hyperbola (x, x), = —R? if and 
only if 
& Mi foronek, (35) 
id 


and this polygon is unique. 


Without loss of generality, we will assume that the nth side is the longest, i.e., k — 
n in (35). Like in the Euclidean case (Sect. 2), the construction of such an inscribed 
polygon in R}! is equivalent to the following analytic problem: Find a point a € 
IR^, satisfying 


n—i 


d, = >i (36) 
i=1 


and t 
= canh (37) 
2 2 


for some R € Randallk € (1,...,n]. 
This problem admits the following variational formulation. Define the function 
pe : IR" > R by 


n—i 


pela) = >> (Cho (az) + log(£4) ax) — (Clha (as) + log(£,) an); 
k=1 


where Clh» denotes the “hyperbolic version" of Clausen's integral, 
X t 
Cli (x) = -f log b sinh 5 | dt. 
0 


(This notation is not standard.) The function Clh?(x) can be expressed in terms of 
the real part of the dilogarithm function: 


2 zx? 


x 
Clh = Re Liz (e*) + — -— —. 

2(x) 2(e") 1 % 
Like in the Euclidean case, one sees that a € RR", is a critical point of o; under 
the constraint (36) if and only if there is an R satisfying equations (37). However, 
the function @ is neither concave nor convex on the subspace (36), so any proof 
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of Theorem 5.1 (or the hypercycle case of Theorem 1.3) based on this variational 
principle would have to be more involved. 
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Complex Line Bundles Over Simplicial 
Complexes and Their Applications 


Felix Knóppel and Ulrich Pinkall 


Abstract Discrete vector bundles are important in Physics and recently found 
remarkable applications in Computer Graphics. This article approaches discrete 
bundles from the viewpoint of Discrete Differential Geometry, including a complete 
classification of discrete vector bundles over finite simplicial complexes. In particu- 
lar, we obtain a discrete analogue of a theorem of André Weil on the classification of 
hermitian line bundles. Moreover, we associate to each discrete hermitian line bun- 
dle with curvature a unique piecewise-smooth hermitian line bundle of piecewise- 
constant curvature. This is then used to define a discrete Dirichlet energy which 
generalizes the well-known cotangent Laplace operator to discrete hermitian line 
bundles over Euclidean simplicial manifolds of arbitrary dimension. 


1 Introduction 


Vector bundles are fundamental objects in Differential Geometry and play an impor- 
tant role in Physics [2]. The Physics literature is also the main place where discrete 
versions of vector bundles were studied: First, there is a whole field called Lat- 
tice Gauge Theory where numerical experiments concerning connections in bundles 
over discrete spaces (lattices or simplicial complexes) are the main focus. Some of 
the work that has been done in this context is quite close to the kind of problems we 
are going to investigate here [3, 4, 6]. 

Vector bundles make their most fundamental appearance in Physics in the form 
of the complex line bundle whose sections are the wave functions of a charged par- 
ticle in a magnetic field. Here the bundle comes with a connection whose curvature 
is given by the magnetic field [2]. There are situations where the problem itself sug- 
gests a natural discretization: The charged particle (electron) may be bound to a 
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Fig. 1 A smooth 
triangulation of a manifold 


certain arrangement of atoms. Modelling this situation in such a way that the elec- 
tron can only occupy a discrete set of locations then leads to the “tight binding 
approximation" [1, 12, 15]. 

Recently vector bundles over discrete spaces also have found striking applica- 
tions in Geometry Processing and Computer Graphics. We will describe these in 
detail in Sect. 2. 

In order to motivate the basic definitions concerning vector bundles over sim- 
plicial complexes let us consider a smooth manifold M that comes with smooth 
triangulation (Fig. 1). 

Let E be a smooth vector bundle over M of rank &. Then we can define a discrete 
version E of E by restricting E to the vertex set V of the triangulation. Thus E assigns 
to each vertex i € V the R-dimensional real vector space E; :— E;. This is the way 
vector bundles over simplicial complexes are defined in general: Such a bundle E 
assigns to each vertex i a R-dimensional real vector space E; in such a way that 
E; NE; « f fori £ j. 

So far the notion of a discrete vector bundle is completely uninteresting mathe- 
matically: The obvious definition of an isomorphism between two such bundles E 
and É just would require a vector space isomorphism f; : E; > É; for each vertex 
i. Thus, unless we put more structure on our bundles, any two vector bundles of the 
same rank over a simplicial complex are isomorphic. 

Suppose now that E comes with a connection V. Then we can use the parallel 
transport along edges ij of the triangulation to define vector space isomorphisms 


"nij : E; >È; 
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This leads to the standard definition of a connection on a vector bundle over a 
simplicial complex: Such a connection is given by a collection of isomorphisms 
rj; : E; — Ej defined for each edge ij such that 


Nji Si 


Now the classification problem becomes non-trivial because for an isomorphism f 
between two bundles E and E with connection we have to require compatibility with 
the transport maps n;j: 


fj o nij = Nj o fi 


Given a connection 77 and a closed edge path y = e; --- e (compare Sect. 4) of 
the simplicial complex we can define the monodromy P, € Aut(E;) around y as 


Py = Ney © -O Nej» 


In particular the monodromies around triangular faces of the simplicial complex 
provide an analog for the smooth curvature in the discrete setting. In Sect. 4 we will 
classify vector bundles with connection in terms of their monodromies. 

Let us look at the special case of a rank 2 bundle E that is oriented and comes 
with a Euclidean scalar product. Then the 90°-rotation in each fiber makes it into 
1-dimensional complex vector space, so we effectively are dealing with a hermitian 
complex line bundle. If ijk is an oriented face of our simplicial complex, the mon- 
odromy P5jj, : E; — E; around the triangle ijk is multiplication by a complex num- 
ber hijg of norm one. Writing hijg = e'^* with —7 < ojj, < 7 we see that this mon- 
odromy can also be interpreted as a real curvature aij, € (—7, 7]. It thus becomes 
apparent that the information provided by the connection 77 cannot encode any cur- 
vature that integrated over a single face is larger than +r. This can be a serious 
restriction for applications: We effectively see a cutoff for the curvature that can be 
contained in a single face. 

Remember however our starting point: We asked for structure that can be nat- 
urally transferred from the smooth setting to the discrete one. If we think again 
about a triangulated smooth manifold it is clear that we can associate to each two- 
dimensional face ijk the integral £2;;, of the curvature 2-form over this face. This 
is just a discrete 2-form in the sense of discrete exterior calculus [5]. Including this 
discrete curvature 2-form with the parallel transport 7) brings discrete complex line 
bundles much closer to their smooth counterparts: 


Definition A hermitian line bundle with curvature over a simplicial complex X is 
a triple (E, n, Q). Here E is complex hermitian line bundle over X, for each edge 
ij the maps nij : E; — Ej; are unitary and the closed real-valued 2-form 2 on each 
face ijk satisfies 


1j : 
Nki © Njk O Nij = e" ^" idg,. 
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In Sect. 7 we will prove for hermitian line bundles with curvature the discrete 
analog of a well-known theorem by André Weil on the classification of hermitian 
line bundles. 

In Sect. 8 we will define for hermitian line bundles with curvature a degree 
(which can be an arbitrary integer) and we will prove a discrete version of the 
Poincaré-Hopf index theorem concerning the number of zeros of a section (counted 
with sign and multiplicity). 

Finally we will construct in Sect. 10 for each hermitian line bundle with curva- 
ture a piecewise-smooth bundle with a curvature 2-form that is constant on each 
face. Sections of the discrete bundle can be canonically extended to sections of the 
piecewise-smooth bundle. This construction will provide us with finite elements for 
bundle sections and thus will allow us to compute the Dirichlet energy on the space 
of sections. 


2 Applications of Vector Bundles in Geometry Processing 


Several important tasks in Geometry Processing (see the examples below) lead to 
the problem of coming up with an optimal normalized section ¢ of some Euclid- 
ean vector bundle E over a compact manifold with boundary M. Here “normalized 
section" means that ¢ is defined away from a certain singular set and where defined 
it satisfies |¢| = 1. 

In all the mentioned situations E comes with a natural metric connection V and 
it turns out that the following method for finding ¢ yields surprisingly good results: 

Among all sections w of E find one which minimizes m |Vw|? under the con- 
straint ds ||? = 1. Then away from the zero set of use à = wJ ||. 

The term “optimal” suggests that there is a variational functional which is mini- 
mized by ¢ and this is in fact the case. Moreover, in each of the applications there 
are heuristic arguments indicating that @ is indeed a good choice for the problem 
at hand. For the details we refer to the original papers. Here we are only concerned 
with the Discrete Differential Geometry involved in the discretization of the above 
variational problem. 


2.1 Direction Fields on Surfaces 


Here M is a surface with a Riemannian metric, E — TM is the tangent bundle and 
V is the Levi-Civita connection. Figure 2 shows the resulting unit vector field ¢. If 
we consider TM as a complex line bundle, normalized sections of the tensor square 
L = TM & TM describe unoriented direction fields on M. Similarly, “higher order 
direction fields" like cross fields are related to higher tensor powers of TM. Higher 
order direction fields also have important applications in Computer Graphics. 
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Fig. 2 An optimal direction field on a surface 


2.2 Stripe Patterns on Surfaces 


A stripe pattern on a surface M is a map which away from a certain singular set 
assigns to each point p € M an element ¢(p) € S = {z € C||z| = 1}. Such a map ó 
can be used to color M in a periodic fashion according to a color map that assigns a 
color to each point on the unit circle S. Suppose we are given a 1-form w on M that 
specifies a desired direction and spacing of the stripes, which means that ideally we 
would wish for something like ¢ = e/^ with da = w. Then the algorithm in [9] says 
that we should use a ¢ that comes from taking E as the trivial bundle E = M x C and 
Vw = dw — iwp. Sometimes the original data come from an unoriented direction 
field and (in order to obtain the 1-form w) we first have to move from M to a double 
branched cover M of M. This is for example the case in Fig. 3. 


2.3 Decomposing Velocity Fields into Fields Generated 
by Vortex Filaments 


The velocity fields that arise in fluid simulations quite often can be understood as 
a superposition of interacting vortex rings. It is therefore desirable to have an algo- 
rithm that reconstructs the underlying vortex filaments from a given velocity field. 
Let the velocity field v on a domain M C IR? be given as a 1-form w = (v, -). Then 
the algorithm proposed in [19] uses the function ¢ : M — C that results from taking 
the trivial bundle E = M x C endowed with the connection Vy = dw — iwy. Note 
that so far this is just a three-dimensional version of the situation in Sect. 2.2. This 
time however we even forget ¢ in the end and only retain the zero set of «/ as the 
filament configuration we are looking for (Fig. 4). 
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Fig.3 Anoptimal stripe pattern aligned to an unoriented direction field 


Fig. 4 A knotted vortex 
filament defined as the zero 
set of a complex valued 
function v. It is shown as the 
intersection of the zero set of 
Re with the zero set of 3 w 


2.4 Close-To-Conformal Deformations of Volumes 


Here the data are a domain M C R? and a function u : M — R. The task is to find a 
map f : M — R? which is approximately conformal with conformal factor e", i.e. 
for all tangent vectors X € TM we want 


Id f (X)| © e"|X]. 


The only exact solutions of this equations are the Móbius transformations. For these 
we find 


df(X) = e"pxy 
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Fig. 5 Close-to-conformal deformation of a sphere based on a desired conformal factor specified 
as the potential of a collection of point charges 


for some map v» : M — H with || = 1 which in addition satisfies 
di(X) = —4 (gradu x X) v. 


Note that here we have identified R? with the space of purely imaginary quaternions. 
Let us define a connection V on the trivial rank 4 vector bundle M x H by 


Vxw := dv (X) + 4 (gradu x X)u. 


Then we can apply the usual method and find a section ó : M > H with |ó| = 1. In 
general there will not be any f : M — R? that satisfies 


df (X) = e"óXó (1) 


exactly but we can always look for an f that satisfies (1) in the least squares sense. 
See Fig. 5 for an example. 


3 Discrete Vector Bundles with Connection 


An (abstract) simplicial complex is a collection X of finite non-empty sets such that 
if ø is an element of X so is every non-empty subset of ø [14]. 

An element of a simplicial complex X is called a simplex and each non-empty 
subset of a simplex ø is called a face of c. The elements of a simplex are called 
vertices and the union of all vertices V = Uzex o is called the vertex set of X. The 
dimension of a simplex is defined to be one less than the number of its vertices: 
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dim oc := |o| — 1. A simplex of dimension k is also called a k-simplex. The dimen- 
sion of a simplicial complex is defined as the maximal dimension of its simplices. 

To avoid technical difficulties, we will restrict our attention to finite simplicial 
complexes only. The main concepts are already present in the finite case. Though, 
the definitions carry over verbatim to infinite simplicial complexes. 


Definition 3.1 Let F be a field and let X be a simplicial complex with vertex set V. 
A discrete F-vector bundle of rank R € N over X is a map 7 : E — V such that for 
each vertex i € V the fiber over i 


E; := «^ ((i]) 


has the structure of a R-dimensional F-vector space. 


Most of the time, we slightly abuse notation and denote a discrete vector bundle 
over a simplicial complex schematically by E — X. 

The usual vector space constructions carry fiberwise over to discrete vector bun- 
dles. So we can speak of tensor products or dual bundles. Moreover, the fibers can be 
equipped with additional structures. In particular, a real vector bundle whose fibers 
are Euclidean vector spaces is called a discrete Euclidean vector bundle. Similarly, a 
complex vector bundle whose fibers are hermitian vector spaces is called a discrete 
hermitian vector bundle. 

So far discrete vector bundles are completely uninteresting from the mathemat- 
ical viewpoint—the obvious definition of an isomorphism f between two discrete 
vector bundles E and E just requires isomorphisms between the fibers f; : E; > Ej. 
Thus any two bundles of rank are isomorphic. This changes if we connect the 
fibers along the edges by isomorphisms. 

Let o = (io, ..., iy) bea k-simplex. We define two orderings of its vertices to be 
equivalent if they differ by an even permutation. Such an equivalence class is then 
called an orientation of c and a simplex together with an orientation is called an 
oriented simplex. We will denote the oriented k-simplex just by the word io - - - ig. 
Further, an oriented 1-simplex is called an edge. 


Definition 3.2 Let E — X be a discrete vector bundle over a simplicial complex. A 
discrete connection on E is a map 7 which assigns to each edge ij an isomorphism 
rj; : E; — Ej of vector spaces such that 


cd 
nji = "ij > 


Remark 3.3 Here and in the following a morphism of vector spaces is a linear map 
that also preserves all additional structures—if any present. E.g., if we are dealing 
with hermitian vector spaces, then a morphism is a complex-linear map that pre- 
serves the hermitian metric, i.e. it is a complex linear isometric immersion. 


Definition 3.4 A morphism of discrete vector bundles with connection is a map 
f : E — F between discrete vector bundles E > X and F — X with connections 7 
and 0 (resp.) such that 
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(i) for each vertex i we have that f(E;) C F; and the map f; = flg, : E; > Fi; is 
a morphism of vector spaces, 
(ii) for each edge ij the following diagram commutes: 
0i; 


F;———Fj 


l.e. 0j [o] Si = fj o Jj. 


An isomorphism is a morphism which has an inverse map, which is also a morphism. 
Two discrete vector bundles with connection are called isomorphic, if there exists 
an isomorphism between them. 

Again let V denote the vertex set of X. A discrete vector bundle E — X with 
connection 7 is called trivial, if it is isomorphic to the product bundle 


F* := V x F* 
over X equipped with the connection which assigns to each edge the identity idps. 
It is a natural question to ask how many non-isomorphic discrete vector bundles 
with connection exist on a given simplicial complex X. 


Remark 3.5 For k € N, the k-skeleton X* of a simplicial complex X is the subcom- 
plex that consists of all simplices ø € X of dimension < k, 


X* := {o € X | dime < k}. 


The classification of vector bundles over X only involves its 1-skeleton X! and could 
be equally done just for discrete vector bundles over 1-dimensional simplicial com- 
plexes, i.e. graphs. Later on, when we consider discrete hermitian line bundles with 
curvature in Sect. 7, the 2- and 3-skeleton come into play and finally, in Sect. 11, we 
will use the whole simplicial complex. 


4 Monodromy—A Discrete Analogue of Kobayashi’s 
Theorem 


Let X be a simplicial complex. Each edge ij of X has a start vertex s(ij) :— i 
and a target vertex f(ij) := j. A edge path ^y is a sequence of successive edges 
(e1, ..., €g), ke. S(éx41) = t (ex) for all k = 1,...,£ — 1, and will be denoted by 
the word: 

y = €p--:-€,. 
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If i = s(e1), we say that y starts at i, and if j = t(e;) that y ends at j. The complex 
X is called connected, if any two of its vertices can be joined by an edge path. From 
now on we will only consider connected simplicial complexes. 

Now, let E — X be a discrete vector bundle with connection 7. To each edge 
path y = e; --- ei from i to j, we define the parallel transport P, : E; — E; along 


y by 
Py = Na O t O Ne 


To each edge path y = ey ---e; we can assign an inverse path ^y^. If ^j = e, -- 
€e41 Starts where y ends, we can build the concatenation ^y: With the notation 


ij | :— ji, we have 


Yep ep, VV = emt eepe: e. 


Whenever 77 is defined, 


Piy = P5 o P, ase (2) 
The elements of the fundamental group are identified with equivalence classes of 
edge loops, i.e. edge paths starting and ending a given base vertex i of X, where two 
such loops are identified if they differ by a sequence of elementary moves [16]: 


=j 
Cer Cees Cle ++ €] <> Ee’: eklek’ e. 


Now, by Eq. (2), we see that the parallel transport descends to a representation of 
the fundamental group 7 (X! , i). We encapsulate this in the following 


Proposition 4.1 Let E — X be a discrete vector bundle with connection over a 
connected simplicial complex. The parallel transport descends to a representation 
of the fundamental group mı (X!, i): 

M: m (X, i) > Aut(E), [y] P. 


The representation IN will be called the monodromy of the discrete vector bundle E. 


If we change the base vertex this leads to an isomorphic representation—an iso- 
morphism is just given by the parallel transport P, along an edge path joining the 
two base vertices. Moreover, if f : E > E is an isomorphism of discrete vector bun- 
dles with connection over the simplicial complex X, for any edge path y = e¢--- ei 
from a vertex 7 to a vertex j the following equality holds: 


P, = fjo Pho 2s 
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Here P and P denote the parallel transports of E and E. Thus we obtain: 


Proposition 4.2. /somorphic discrete vector bundles with connection have isomor- 
phic monodromies. 


In fact, the monodromy completely determines a discrete vector bundle with 
connection up to isomorphism, which provides a complete classification of dis- 
crete vector bundles with connection: Let X be a connected simplicial complex. 
Let E — X be a discrete F-vector bundle of rank & with connection and let 
M : mı (X5, i) — Aut(E;) denote its monodromy. Any choice of a basis of the fiber 
E; determines a group homomorphism p € Hom(7(X', i), GL(K, F)). Any other 
choice of basis determines a group homomorphism p which is related to p by con- 
jugation, i.e. there is $ € GL(R, F) such that 


BD = S - p(y) - ST! for all [y] € mi (Xt, i). 


Hence the monodromy ‘Jt determines a well-defined conjugacy class of group 
homomorphisms from 7, (X!, i) to GL(&, F), which we will denote by [Mt]. The 
group GL(£, F) will be referred to as the structure group of E. 

Let VEX) denote the set of isomorphism classes of F-vector bundles of rank 
R with connection over X and let Hom(7)(X!, i), GL(R, F))/~ denote the set of 
conjugacy classes of group homomorphisms from the fundamental group ™(X"', i) 
into the structure group GL(R, F). 


Theorem 4.3. F : $92 (X) > Hom(m(X', i), GL(R, F))/~, [E] > [W] is bijec- 


tive. 


Proof By Proposition 4.2, F is well-defined. First we show injectivity. Consider two 
discrete vector bundles E, E over X with connections n, 7 and let Nt, M denote their 
monodromies. Suppose that [t] = [OM]. If we choose bases {X 5 "6 d of Ej 
and (X oe x RY of E;, then M and M are represented by group homomorphisms 
p. p € Hom (m (X!, i), OLOR, F)) which are related by conjugation. Without loss of 
generality, we can assume that p = p. Now, let J be a spanning tree of X with root i. 
Then for each vertex j of X there is an edge path y;,; from the root i to the vertex j 
entirely contained in J. Since J contains no loops, the path »; ; is essentially unique, 
i.e. any two such paths differ by a sequence of elementary moves. Thus we can use 
the parallel transport to obtain bases {X}, es x7) C E; and P ee X$) cE; 
at every vertex j of X. With respect to these bases the connections 7 and fj are 
represented by elements of GL(, F). By construction, for each edge e in J the 
connection is represented by the identity matrix. Moreover, to each edge e — jk 
not contained in J there corresponds a unique [ye] € v, (X, i). With the notation 
above, it is given by ye = ^j; ie "ji, ;. In particular, on the edge e both connections 
are represented by the same matrix p([»y,]) = p([»y,]). Thus, if we define f : E> E 
by SX) = xm form = 1,..., R, we obtain an isomorphism, i.e. E = E. Hence 
F is injective. 
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To see that F is surjective we use J to equip the product bundle E :— V x F* 
with a particular connection 7. Let p € Hom(rz; (X!, i), GL(R, F)). If e lies in T 
we set ne = id else we set ne :— p([Ye]). By construction, F([E]) = [p]. Thus F is 
surjective. 


Remark 4.4 Note that Theorem 4.3 can be regarded as a discrete analogue of a the- 
orem of S. Kobayashi [10, 13], which states that the equivalence classes of connec- 
tions on principal G-bundles over a manifold M are in one-to-one correspondence 
with the conjugacy classes of continuous homomorphisms from the path group 
9 (M) to the structure group G. In fact, the fundamental group of the 1-skeleton 
is a discrete analogue of ®(M). 


5 Discrete Line Bundles—The Abelian Case 


In this section we want to focus on discrete line bundles, i.e. discrete vector bundle 
of rank 1. Here the monodromy descends to a group homomorphism from the closed 
1-chains to the multiplicative group F, :— IF V {0} of the underlying field. This leads 
to a description by discrete differential forms (Sect. 6). 

Let L — X be discrete F-line bundle over a connected simplicial complex. In 
this case the structure group is just F., which is abelian. Thus we obtain 


Hom(7(X', i), F.)) /~ = Hom(m(X', i), F,). 


Hom(7(X', i), F,) carries a natural group structure. Moreover, the isomorphism 
classes of discrete line bundles over X form an abelian group. The group structure 
is given by the tensor product: For [L], [L] € VLX), we have 


[L]L] = [L8], [IL]! = [L*]. 


The identity element is given by the trivial bundle. In the following we will denote 
the group of isomorphism classes of F-line bundles over X by LE. 

The map F : £5. — Hom(rzi(X!, i), F+), [L] > [M] is a group homomor- 
phism. By Theorem 4.3, F is then an isomorphism. 

Now, since IF, is abelian, each homomorphism p € Hom(7 (X!, i), F.) factors 
through the abelianization 


m, iJap = mQD/ImQ i), m QU i), 


i.e. for each p € Hom(ri (X! , i), F,) there is a unique pap € Hom(zi (X! , i)ap, Fs) 
such that 


P = Pab 9 Tab. 
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Here tap : 71 (X1, i) — mi (X, i) gy denotes the canonical projection. This yields an 
isomorphism between Hom (mi (X, i), F.) and Hom (m QC , Da, F,). In particular, 


Le Hom(r; (X, lap, F,). 


As we will see below, the abelianization 7, (X! , i)ap is naturally isomorphic to the 
group of closed 1-chains. 

The group of k-chains Cy (X, Z) is defined as the free abelian group which is 
generated by the k-simplices of X. More precisely, let X?" denote the set of oriented 
k-simplices of X. Clearly, for k > 0, each k-simplex has two orientations. Inter- 
changing these orientations yields a fixed-point-free involution p, : X?" — Xg". The 
group of k-chains is then explicitly given as follows: 


CC, Z) :— lc : X? —> Z | co pk = —c}. 
Since simplices of dimension zero have only one orientation, Xg” = Xo. Thus, 
Co(X, Z) := (c: XZ” > Z}. 


It is common to identify an oriented k-simplex c with its elementary k-chain, i.e. the 
chain which is 1 for c, —1 for the oppositely oriented simplex and zero else. With 
this identification a k-chain c can be written as a formal sum of oriented k-simplices 
with integer coefficients: 


m 
c= 1 nidi, ni € Z, o; € XY. 


i=1 


The boundary operator Oy : Ck(X, Z) — Cy 1 (X, Z) is then the homomorphism 
which is uniquely determined by 


k 
Ok ig ++ ip = XOD igs djs. 
j=0 


It well-known that ô o Qj; = 0. Thus we get a chain complex 


Dé coU We c Z Scopo SE. 


The simplicial Homology groups H(X, Z) may be regarded as a measure for the 
deviation of exactness: 


Hy, (X, Z) :— ker Oy /im Op. 


The elements of ker ô% are called k-cycles, those of im Ox, are called k-boundaries. 
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Itis a well-known fact that the abelianization of the first fundamental group is the 
first homology group (see e.g. [7]). Now, since the first homology of the 1-skeleton 
consists exactly of all closed chains of X, we obtain 


mi X! , iJap X ker Oy. 


The isomorphism is induced by the map 7 (X! , i) — ker 0; given by [y] > 2j 2 
where y = e; --- ej. We summarize the above discussion in the following theorem. 


Theorem 5.1 The group of isomorphism classes of line bundles Eb. is naturally 
isomorphic to the group Hom(ker O,, FF..): 


E = Hom(Kker 0), FF..). 


The isomorphism of Theorem 5.1 can be made explicit using discrete IF,.-valued 
1-forms associated to the connection of a discrete line bundle. 


6 Discrete Connection Forms 


Throughout this section X denotes a connected simplicial complex. 


Definition 6.1 Let 6 be an abelian group. The group of 6-valued discrete k-forms 
is defined as follows: 


ox. 6) := {w : G(X) > 6 | w group homomorphism}. 
The discrete exterior derivative d; is then defined to be the adjoint of Og +1, i.e. 
d, : Q*(X, 6) > Q*(X,6), dyw := wo Oey. 


By construction, we immediately get that di, o d; = 0. The corresponding 
cochain complex is called the discrete de Rahm complex with coefficients in ©: 


(O'S S otv. oS Boe eS. 


In analogy to the construction of the homology groups, the k-th de Rahm Cohomol- 
ogy group H* (X, 6) with coefficients in © is defined as the quotient group 


H^ (X, 6) :— ker d, /im dj. ,. 


The discrete k-forms in ker d; are called closed, those in im d;_, are called exact. 
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Now, let € denote the space of connections on the discrete F-line bundle 
Lo X: 


Qu: {n | n connection on L}. 
Any two connections 77, 0 € € differ by a unique discrete 1-form w € 2! (X, F,): 
0 = wn. 


Hence the group 2! (X, F,.) acts simply transitively on the space of connections C. 
In particular, each choice of a base connection 3 € €, establishes an identification 


€, an = wb <> we R2! (X, F,). 


Remark 6.2 Note that each discrete vector bundle admits a trivial connection. To 
see this choose for each vertex a basis of the corresponding fiber. The correspond- 
ing coordinates establish an identification with the product bundle. Then there is a 
unique connection that makes the diagrams over all edges commute. 


Definition 6.3 Let n € €L. A connection form representing the connection n is a 
1-form w € (2! (X, F,) such that n = w for some trivial base connection f. 


Clearly, there are many connection forms representing a connection. We want to 
see how two such forms are related. 

More generally, two connections n and 0 in Cj, lead to isomorphic discrete line 
bundles if and only if for each fiber there is a vector space isomorphism f; : L; > 
Lj, such that for each edge ij: 


Óij [9] Si = di o Nij. 


Since 7, and @, are linear, this boils down to discrete F,,-valued functions and the 
relation characterizing an isomorphism becomes 


ij = (gj8; )nj = duni. 


i.e. 7 and 0 differ by an exact discrete F,,-valued 1-form. In particular, the difference 
of two connection forms representing the same connection 77 is exact. 

Thus we obtain a well-defined map sending a discrete line bundle L with con- 
nection to the corresponding equivalence class of connection forms 


[w] € (2! QC, F/d Q CC, B,). 


Theorem 6.4 The map F : Ls — 2'(X, F.)/d 9 (X, F,), [L] > [w], where w is 
a connection form of L, is an isomorphism of groups. 
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Proof Clearly, F is well-defined. Let L and L be two discrete complex line bundle 
with connections 1) and 6, respectively. If 6 € Ci, and 8 € €p are trivial, so is 8 & 


Be €; 4j. Hence, with n = wp and 7j = GB, we get 


F(L 8 L) = [wa] = [w]t2] = FLF (L). 


By the preceding discussion, F is injective. Surjectivity is also easily checked. 


Next we want to prove that the map given by 
(2! (X, F,)/d 29 (X, F,) > [w] > Wlkera, € Hom(ker 0), F,) 


is a group isomorphism. Clearly, it is a well-defined group homomorphism. We 
show its bijectivity in two steps. First, the surjectivity is provided by the following 


Lemma 6.5 Let X be a simplicial complex and © be an abelian group. Then the 
restriction map ® : 2 (X, 6) — Hom(ker ðk, 6), w > wlker a, i$ surjective. 


Proof If we choose an orientation for each simplex in X, then Oj is given by 
an integer matrix. Now, there is a unimodular matrix U such that 0,U = (0|H) 
has Hermite normal form. Write U = (A|B), where 0, A = 0 and OB = H and 
let a; denote the columns of A, i.e. A = (a1, ..., a¢). Clearly, a; € ker ô. More- 
over, if c € ker Oj, then 0 = Q&c = (0|H)U~'c. Hence U^!c = (q,0)!, q € Z, 
and thus c = Aq. Therefore (a; | i = 1,..., £} is a basis of ker Qj. Now, let u € 
Hom (ker 0;, Z). A homomorphism is completely determined by its values on a 
basis. We define w = (u(ai), ..., (ae), 0...,0)U-!. Then w € (Q* (X, Z) and 
wA = (u(a1), ..., M (ac)). Hence ® (w) = u and 6 is surjective for forms with coef- 
ficients in Z. Now, let 6 be an arbitrary abelian group. And u € Hom(ker Ox, 6). 
Now, if aj, .., ag is an arbitrary basis of ker O;,, then there are forms w1, ..., we € 
«2^ (XC, Z) such that w; (aj) = 6;;. Since Z acts on ©, we can multiply w; with ele- 
ments g € Ó to obtain forms with coefficients in 6. Now, set w = pm wi + udi). 
Then w € 2*(X, 6) and w(a;) = (ai) fori = 1,..., £. Thus ®(w) = u. Hence ® 
is surjective for forms with coefficients in arbitrary abelian groups. 


The injectivity is actually easy to see: If w|kerð = 0, we define an F,-valued 
function f by integration along paths: Fix some vertex i. Then 


fG) := fo = Sole), 


eey 


where y is some path joining i to j. Since weg, = 0, the value f (j) does not 
depend on the choice of the path y. Moreover, df = w. Together with Lemma 6.5, 
this yields the following theorem. 


Theorem 6.6 The map F : 2! (X, F,)/dQ°(X, F,)  Hom(ker 0j, F,) given by 
[w] +> Wer a, is an isomorphism of groups. 
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Now, let us relate this to Theorem 5.1. Let L — X be a line bundle with connec- 
tion 7 and w be a connection form representing 7, i.e. n = wp for some trivial base 
connection 8. Let [y] € mı (X!, i), where y = e, - -- e;. By linearity and since trivial 
connections have vanishing monodromy, we obtain 


My) = Neg O *** O Ne, = We tUe * Be, Q= Be, = wap) - id]; , . 


Hence, by the uniqueness of [9Jt],,, we obtain the following theorem that brings 
everything nicely together. 
Theorem 6.7 Let L — X be a line bundle with connection n. Let W denote its 


monodromy and let w be some connection form representing n. Then, with the iden- 
tifications above, 


[Map = [o]. 


7 Curvature—A Discrete Analogue of Weil’s Theorem 


In this section we describe complex and hermitian line bundles by their curvature. 
For the first time we use more than the 1-skeleton. 

Let X be a connected simplicial complex and 6 an abelian group. Since d? = 0, 
the exterior derivative descends to a well-defined map on Q* (X, 6) jane (X, 6), 
which again will be denoted by d. Explicitly, 


d : Q(X, 6)/d2*(X, 6) > Q*(X,6), [w] > dw. 


Definition 7.1 The F,.-curvature of a discrete F-line bundle L — X is the discrete 
2-form 2 € 27(X, F,) given by 


2 = d|u], 


where [w] € 2! (X, F,)/d 29 (X, F) represents the isomorphism class [L]. 


Remark 7.2 Note that «2 just encodes the parallel transport along the boundary of 
the oriented 2-simplices of X—the “local monodromy”. 


From the definition it is obvious that the F,,-curvature is invariant under isomor- 
phisms. Thus, given a prescribed 2-form 2 € (2? (X, F,), it is a natural question to 
ask how many non-isomorphic line bundles have curvature (2. 

Actually, this question is answered easily: If d[w] = 2 = d[w], then the differ- 
ence of w and w is closed. Factoring out the exact 1-forms we see that the space 
of non-isomorphic line bundles with curvature {2 can be parameterized by the first 
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cohomology group H! (X, F,). Furthermore, the existence of a line bundle with cur- 
vature 2 € 27(X, F,) is equivalent to the exactness of £2. 

But when is a k-form 2 exact? Certainly it must be closed. Even more, it must 
vanish on every closed k-chain: If 2 = im d and S is a closed k-chain, then 


Q(S) = dw(S) = w(0S) = 0. 


For k = 1, as we have seen, this criterion is sufficient for exactness. For k > 1 this 
is not true with coefficients in arbitrary groups. 


Example 7.3 Consider a triangulation X of the real projective plane RP*. The zero- 
chain is the only closed 2-chain and hence each Z2-valued 2-form vanishes on every 
closed 2-chain. But H?(X, Z2) = Z» and hence there exists a non-exact 2-form. 


In the following we will see that this cannot happen for fields of characteristic 
Zero or, more generally, for groups that arise as the image of such fields. 
Clearly, there is a natural pairing of Z-modules between «2^ (X, 6) and C CX, Z): 


LO: DX, 6) x CX, Z) > 6, wer wld). 


This pairing is degenerate if and only if all elements of 6 have bounded order. In 
particular, if 6 is a field F of characteristic zero, (., .) yields a group homomorphism 


F; : Cy(X, Z) > Homg(2" (X, F), F) = (2*(X, F))*. 
A basis of C,(X, Z) is mapped under 7; to a basis of («2^ (X, F))* and hence 
C, (X, Z) appears as an n;-dimensional lattice in (42^ (XC, F))*. 
Let d; denote the adjoint of the discrete exterior derivative d; with respect to the 
natural pairing between Q*(X, F) and (42^ (X, F))*. Clearly, 
d; o Fy = Fk o k41- 
Now, since the simplicial complex is finite, we can choose bases of C, (X, Z) for all 


k. This in turn yields bases of (42^ (X, F))* and hence, by duality, bases of 2* (X, IF). 
With respect to these bases we have 


Cy (X, Z) = Z'* CF" = (Q2 (X, F))* = Q* (X, F), (3) 


where ng denotes the number of k-simplices. Moreover, the pairing is represented 
by the standard product. The operator dz , = O, is then just an integer matrix and 


Ae 
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Fig. 6 With the i 
identifications (3), the space F” im dii 
of k-forms becomes a direct 
sum of the image of dg—1 
and the kernel of its adjoint 
dy. ,, the latter of which 
contains the closed k-chains 
as a lattice 


We have im d; L ker dz ,. Moreover, by the rank-nullity theorem, 
n, = dimimd; , + dim ker dý; = dim im dz—ı + dimkerd; ,. 


Hence, under the identifications above, we have that F™ = im d,.., & ker dj_, (see 
Fig. 6). Moreover, ker 0; contains a basis of ker dz ,. From this we conclude imme- 
diately the following lemma. 


Lemma 7.4 Let w € €2* (X, F), where F is a field of characteristic zero. Then 
w E€ imd- => (w, c) = 0 for all c € ker Ox. 


Remark 7.5 Note, that for boundary cycles the condition is nothing but the closed- 
ness of the form w. Thus Lemma 7.4 states that a closed form w € 42^ (X, F) is exact 
if and only if the integral over all homology classes [c] € H(X, Z) vanishes. 


Let 6 be an abelian group. The sequence below will be referred to as the k-th 
fundamental sequence of forms with coefficients in &: 


Q*-1(x, 6) 23 2*(x, 6) 2 Hom(ker à, 6) > 0, 


where 6, denotes the restriction to the kernel of Og, i.e. &4(w) := wlker a- 
Combining Lemmas 6.5 and 7.4 we obtain that the fundamental sequence with 

coefficients in a field F of characteristic zero is exact for all k > 1. This serves as an 

anchor point. The exactness propagates under surjective group homomorphisms. 


Lemma 7.6 Let 2 ER B — 0 be a an exact sequence of abelian groups. Then, if 
the k-th fundamental sequence of forms is exact with coefficients in 2, so it is with 
coefficients in 98. 
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Proof By Lemma 6.5 the restriction map ®, is surjective for every abelian group. 
It is left to check that ker 6, = im dy—ı with coefficients in B. Let 2 € (2^ (XC, B) 
such that (2) = 0. Since f : A — B is surjective, there is a form E € (2^ (X, A) 
such that 2 = f o &. Since 0 = (2) = f o (E), we obtain that ©; (E) takes 
its values in ker f. Since ®, is surjective for arbitrary groups, there is © € (2^ (X, 
ker f) such that (€) = (©). Hence $,(£€ — ©) = 0. Thus there is a form £ € 
Q2 -! (X, A) such that dy_1€ = E — O. Now, let w := f o € € (2^! (X, $8). Then 


di.ju = dy- f oE = fodi.ji£— fo(8-O)=foke=22. 


Hence ker ®; = im d—ı and the sequence (with coefficients in 93) is exact. 


Remark 7.7 The map f : C —^ C, z+ exp(2mı z) provides a surjective group 
homomorphism from C onto C,,, and similarly from R onto S. Hence the k-th fun- 
damental sequence of forms is exact for coefficients in C, and in the unit circle S. 


Remark 7.8 The k-th fundamental sequence with coefficients in an abelian group 
6 is exact if and only if 2^ (X, 6)/d 2*4! (X, 6) = Hom(ker Q, 6). The isomor- 
phism is induced by the restriction map ®,. 


The following corollary is a consequence of Remark 7.7. It nicely displays the 
fibration of the complex line bundles by their C, curvature. 


Corollary 7.9 For 6 — S, C, the following sequence is exact: 


1 ^ H'(X, 6) > Q! ox, 6)/4 29 (X, 6) S 22(X, 6) > Hom(ker ô, 6) > 1. 


Definition 7.10 Let 2* € 2*(X,S). A real-valued form 2 € (2? (X, R) is called 
compatible with Q* if Q* = exp(rQ). A discrete hermitian line bundle with cur- 
vature is a discrete hermitian line bundle L with connection equipped with a closed 
2-form compatible with the S-curvature of L. 


For real-valued forms it is common to denote the natural pairing with the k-chains 
by an integral sign, i.e. for w € «2^ (X, R) and c € Cy(X, Z) we write 


fe = (w, c) = w(c). 


Theorem 7.11 Let L be a discrete hermitian line bundle with curvature Q. Then 
Q is integral, i.e. 


fe €2nrZ,  forallc € ker Q). 
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Proof By definition the curvature form 2 satisfies exp(rQ2) = dw for some con- 
nection form w € «2! (X, S). Thus, if c € ker ô, 


expli | 2) = (exp 2), c) = (dw, c) = (w, Oc) = 1. 


This proves the claim. 


Conversely, Corollary 7.9 yields a discrete version of a theorem of André Weil 
[11, 18], which states that any closed smooth integral 2-form on a manifold M can 
be realized as the curvature of a hermitian line bundle. This plays a prominent role 
in the process of prequantization [17]. 


Theorem 7.12 If 2 € 27(X, R) is integral, then there exists a hermitian line bun- 
dle with curvature X2. 


Proof Consider 2* :— exp(iS2). Since 2 is integral, (42*, c) = 1 for all c € ker 0». 
By Corollary 7.9, there exists r € (2! (X, S) such that dr = 2*. This in turn defines 
a hermitian line bundle with curvature 92. 


Remark 7.13 Moreover, Corollary 7.9 shows that the connections of two such bun- 
dles differ by an element of H! (X, S). Thus the space of discrete hermitian line 
bundles with fixed curvature 2 can be parameterized by H! (X, S). 


8 The Index Formula for Hermitian Line Bundles 


Before we define the degree of a discrete hermitian line bundle with curvature or 
the index form of a section, let us first recall the situation in the smooth setting. 
Therefore, let L — M be a smooth hermitian line bundle with connection. Since 
the curvature tensor RY of V is a 2-form taking values in the skew-symmetric 
endomorphisms of L, it is completely described by a closed real-valued 2-form 
Q € 2? (M, R), 


RY =-12. 


The following theorem shows an interesting relation between the index sum of a 
section % € I (L), the curvature 2-form @, and the rotation form E” of s». This 
form is defined as follows: 


E = (Vv, i) 
EC 
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Theorem 8.1 Let L — M be a smooth hermitian line bundle with connection and 
Q its curvature 2-form. Let Àj € T (L) be a section with a discrete zero set Z. Then, 
if C is a finite smooth 2-chain such that OC N Z = Ø, 


im v» indy = f Pafo 
peCnZ ac € 


Proof We can assume that C is a single smooth triangle. Then we can express v/ on 
C in terms of a complex-valued function z and a pointwise-normalized local section 
à, i.e. v = z¢. Since Im(£) = d arg(z), we obtain 


d 1 d 
pe pg? TzVó.iz$)- Š 9, 10) + (Và, 19) = darg(z) + (Vo. 19). 
Moreover, away from zeros, we have 


d(Vó, i9) = (RY $b, 1d) + (VP AV) = (RY 9,19) = —Q. 


Hence we obtain 


| pur duc) | (VQ, 19) = 2n > index, ) - | 2. 
ac ac ac i 


f pecnz 


This proves the claim. 


In the case that L is a hermitian line bundle with connection over a closed ori- 
ented surface M, Theorem 8.1 tells us that Jii Q € 2n. This yields a well-known 
topological invariant—the degree of L: 


1 
deg(L) = xj? 


From Theorem 8.1 we immediately obtain the famous Poincaré-Hopf index theo- 
rem. 


Theorem 8.2 Let LL — M bea smooth hermitian line bundle over a closed oriented 
surface. Then, if y € I'(L) is a section with isolated zeros, 


deg(L) = >) ind’. 


peM 


Now, let us consider the discrete case. In general, a section of a discrete vec- 
tor bundle E — X with vertex set V is a map v : V > E such that the following 
diagram commutes 
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v |. 
y——Yvy 


id , 


i.e. 7 o i» = id. As in the smooth case, the space of sections of E is denoted by 
T(E). 

Now, let L — X be a discrete hermitian line bundle with curvature 92 and let 
w € I'(L) be a nowhere-vanishing section such that 


nij (Wi) A —wvj (4) 


for each edge ij of X. Here 7 denotes the connection of L as usual. The rotation 
form £" of y is then defined as follows: 


Vj 


nij Qoi) 


e :— arg( ) € (77. 7). 


Remark 8.3 Equation (4) can be interpreted as the condition that no zero lies in the 
1-skeleton of X (compare Sect. 11). Actually, given a consistent choice of the argu- 
ment on each oriented edge, we could drop this condition. Figuratively speaking, if 
a section has a zero in the 1-skeleton, then we decide whether we push it to the left 
or the right face of the edge. 


Now we can define the index form of a discrete section: 


Definition 8.4 Let L — X be a discrete hermitian line bundle with curvature 2. 
For w € I'(L), we define the index form of i» by 


ind" := = (ut +2). 


Theorem 8.5 The index form of a nowhere-vanishing discrete section is Z-valued. 


Proof Let L be a discrete hermitian line bundle with curvature and let 7 be its con- 
nection. Let Y € I (L) be a nowhere-vanishing section. Now, choose a connection 
form w, i.e. n = wD, where f is a trivial connection on L. Then we can write y with 
respect to a non-vanishing parallel section ¢ of (3, i.e. there is a C-valued function z 
such that Y% = zo. Then E = arg( zj ) and thus 


Wij Zi 


i £j 1 
: )+u arg ( +) + arg( 


yY 
exp(2mı dé; ,) = exp(ı arg = : 
( un) ( i UijZi Ujkzj Dwi jx 
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Thus 
= exp(r Qj.) ET 


exp(271 ind" EUER 
ij 


ijk 


This proves the claim. 


If L is a discrete hermitian line bundle with curvature 2 over a closed oriented 
surface X, then we define the degree of L just as in the smooth case: 


if 
deg(L) = zhe 


Here we have identified X by the corresponding closed 2-chain. From Theorem 7.11 
we obtain the following corollary. 


Corollary 8.6 The degree of a discrete hermitian line bundle with curvature is an 
integer: 


deg(L) € Z. 
The discrete Poincaré-Hopf index theorem follows easily from the definitions: 


Theorem 8.7 LetL — X bea discrete hermitian line bundle with curvature Q over 
an oriented simplicial surface. If yy € T (L) is a non-vanishing discrete section, then 


deg(L) = >> indj. 


ijkeX 


Proof Since the integral of an exact form over a closed oriented surface vanishes, 


25 deg(L) =] a= | dé? + Q=2n > indiy 
Ae 36 


ijkeX 


as was claimed. 


9 Piecewise-Smooth Vector Bundles over Simplicial 
Complexes 


It is well-known that each abstract simplicial complex X has a geometric realization 
which is unique up to simplicial isomorphism. In particular, each abstract simplex 
is realized as an affine simplex. Moreover, each face o’ of a simplex c € X comes 
with an affine embedding 

los: P Oo. 
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In the following, we will not distinguish between the abstract simplicial complex 
and its geometric realization. 


Definition 9.1 A piecewise-smooth vector bundle E over a simplicial complex X is 
a topological vector bundle m : E — X such that 


(a) for each o € X the restriction E; :— E|, is a smooth vector bundle over c, 
(b) for each face o’ of o € X, the inclusion Ey — E, is a smooth embedding. 


As a simplicial complex, X has no tangent bundle. Nonetheless, differential 
forms survive as collections of smooth differential forms defined on the simplices 
which are compatible in the sense that they agree on common faces: 


Definition 9.2 Let E be a piecewise-smooth vector bundle over X. An E-valued 
differential k-form is a collection w = {wz € £2 (c, E;)]o ex such that for each face 
c' of a simplex c € X the following relation holds: 

püs = üz; 
where too : o' —— c denotes the inclusion. The space of E-valued differential k- 
forms is denoted by 2% (X, E). 


ps 


Remark 9.3 Note that a 0-form defines a continuous map on the simplicial complex. 
Hence the definition includes functions and, more generally, sections: A piecewise- 
smooth section of E is a continuous section 7 : X — E such that for each simplex 
c € X the restriction Ys := Y|, : c > E, is smooth, i.e. 


Dp Œ) = (9: X > E | Yo € (Ej) forall o € X]. 


Since the pullback commutes with the wedge-product ^ and the exterior deriva- 
tive d of real-valued forms, we can define the wedge product and the exterior deriv- 
ative of piecewise-smooth differential forms by applying it componentwise. 


Definition 9.4 For w = {ws}sex € Q(X, R), n = {no}cex € £27 (X, IR), 
WANI= {Wo A Noloex, dw:-dws]sex. 


All the standard properties of A and d also hold in the piecewise-smooth case. 


Definition 9.5 A connection on a piecewise-smooth vector bundle E over X is a 
linear map V : Tps (ŒE) > £2! (X, E) such that 


ps 


V(fv)-dfw-fWVwv, forall f € $29 X, R), v € Tps (E). 


Once we have a connection on a smooth vector bundle we obtain a corresponding 
exterior derivative dY on E-valued forms. 
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Theorem 9.6 Let E be a piecewise-smooth vector bundle over X. Then there is 
a unique linear map d : 335 (X, E) > QE (YX, E) such that dY% = Vw for all 
V) € Tps (E) and 


dV (wu ^q) 2dw^mn- (—D*u ^ d\n 
for all o € Q%,(X,R) and n € 26, (X, E). 
The curvature tensor survives as a piecewise-smooth End(E)-valued 2-form: 


Definition 9.7 Let E — X be a piecewise-smooth vector bundle. The endomor- 
phism-valued curvature 2-form of a connection V on E is defined as follows: 


dY od” € R? (X, End(B)). 


ps 


10 The Associated Piecewise-Smooth Hermitian 
Line Bundle 


Let L — X be a piecewise-smooth hermitian line bundle with connection V over a 
simplicial complex. Just as in the smooth case the endomorphism-valued curvature 
2-form takes values in the skew-adjoint endomorphisms and hence is given by a 
piecewise-smooth real-valued 2-form gs 


dY od = —1Q. 


Since each simplex of XX has an affine structure, we can speak of piecewise-constant 
forms. 

The goal of this section will be to construct for each discrete hermitian line 
bundle with curvature a piecewise-smooth hermitian line bundle with piecewise- 
constant curvature which in a certain sense naturally contains the discrete bundle. 
We first prove two lemmata. 


Lemma 10.1 7o each closed discrete real-valued k-form w there corresponds a 
unique piecewise-constant piecewise-smooth k-form © such that 


w(c) = fa for all c € C(X, Z). 


The form © will be called the piecewise-smooth form associated to w. 


Proof It is enough to consider just a single n-simplex c. We denote the space of 
piecewise-constant piecewise-smooth k-forms on c by 2% and the space of discrete 
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k-forms on ø by 9. Consider the linear map F : 2* > £25 that assigns to 2 € (2* 
the discrete k-form given by 
FQ): := I ü. 


Clearly, F is injective. Moreover, since each piecewise-constant piecewise-smooth 

form is closed, we have im F C ker dg, where d; denotes the discrete exterior deriv- 

ative. Hence it is enough to show that the space of closed discrete k-forms on ø is of 
n 


dimension (2). This we do by induction. Clearly, dim ker dọ = 1 = (o: Now sup- 
pose that dim ker d,_; = (,",). By Lemma 7.4, we have ker d; = im d... Hence 


dim ker d, = dim im d,..; = dim 25 — dim ker d, = ("1) — (£) = (2). 


Therefore, for each closed discrete k-form we obtain a unique piecewise-constant 
piecewise-smooth k-form which has the desired integrals on the k-simplices. 


It is a classical result that on star-shaped domains U C RY each closed form is 
exact: If 2 € (2^ (U, R) is closed, then there exists a form w € 42^! (U, R) such 
that 2 = dw. Moreover, the potential can be constructed explicitly by the map K : 
Q*(U,R) > q*-! (U, R) given by 


k 1 
KQ= > eas ei i71 Qj, ig (rx)dt) xi, dxi, No AAR No A ditis, 


ipic Q=1 
where 2 = 2 eun Nii dXi ^... ^ dxj,. One directly can check that 
K (dX2) -- d K(*2) = 2. 


Hence, if dQ — 0, we get 2 =d K(*2). The same construction works for 
piecewise-smooth forms defined on the star of a simplex. This yields the follow- 
ing piecewise-smooth version of the Poincaré-Lemma. 


Lemma 10.2 On the star of a simplex each closed piecewise-smooth form is exact. 
Now we are ready to prove the main result of this section. 


Theorem 10.3 Let L — X be a discrete hermitian line bundle with curvature Q 
over a simplicial complex and let & be the piecewise-smooth 2-form associated to 
Q2. Then there is a piecewise-smooth hermitian line bundle L — X with connection 
V of curvature 2 such that L; = L; for each vertex i and the parallel transports 
coincide along each edge path. The bundle L is unique up to isomorphism. 


Proof First we construct the piecewise-smooth hermitian line bundle. Let L — X 
be a discrete hermitian line bundle with curvature {2 and let 7) denote its connection. 
Let Y be the vertex set of XX and let S; denote the open vertex star of the vertex i. 
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Further, since 42 is closed, by Lemma 10.1, there is a piecewise-constant piecewise- 
smooth form £2 associated to 2. Now, consider the set 


L:= u S x Lj. 


Note, that S; N S; # Ø if and only if ij is an edge of X or i = j. Thus, if we set 
Nii :— id|,,, we can define an equivalence relation on L as follows: 


(i, p,u) ~ Gg, v) <=> p = q and v = exp(-1 f 2)nij(u), 
AU 


uy 


where Aj, denotes the oriented triangle spanned by the point i, j and p. Note here 
that Aj, is completely contained in some simplex of X. Let us check shortly that 
this really defines an equivalence relation. Here the only non-trivial property is tran- 
sitivity. Therefore, let (i, p, u) ^ (j, q, v) and (j, q, v) ^ (k, r, w). Thus we have 
p =q =r and p lies in a simplex which contains the oriented triangle ijk. Clearly, 
the 2-chain Af, + A^, + Aj; is homologous to ijk and since piecewise-constant 
forms are closed we get 


f à--[ a+] a= Q + Qi. 
AD AT, AP ijk Aj 


Hence we obtain 


£2). o nij (u) 
ALTA, 


ES exp(—1 f Gs 1Qijk) Njk o nij (u) 
Al, 

= ew: f 2) Qu). 
Af, 


and thus (i, p, u) ~ (k, r, w). Hence ~ defines an equivalence relation. One can 
check now that the quotient L:=L /~ is a piecewise-smooth line bundle over X. The 
local trivializations are then basically given by the inclusions S; x L; — Č sending 
a point to the corresponding equivalence class. Moreover, all transition maps are 
unitary so that the hermitian metric of L extends to L and turns L into a hermitian 


line bundle. Clearly, L p =L: 

Next, we need to construct the connection. Therefore we will use an explicit 
system of local sections: Choose for each vertex i € V a unit vector X; € L; and 
define $; (p) := [i, p, Xi]. This yields for each vertex i a piecewise-smooth section 
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Qi define on the star 5;. For each non-empty intersection S; N S; 4 Ø we then obtain 
a function g;j : $; O Sj — S. By the above construction, we find that, if ;;(X;) = 
rijXj, 


gi Cp) = ij exp(-1 f £2). (5) 


p 
AL 


Since Q2 is closed, Lemma 10.2 tells us that Q |s; is exact. Hence there is a piecewise- 
smooth 1-form w; defined on S; such that dw; = Q |s,- In general, the form w; is only 
unique up to addition of an exact 1-form, but among those there is a unique form w; 
which is zero along the radial directions originating from i. To see this, just choose 
some potential ©; of 2|s, and define a function f : S; — R as follows: 

For p € S;i, let f(p) :— Se G;, where y? denote the linear path from the vertex 
i to the point p. Then w; :— w; — df is a piecewise-smooth potential of 2|s, and 
vanishes on radial directions. For the uniqueness, let ©; be another such potential. 
Then, the difference w; — @; is closed and hence exact on 5;, i.e. there is f : S; > IR 
such that df = w; — Ôi. Since df vanishes on radial directions f is constant on 
radial lines starting at i and hence constant on S;. Thus w; = dj. 

Suppose that for each edge ij the forms w; and w; are compatible, i.e., wherever 
both are defined, 


Iw; = ww; + d log gij. 


Then we can define a connection V as follows: Let Y € I (L) and let X € To 
for some simplex c of X, then there is some S; > p. On S; we can express v/ with 
respect to ġ;, i.e. Y = z Qi for some piecewise-smooth function z : $; — C. Then 
we define 


Vxw = (dz(X) — wi(X)z)ói. (6) 


In general there are several stars that contain the point p. From compatibility easily 
follows that the definition does not depend on the choice of the vertex. Hence we 
have constructed a piecewise smooth connection V. One easily checks that V is 
unitary and since du; = Q|s, we get dY o dY = —1Q as desired. 

So it is left to check the compatibility of the forms w;; constructed above. Let ij 
be some edge and let po be a point in its interior. Since w; — w; is closed, we can 
define p : S; N S; > R by e(p) := do. wi — wj, Where Yp is some path in S; N Sj 
from the point po to the point p. Then, for p € S; A Sj, 


J a= | w= f p mmm [n f mm mmm. 
Ap 0^, UFI =Ni ^i i 


li 


where as above 7,” denotes the linear path from i to p and, similarly, 7 i denotes 
the linear path from j to the point p. From this we obtain 
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and in particular ito; = 1w; + d log gij. This shows the existence. 

Now suppose there are two such piecewise-smooth bundles L and L with con- 
nection V and V, respectively. We want to construct an isomorphism between L and 
L. Therefore we again use local systems. Explicitly, we choose a discrete direction 
field X € L. This yields for each vertex i a vector X; € Č; = L; which extends by 
parallel transport along rays starting at i to a local sections Qi of L and, similarly, to 
a local section ĝi of L defined on Sj. 

Now we define F : Č — L to be unique map which is linear on the fibers and 
satisfies F (i) = = ĝi on $;. To see that F is well-defined, we need to check that 
it is compatible with the transition maps. But by construction both systems have 
equal transition maps, namely the the functions g;; from Eq. (5) with r;; given by 
nij X;) = ri; X ;. Now, if z; à; = = 1 dj, then z; = zj gij and hence 


^ 


F (zà)) = zi $i = zi £ijój = 2,0; = F(z; Àj). 


Using Eq. (6) one similarly shows that F o V = V o F. Thus L = L. 


11 Finite Elements for Hermitian Line Bundles 
with Curvature 


In this section we want to present a specific finite element space on the associated 
piecewise-smooth hermitian line bundle of a discrete hermitian line with curvature. 
They are constructed from the local systems that played such a prominent role in 
the proof of Theorem 10.3 and the usual piecewise-linear hat function. 

Let L be the associated piecewise-smooth bundle of a discrete hermitian line 
bundle L — X and let x; : X — R denote the barycentric coordinate of the vertex 
i € V, i.e. the unique piecewise-linear function such that x;(j) = 6;;, where ô is the 
Kronecker delta. Clearly, 


r(- L. 


ieV 


To each X € L; we now construct a piecewise-smooth section ij as follows: First, 
we extend X to the vertex star S; of the vertex ; using the parallel transport along 
rays starting at i. To get a global section m € Iys(L) we use x; to scale $ down to 
zero on OS; and extend it by zero to X, i.e. 


d go xi(D)bp for p € Si, 
Wp = 
0 else. 
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The above construction yields a linear map v: I'(L) > T (Ly): Clearly, & is 
injective—a left-inverse is just given by the restriction map 


DL) » 9 e bly e PO). 


Definition 11.1 The space of piecewise-linear sections is given by Ii (Č) := imu. 


Thus we identified each section of a discrete hermitian line bundle with curva- 
ture with a piecewise-linear section of the associated piecewise-smooth bundle. This 
allows to define a discrete hermitian inner product and a discrete Dirichlet energy on 
I'(L), which is a generalization of the well-known cotangent Laplace operator for 
discrete functions on triangulated surfaces. Before we come to the Dirichlet energy, 
we define Euclidean simplicial complexes. 

Similarly to piecewise-smooth forms we can define piecewise-smooth (con- 
travariant) k-tensors as collections of compatible k-tensors: A piecewise-smooth k- 
tensor is a collection T = {T;},¢x of smooth contravariant k-tensors T, on o such 
that 


* — 
biolo = To, 


whenever o’ is a face of ø. A Riemannian simplicial complex is then a simplicial 
complex X equipped with a piecewise-smooth Riemannian metric, i.e. a piecewise- 
smooth positive-definite symmetric 2-tensor g on X. 

The following lemma tells us that the space of constant piecewise-smooth sym- 
metric tensors is isomorphic to functions on 1-simplices. 


Lemma 11.2 Let X be a simplicial complex and let € denote the set of its 1- 
simplices. For each function f : € — IR there exists a unique constant piecewise- 
smooth symmetric 2-tensor S such that for each 1-simplex e = (i, j} 


Se(j = i, j — i) = f(e). 


Proof Itis enough to consider a single affine n-simplex o = (io, . . . , in} with vector 
space V. Consider the map F that sends a symmetric 2-tensor S on V to the function 
given by 


F(S)(e) := S(iy — ij, iy — ij), e — lij, iy) C o. 


Clearly, F is linear. Moreover, if Q denotes the quadratic form corresponding to S, 
ie. Q(X) := S(X, X), then 


S(X, Y) = 3(Q(X) + OY) — Q(X — Y)). 
Hence, from F(S) — 0 follows S — 0. Thus F is injective. Clearly, the space of 


symmetric bilinear forms is of dimension n(n 4- 1)/2, which equals the number of 
1-simplices. Thus F is an isomorphism. This proves the claim. 
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It is also easy to write down the corresponding symmetric tensor in coordinates: 
Let o = (io, ...,i,) be a simplex. The vectors e; :— i; — io, j = 1,...,n, then 
yield a basis of the corresponding vector space. Let f be a function defined on the 
unoriented edges of c and let x;, denote the barycentric coordinates of its vertices 
ij, then the corresponding symmetric bilinear form S, / is given by 


SI = M fii; dxi, ® dxi, + Ds ifii; + fioi MS fii) dxi, ® dxi,. (7) 


Ixjzn Ix j.kzn, j ck 


Thus starting with a positive function f, by Sylvester's criterion, it has to satisfy on 
each n-simplex n — 1 inequalities to determine a positive-definite form. If the cor- 
responding piecewise-smooth form is positive-definite, we call f a discrete metric. 


Definition 11.3 A Euclidean simplicial complex is a simplicial complex X equipped 
with a discrete metric, i.e. a map £ that assigns to each 1-simplex e a length £e > 0 
such that for each simplex c the symmetric tensor S£ is positive-definite. 


Now, let X be a Euclidean simplicial manifold of dimension n and denote by X, 
the set of its top-dimensional simplices. Since each simplex of X is equipped with 
a scalar product it comes with a corresponding density and hence we know how to 
integrate functions over the simplices of X. Now, we define the integral over X as 
follows: 


[=E fm remap. 


c€X, 


Moreover, given a piecewise-smooth hermitian line bundle L — X with curvature, 
then there is a canonical hermitian product ((., .)) on T LE If y, ó € Dy (L), then 


(o. à) = fd. 


In particular, if L is the associated piecewise-smooth bundle of a discrete her- 
mitian line bundle L with curvature £2, then we can use z to pull ((., .)) back to 
T (L). Since v is injective this yields a hermitian product on I (L). 

Now we want to compute this metric explicitly in terms of given discrete data. 


Definition 11.4 A piecewise-linear section y) € Dy (L) is called concentrated at a 
vertex i, if itis of the form Y = (vj) for some vector v; € Li. 


It is basically enough to compute the product of two such concentrated sections. 
Therefore, let v; € L; and v; € L; and let V/ and wi denote the corresponding 
piecewise-linear concentrated sections. 
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Now consider their product (pi ; D) ). Clearly, this product has support S; N $}. 
For simplicity, we extend the discrete connection n to arbitrary pairs ij in such way 
that 7;; = id and 5; : L; — L; is zero whenever (i, j} ¢ X. With this convention, 
Eq. (5) yields 


(bb!) = (bj, mj Wad) xix; exp(—1 | 2), (8) 


P 
Aij 


where €2 denotes the constant piecewise-smooth curvature form associated to 2. 

Now, let us express the integral over A if on a given n-simplex. Therefore consider 
an n-simplex o = (io, ..., in}. The hat functions x;,,..., x;, yield affine coordinates 
on c and we can express any 2-form with respect to the basis forms dx;, ^ dx;,. One 
can show that 


zd f KL qu. s 
+5; foro’ = Xijigiy 
f dxi, ^ dxi, = | 2 d , 
a’ 


Thus we obtain 


Q- 22 


l<j<k<n 


dxi, ^ dXi, . 


ioi jit 


Now we want to compute the integral over the triangle AT C c. By Stokes 


theorem, 
i Pp ig 
| dxi, ^ dXi, =| Xi; dxi, «f Xi; dxi, «f Xi; dXi,, 
AP io h p 


ioi 
where the integrals are computed along straight lines. A small computation shows 
1 
dxi, ^ dxi, = 5 v Xi, C) — Ox Xi; (P)), 
Aj 
Thus, for j < k, we get n dxi, ^ dxi, = iy xi, (p) and hence 
1011 


Q= 5 2an f, 


Aigi 


; dxi, ^dxi, = > Rici Xi; Cp), 
Aigi l<j<k<n J 


where we have used the convention that (2 vanishes on all triples not representing 
an oriented 2-simplex of X. With this convention Eq. (8) becomes 


(bi i!) = (bj, m; Wi) xix; exp(—t Y iio). (9) 
k 
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1o os 00 


Fig.7 The graph of the norm of a piecewise-linear section of a bundle over a torus consisting of 
two triangles. Its two smooth parts fit continuously together along the diagonal. In this example the 
curvature of the bundle over each triangles is equal to 47. Note that the section has 4 zeros—just 
as predicted 


In particular, using Eq. (9), we can compute the norm of a piecewise-linear 
section w on a given triangle ijk. Therefore we distinguish one of its vertices, say 
i, and write i» with respect to a section which is radially parallel with respect to i. 
Now, one checks that 


[ab] = Jei + xy (ejet — cj) + xu (exe P — cj), 


where cj, cj, cy € C are constants depending on the explicit form of ij. An example 
of the norm of a piecewise-linear section is shown in Fig. 7. 

As the next proposition shows, the identification of discrete and piecewise-linear 
sections perfectly fits together with the definitions in Sect. 8. 


Proposition 11.5 Let v» € r (L) be a discrete section and let w € ly (L) be the 
corresponding piecewise-linear section, i.e. » = L(y). Then, if » has no zeros on 


edges, the discrete rotation form €? and the piecewise-smooth rotation form £^ are 
related as follows: For each oriented edge ij, 


Proof The claim follows easily by expressing Jj with respect to some non-vanishing 
parallel section along the edge ij. 


In particular, by Theorem 8.1, the index form of a non-vanishing section of a 
discrete hermitian line bundle with curvature counts the number of (signed) zeros 
of the corresponding piecewise-linear section of the associated piecewise-smooth 
bundle. 
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Let us continue with the computation of the metric on I (L). To write down the 
formula we give the following definition. 


Definition 11.6 Let X be an n-dimensional simplicial manifold and let 2 € (2? 
(X, IR). To an n-simplex c and vertices i, j, k, | of X we assign the value 


1 
OF (k, D) :— ag] exp(—1 2, Sinn). 


where we have chosen for integration an arbitrary discrete metric on X. 


Remark 11.7 Note that the functions eg į; are indeed well-defined. On a simplex, 
any two such measures induced by a discrete metric differ just by a constant. 


With Definition 11.6 and Eq. (9) we obtain the following form of the metric: 


Theorem 11.8 (Product of Discrete Sections) Let L be a discrete hermitian line 
bundle with curvature Q over an n-dimensional Euclidean simplicial manifold X, 
then the product on T (L) induced by the associated piecewise-smooth hermitian 
line bundle is given as follows: Given two discrete sections Y = >); vi, 6 = >; Qi 


(v, 0) = Mud (wj nib), where i2 M, O2, j volto. 
ij 


(i, j12e€X, 


Note that 9? i j(K D, and hence T can be computed explicitly using Fubini's 


theorem and the following small lemma, which can be shown by induction. 


Lemma 11.9 Let c € C,, n € N and [a, b] C R be an interval. Then 


b 


d x M 2 í (ex^ 
| x" exp(cx)dx = OX 1) T EI , 


Next, we would like to compute the Dirichlet energy of a section y% € Ip (L), i.e. 
n 712 
Ep) = f [vl 
X 


Note, that the Dirichlet energy comes with a corresponding positive-semidefinite 
hermitian form ((., .)p—called the Dirichlet product. Clearly, like the metric, the 
Dirichlet product is completely determined by the values it takes on concentrated 
sections. 

In general, if y% Æ 0 is piecewise-linear section concentrated at i, it is given on 
the vertex star S; as a product m = Xi 9, where x; denotes the barycentric coordinate 
of the vertex i and ó is a local section radially parallel with respect to i. Clearly, 


VÀ = dx; à 4-1 xi wi Q, 
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where w; denotes the rotation form of &, i.e. Vo = 10; à. Note here that w; does not 
depend on the actual value of Ü at i, but is the same for all non-vanishing piecewise- 
linear sections concentrated at i. 

To compute the rotation form w; at a given point po € S;, we use a local section 
Ç which is radially parallel with respect to po such that G5, = Poo: Then we can 


express ¢ in terms of C, i.e. 


à — zt, 


for some piecewise-smooth C,.-valued function z defined locally at po. Clearly, |z| 
is constant, and hence 


wil py dp = Vó po Z Elpo Cpo + 2(PO) VC py = dlogzly, py = 1d arg zl po dpo- 


The clue is that we can now use the relation of parallel transport and curvature to 
obtain an explicit formula for z. If p is sufficiently close to po, then the three points 
p.i and po determine an oriented triangle A? which is contained in a simplex of X. 
Its boundary curve y, consists of three line segments ^1, 72, 5 connecting p to i, 
i to po and po back to p. Hence on each of these segments either ó of C is parallel 
and 


6, = Pay (Bp) = exp( | à)à,. 


AP 


Thus we obtain that z(p) — exp(—1 Í Ap 2) and hence 


Po mE d. 


Now, if A? is contained in a simplex o = (io, ..., in}, one verifies that 


Wi 


Po 


1 
| dxi, ^ dig = 5 (xi, (po) (P) — xi (po), (P); 
AP 


Thus, 


af à) 


= > 2 Qini zi, alf dxi, ^ dx;,) 
Po AP 


l<j<k<n 


= > Kui, (xi; dxi, = x;,4%;;) 


]Ixj«kzn 


= ES D» psa da 


Ixjzn k£j 


Po 


, 


po 


Po 
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and, using the convention on £2 from above, we find the following simple formula: 


Wi = 2D, Min) dx; (10) 


j 


where we sum over the whole vertex set of X. 

Now, given this local form expressions, we can finally return to the computa- 
tion of the products which we are actually interested in. Therefore we consider two 
piecewise-linear sections concentrated at the vertices i and j: 


v= ui), Y = ub), 


for some v; € L; and v; € L;. On their common support S; N S; both section can be 
expressed, just as above, as products of a real-valued piecewise-linear hat functions 
x; and x; and radially parallel local sections ¢! and ¢/: 


Clearly, 


(i, do = / (dxjó! + ixjuj 9), dxid! + vii df) 
SNS 


zi (dx; + 1xjwj, dx; +1xiwi) (9! , Q). 
SNS; 
With Eq. (9) we see that 


(97, 9) = (bj, ny id) exp(—1 9. ix). 


m 


Moreover, by Eq. (10), 
(dx j -F ux jw j, dxi + 1xjwj) -[ux;. dxj) + = Qi 2 jr x jxixpxp(dxy, dxy)] 
kk ll 
+1 [Do @inwxixr (axj, dxy) — Qjppxjxi(dxy., dx]. 
RW 
The constants (dxy, dxy) are basically provided by the following lemma. 


Lemma 11.10 Let o = (vo, ..., Vn} be a Euclidean simplex of dimension n > 0 
and let x; denote its barycentric coordinate functions. Then 


1 
dx; = ——Ni, 
gradx 7 


i 


234 F. Knóppel and U. Pinkall 


where hj; denotes the distance between vj and c; = o \ {v;} and N; denotes the 
outward-pointing unit normal of ci. 


Proof This immediately follows from two basic facts: First, dx; (v; — vo) = óij for 
i, j > 0. Second, h; = (vo — vj, Nj). 


Lemma 11.10 yields almost immediately a higher dimensional analogue of the 
well-known cotangent formula for surfaces. 


Theorem 11.11 (Cotangent Formula) Let c be a simplex of a Euclidean simplicial 
complex X and let dimo > 1. Ifi Æ j, 


(0) else. 


uH = f (s. dx) al 2d D cot a vol (ø V ti, jl). if {i,j} Co, 


Here a’! denotes the angle between the faces o \ {i} and o \ {j}. Moreover, 


= [ust 2 i vol (ø \ {i}), ifi eo, 


0 else, 


where h; denotes the distance between the vertex i and the face c \ {i}. 


Proof Clearly, if (i, j} É o, then J (dxi, dx;) = 0. Now, let (i, j} C o, i zz j. With 
the notation of Lemma 11.10, we have 


(Ni, Nj) 


nd volo. 


pes dxj) — (gradx;, gradx;) volo — 


Furthermore, cos o// — — (N;, N;) and n! volo—(n — 2)! hh; sin aË vol (o \ (i, j}). 
This yields the first] pir of the theorem: Similarly, n volo = h; vol (c \ {i 1: Setting 
then i = j yields the second part. 


Definition 11.12 Let X be an n-dimensional simplicial manifold and let 2 € 
Q2? (X, R). Let o be an n-simplex and i, j, k, | be vertices of X. Then, let 


Qo u 
tura [ome Eten 


m 


82,,0,D = ao / xix exp(— D Qi), 


where we choose for the integration an arbitrary discrete metric on X. 


Remark 11.13 Just like the functions of, ij» the values AS, j and the functions 


Eg hj and are well-defined (compare Remark 11.7). 
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Now, with these definitions, we can summarize the above discussion by the fol- 
lowing theorem. 


Theorem 11.14 (Discrete Dirichlet Energy) Let L be a discrete hermitian line bun- 
dle with curvature 82 over an n-dimensional Euclidean simplicial manifold X, then 
the Dirichlet product on T (L) induced by the associated piecewise-smooth her- 
mitian line bundle is given as follows: If  — >. ġi and  — J; v; are two discrete 
sections, 


(6, po = > wh pnn w= MY] WR, 
ij 


ti. j12eeX, 


where 


Wij =f A Aziaj t 5 Qin ep cE* BE, ne | (11) 
k^ kt rn 


iG c 02,61) — Quen c m 
Kl! 


12 Discrete Energies on Surfaces—An Example 


While the computation of the Dirichlet product ((., .)p and the metric ((., .)) of dis- 
crete sections is quite complicated and tedious for higher dimensional simplicial 
manifolds, it is manageable for the 2-dimensional case. We are going to compute it 
explicitly. 

Throughout this section let L denote a discrete hermitian line bundle with cur- 
vature §2 over a Euclidean simplicial surface X and let ø = (i, j, k} be one of its 
triangles. 

Due metric ((., .)) is easily obtained. We basically just need to compute the values 


es ett, i) and 82, j ; (i, j), which can be done over the standard triangle. We get 


exp(—1£2jj.) — 1 4 1j + 5 39 — 14.23 


Uk 
4 
£25, 


mE 1 
Orb) = c. of |G j)=2 


(12) 
Now, we compute the Dirichlet product ((., .))p on X. For n = 2, the expressions 
WE and We ; Simplify drastically. First, we look at the diagonal terms. We have 


k'k" m2 ro 
yk Qi Quer 82, I") 


= (c 82, ,(k, K) — 22 82,0.) + d 82,0. D) 25s. 
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and with 


1 1 
Agii=1 Sou D= a = Bank kK), Baik) = — 
is AQ. J) 90 „i(k, k) AQ. E) 180 


we get the following formula: 
Q — c gc “a c 
Wi [NI Co + 90 Qi. 


Now we would like to obtain a similar formula for the off-diagonal terms. Since 
dx; + dx; = —dx,, we have c/* + c = —cF. Hence, 


kik! LO 1 m 
> €; Rinw Qjer Sy (U0) 
KK 


= - (82, 0. + d (82, ,G, D + BP, 0. )) 2. 


This time the expressions become more complicated. We get 


EZ; 


2 
k= (20 121 Rijk — 392, + 4123, + (720 — 81 Rijk + 02.) exp( 1 Qt), 
ijk 


2 
EZ, ji D * Eg,,. I) = ae ( 6-F AiQij + Q2, + 95, — Ary + (62) exp(—12jjx)). 
ijk 


Thus, 


kk T 
5 Co Qipp 2 jer E2, C, l") = 


ATA 
2 kk ij ij kk okk cd 93 o 4 
"s Ue - 20d] + [2c — 4c lio + [c2 - c 192, — $92, B 1, 
ijk 


+ Guay, (pod! — e] [acl — 2] 0 — cl ag) exp(—12ijx).) 
Now, let us look at the second sum in Eq. (11). We have 


1 X (Qiwercl* 02, 0 1) — Rjurik O, GT) 
kil’ 


= (c ZO. k) + ci OS, ; C i) + FOF, jG Dig 


The formula for O2. (i, j) is already given in Eq. (12). Further, we have 


a.i, j 


k 2 (5-2Q;—- 192 34123; Qiu)) = 92. (ki 
CHA "ne = Q^ Padijk — yj + (= T! ijk) exp(- ijk) m cij D. 
ijk 


Complex Line Bundles Over Simplicial Complexes ... 231 


Thus we get 
ik! : a . 
1 X (Signed OF; G1) — 2 jerk OF, ,G, D) = 
[am 


LL (ec + cl!) — choi + [2065 + cl!) — ce e T alex — ce — che 
ijk 


kk " is es 
TES + (ie — 3(c + c?) c + co! | 274) exp(-19,5,). 


Hence, with 


2 
AB, = Se (9). — 12}, — 25 exp(19)). 


Equation (11) becomes 


Q kk , dj, f kk kky] o2 
id = Be ([6o* — 2027] + [12e + 3€ + eff) — Sc aus + [468 + 2¢€H + cdf — chy] 93, 
UK 


tfar kk i dj ül o3 1 Kk o4 1 kko4 
Fe DG - cf — cH) 8ed 25, + 167 Rir + asco Qi 


6 
+ ([20c7 6c] H [82 3(cl! + cH) co; H [ci 2cll 4 cll QF) exp(—12jjx)). 
Since n = 2, the weights c are just given as follows: 


ij " 
| cot ag kk b 
7 2. "^ © 2h 


where £;; denotes the edge length. We would like to express them explicitly in terms 
of the Euclidean metric g of c. In fact, we can distinguish the vertex k as origin and 
use the hat functions x; and x; as coordinates on c. With respect to these coordi- 
nates, the metric is given by a matrix: 


|. [8n 812 
i 2) l 
In terms of g the cotangent weights are given as follows: 


"E 812 _ 8H — 812 ki _ 82 = 812 


= —-—__., cK = ; C, = , 
d 2./det g j 2,/det g ý 2,/det g 
co En 2812 + 822 cii — _ 822 i= 2" 


s 2/detg — ' ^  2J/detg. ^  2Jdetg. 
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and we have rederived the formulas in [8]: 


Q p 
aij Vol (0) Qi, 


+ gnti Ot 4 suutes Ot — (eii +482 + 3227] 


+[2¢11 320 + 222] 2; — 3[gi +2812 + 822] 2x) exp(-19,)). 


m uU i 
(ET + Agia + 3822] — [gi + 212 + 822] 2i + £ £u 
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Holomorphic Vector Fields and Quadratic 
Differentials on Planar Triangular Meshes 


Wai Yeung Lam and Ulrich Pinkall 


Abstract Given a triangulated region in the complex plane, a discrete vector field 
Y assigns a vector Y; € C to every vertex. We call such a vector field holomorphic 
if it defines an infinitesimal deformation of the triangulation that preserves length 
cross ratios. We show that each holomorphic vector field can be constructed based 
on a discrete harmonic function in the sense of the cotan Laplacian. Moreover, to 
each holomorphic vector field we associate in a Möbius invariant fashion a certain 
holomorphic quadratic differential. Here a quadratic differential is defined as an 
object that assigns a purely imaginary number to each interior edge. Then we derive 
a Weierstrass representation formula, which shows how a holomorphic quadratic 
differential can be used to construct a discrete minimal surface with prescribed Gau 
map and prescribed Hopf differential. 


1 Introduction 


Consider an open subset U in the complex plane C = R? with coordinates z = 
x + iy together with a holomorphic vector field 


ð 
Y = f—. 
f Ox 
Here Y is a real vector field. It assigns to each p € IR? the vector f (p) € C = R?. 
We do not consider objects like x which are sections of the complexified tangent 
bundle (T R2)C, 
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Note f : U — C is a holomorphic function, i.e. 


-e 1(3f 2f 
o-&- (eii). 


Let t +> g, denote the local flow of Y (defined for small t on open subsets of U with 
compact closure in U). Then the euclidean metric pulled back under g; is confor- 
mally equivalently to the original metric: 


ges 


for some real-valued function u. The infinitesimal change in scale u is given by 
umm 
“= div Y = Re (f;). 


Note that ù is a harmonic function: 
üz = 0. 


On the other hand, differentiating ù twice with respect to z yields one half the third 
derivative of f: 


Itis well-known that the vector field Y corresponds to an infinitesimal Móbius trans- 
formation of the extended complex plane C if and only if f is a quadratic polyno- 
mial. In this sense f... measures the infinitesimal “change in Möbius structure" 
under Y (Mobius structures are sometimes also called “complex projective struc- 
tures" [6]). Moreover, the holomorphic quadratic differential 


q := fau dz? 


is invariant under Möbius transformations ®. This is equivalent to saying that q is 
unchanged under a change of variable ®(z) = w = & + in whenever is a Mobius 
transformation. This is easy to see if ®(z) = az + b is an affine transformation. In 
this case 


dw =a dz 
d _ ld 
dw adz 
and therefore 
~ 0 
Y-fu 
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with 


Sh 
Il 
S 

m 


Thus we indeed have 
DT dw? = Size dz’. 


A similar argument applies to (z) = 1 and therefore to all Möbius transforma- 
tions. | 

For realizations from an open subset U of the Riemann sphere CP! the vanishing 
of the Schwarzian derivative characterizes Móbius transformations. The quadratic 
differential q plays a similar role for vector fields. We call q the Möbius derivative 
of Y. 

An important geometric context where holomorphic quadratic differentials arise 
comes from the theory of minimal surfaces: Given a simply connected Riemann 
surface M together with a holomorphic immersion g : M — S? c R? and a holo- 
morphic quadratic differential q on M, there is a minimal surface F : M — IR? 
(unique up to translations) whose GauB map is g and whose second fundamental 
form is Req. 

In this paper we will provide a discrete version for all details of the above story. 
Instead of smooth surfaces we will work with triangulated surfaces of arbitrary 
combinatorics. The notion of conformality will be that of conformal equivalence 
as explained in [3]. Holomorphic vector fields will be defined as infinitesimal con- 
formal deformations. 

There is also a completely parallel discrete story where conformal equivalence of 
planar triangulations is replaced by preserving intersection angles of circumcircles. 
To some extent we also tell this parallel story that belongs to the world of circle 
patterns. 

The results on planar triangular meshes in this paper are closely related to isother- 
mic triangulated surfaces in Euclidean space [8]. 


2 Discrete Conformality 


In this section, we review two notions of discrete conformality for planar triangular 
meshes. We first start with some notations of triangular meshes. 


Definition 2.1 A triangular mesh M is a simplicial complex whose underlying 
topological space is a connected 2-manifold (with boundary). The set of vertices 
(0-cells), edges (1-cells) and triangles (2-cells) are denoted as V, E and F. 


We denote E;n: the set of interior edges and V;,, the set of interior vertices. 
Without further notice we will assume that all triangular meshes under consideration 
are oriented. 
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Fig. 1 Two neighboring and 
oriented triangles 


Definition 2.2 A realization z : V — C of a triangular mesh M in the extended 
complex plane assigns to each vertex i € V a point z; € C in such a way that 
for each triangle {ijk} € F the points corresponding to its three vertices are not 
collinear. 


Given two complex numbers z1, z2 € C we write 
(zi, z2) = Re(Z122). 


We are looking for suitable definitions of conformal structure of a realization z. 
In particular, we want z to be conformally equivalent to g o z whenever g : C > 
C is a Móbius transformations. This requirement will certainly be met if we base 
our definitions on complex cross ratios: Given a triangular mesh z : V — C, we 
associate a complex number to each interior edge {ij} € Eint, namely the cross ratio 


of the corresponding four vertices (See Fig. 1) 


(zj — zx)(zi — zi) 


Cr. ij = Fee ae Noe aN 
(zk — zi)(zi — zj) 


Notice that cr, ;; = cr; j; and hence cr, : Eint — C is well defined. It is easy to 
see that two realizations differ only by a Móbius transformation if and only if their 
corresponding cross ratios are the same. In order to arrive at a more flexible notion 
of conformality we need to relax the condition that demands the equality of all cross 
ratios. Two natural ways to do this is to only require equality of either the norm or 
alternatively the argument of the cross ratios. This leads to two different notions 
of discrete conformality: conformal equivalence theory [9, 13] and circle pattern 
theory [11]. 

Note that for the sake of simplicity of exposition we are ignoring here realizations 
in C where one of the vertices is mapped to infinity. 


2.1 Conformal Equivalence 


The edge lengths of a triangular mesh realized in the complex plane provide a dis- 
crete counterpart for the induced Euclidean metric in the smooth theory. A notion 
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of conformal equivalence based on edge lengths was proposed by Luo [9]. Later 
Bobenko et al. [3] stated this notion in the following form: 


Definition 2.3 Two realizations of a triangular mesh z, w : V — C are conformally 
equivalent if the norm of the corresponding cross ratios are equal: 


| cr; | = | cfw |, 
i.e. for each interior edge {ij } 
(zi — lli —z0] — (w; — wi)llQw; — wil 
ze — ZC z) [we — wol — Wj) 


This definition can be restated in an equivalent form that closely mirrors the 
notion of conformal equivalence of Riemannian metrics: 


Theorem 2.4 Two realizations of a triangular mesh z, w : V — C are conformally 
equivalent if and only if there exists u : V — R such that 


uj tu; 
|w; — wil =e 7 |zj — zil. 


Proof It is easy to see that the existence of u implies conformal equivalence. Con- 
versely, for two conformally equivalent realizations z, w, we define a function 
o : E —> Rby 

|w; — wi| = e™ |z; — zil. 


Since z, w are conformally equivalent o satisfies for each interior edge {ij} 
Ojk — Oki + Oii — Ojj = O. 
For any vertex i and any triangle {ijk} containing it we then define 
et = eR, 
Note the vertex star of i is a triangulated disk if i is interior, or is a fan if i is 


a boundary vertex. Hence the value u; defined in this way is independent of the 
chosen triangle. 


2.2 Circle Patterns 


Given a triangular mesh realized in the complex plane we consider the circum- 
scribed circles of its triangles. These circles inherit an orientation from their tri- 
angles. The intersection angles of these circles from neighboring triangles (Fig. 2) 
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Fig.2 The intersection 
angle of two neighboring 
circumscribed circles 


define a function ¢ : Eint — [0, 277) which is related to the argument of the corre- 
sponding cross ratio via 


Pi; = Arg(cr; ij). (1) 


Based on these angles we obtain another notion of discrete conformality which 
reflects the angle-preserving property that we have in the smooth theory. 


Definition 2.5 Two realizations of a triangular mesh z, w : V — C have the same 
pattern structure if the corresponding intersection angles of neighboring circum- 
scribed circles are equal: 

Arg(cr;;;) = Arg(cTw,ij), 


i.e. for each interior edge {ij} 


(zj — Ze) (Zi — zi) _ (w; — wy)(wi — wr) 
(zk — zi) (zi — zj) (wg — wi)(wi — wj) 


Just as conformal equivalence was related to scale factors u at vertices, having 
the same pattern structure is related to the existence of certain angular velocities o 
located at vertices: 


Theorem 2.6 Two realizations of a triangular mesh z, w : V — C have the same 
pattern structure if and only if there exists a : V — [0, 27) such that 
ay Pu 


|w; — wil lz; — zil 


Proof The argument is very similar to the one for Theorem 2.4. In particular, the 
existence of the function o easily implies equality of the pattern structures. Con- 
versely, assuming identical pattern structures we take any w : E — R that satisfies 

Wj — Wi £j i 


ioij 


|w; — wi Iz; — zi 
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For any vertex i and any triangle {ijk} containing it we define o; € [0, 27r) such that 


eii n. ei ito) 

Note the vertex star of i is a triangulated disk if i is interior, or is a fan if i is a 
boundary vertex. Hence having the same pattern structure implies that the value a; 
is independent of the chosen triangle. 


3 Infinitesimal Deformations and Linear Conformal 
Theory 


We will linearize both of the above notions of discrete conformality by considering 
infinitesimal deformations. This will allow us to relate them to linear discrete com- 
plex analysis, based on a discrete analogue of the Cauchy Riemann equations [4, 5, 
10] (See the survey [12]). 


Definition 3.1 An infinitesimal conformal deformation of a realization z : V > C 
of a triangular mesh is a map z : V — C such that there exists u : V — R satisfying 


žiži (4 — ži Zj — Zi) _ U+ uj 


Re ES E = 
£j = Zi lz — zil 2 


We call u the scale change at vertices. 


Definition 3.2 An infinitesimal pattern deformation of a realization z : V > C of 
a triangular mesh is a map z : V — C such that there exists a : V — R satisfying 
£—& Ve — ži ay —zi)) Oe 


Im = 2 = 
Z — Zi |zj — zil 2 


We call a the angular velocities at vertices. 


Example 3.3 The infinitesimal deformations z :— az? + bz + c, where a,b,c e C 
are constants, are both conformal and pattern deformations since 

zj — Zi 

—— — = (az + b/2) + (az + b/2). 
Zj — Zi 


Infinitesimal conformal deformations and infinitesimal pattern deformations are 
closely related: 


Theorem 3.4 Suppose z : V — C is a realization of a triangular mesh. Then an 
infinitesimal deformation z : V — C is conformal if and only ifiz is a pattern defor- 
mation. 
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Proof Notice 


(g= g=)  Qny-—iui-2au) 


ll^ 


and the claim follows from Definition 3.1 and 3.2. 


3.1 Infinitesimal Deformations of a Triangle 


Let z : V > C be a realization of a triangulated mesh and z an infinitesimal defor- 
mation. Up to an infinitesimal translation z is completely determined by the infini- 
tesimal scalings and rotations that it induces on each edge. These infinitesimal scal- 
ings and rotations of edges satisfy certain compatibility conditions on each triangle. 
These conditions involve the cotangent coefficients well known from the theory of 
discrete Laplacians. As we will see in Sect. 3.2, for conformal deformations (as 
well as for pattern deformations) the infinitesimal scalings and rotations of edges 
are indeed discrete harmonic functions. 

Consider three pairwise distinct points z1, Z2, z3 € C that do not lie on a line. In 
the following i, j, k denotes any cyclic permutation of the indexes 1, 2, 3. The trian- 
gle angle at the vertex i is denoted by 8;. We adopt the convention that all £1, 85, £3 
have positive sign if the triangle z;, Z2, z3 is positively oriented and a negative sign 
otherwise. Suppose we have an infinitesimal deformation of this triangle. Then there 
exists oj;, cj; € IR such that 


zj — ži = (ij + iwi) (Zz — zi). (2) 


The scalars o;; and cj; describe the infinitesimal scalings and rotations of the edges. 
They satisfy the following compatibility conditions: 


Lemma 3.5 Given ojj, wij € R the following statements are equivalent: 
(a) There exist z; such that (2) holds. 
(b) We have 


0 = (015 + iei2) (z2 — zi) + (023 + 123) (z3 — z2) + (031 + i31) (z1 — z3). (3) 
(c) There exists c € R such that 


ico = 1023 +1 cot fi (031 — 012) 
= i@3; + i cot B2(o12 — 023) 


= i@ 2 + i cot B3(023 — 031). 
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(d) There exist o € R such that 


o = 023 + i cot Bi (ios, — i2) 
031 + i cot Bo(ici» — 1023) 


012 + i cot Bs(icoos — ic31). 


Proof 'The relation between (a) and (b) is obvious. We show the equivalence 
between (b) and (c). With A denoting the signed triangle area we have the following 
identities: 


0- (i zj = Zi) gj — Zi) 
2A = (i(zj — Zi), Zk — Zj), 
(i(Zj — zi), i(zj — z)) = (zj — Zi, Zj — Zi}. 


Using these identities and z3 — z2 € spang{i (zı — z3), i (z2 — z1)} we obtain 
z3 — Z2 = cot(f3)i (z2 — z1) — cot(B2)i(Z1 — z3). (4) 


Cyclic permutation yields 


zı — 23 = cot(1)i (z3 — z2) — cot(B3)i(z2 — z1), 
Z2 — Z1 = cot(B5)i (z1 — z3) — cot (81 )i (z3 — z2). 


Substituting these identities into Equation (3) we obtain 


0— 01 (cot(Bs)i(z2 — zi) — cot(Bx)i (z1 — z3)) + wzi (z3 — z2) 
+ o» (cot(Bi)i (za — z2) — cot(B3)i(Z2 — zi)) + eii (zi — z3) 
+ 03(cot(B2)i(z1 — z3) — cot(Bi)i(za — z2)) + eai (z2 — zi) 
= (wi cot Bi(o2 — o3))i (z3 — z2) 
+ (œ + cot f5(o3 — o1))i (zi — z3) 
+ (v3 + cot b3 (01 — 02))i(Z2 — zi). 


Now we use that A1, A2, A3 € C satisfy 
Ail(za — z2) + Aoi (z1 — z3) + Asi (zo — z1) = 0, 
if and only if A; = A» = A3. This establishes the equivalence of (b) and (c). The 


equivalence of (b) and (d) is seen in a similar fashion by eliminating i(z; — zi) in 
(3) instead of (z; — z;). 
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The quantity w above describes the average rotation speed of the triangle. Simi- 
larly, it can be verified that the above o satisfies 


where R denotes the circumradius of the triangle. Thus o signifies an average scal- 
ing of the triangle. 


3.2 Harmonic Functions with Respect to the Cotangent 
Laplacian 


In smooth complex analysis conformal maps are closely related to harmonic func- 
tions. If a conformal map preserves orientation it is holomorphic and satisfies the 
Cauchy Riemann equations. In particular, its real part and the imaginary part are 
conjugate harmonic functions. Conversely, given a harmonic function on a simply 
connected surface then it is the real part of some conformal map. 

A similar relationship manifests between discrete harmonic functions (in the 
sense of the cotangent Laplacian) and infinitesimal deformations of triangular 
meshes. Discrete harmonic functions can be regarded as the real part of holomorphic 
functions which satisfies a discrete analogue of the Cauchy Riemann equations. In 
particular, a relation between discrete harmonic functions and infinitesimal pattern 
deformations was found by Bobenko, Mercat and Suris [2]. Integrable systems were 
involved in this context. We extend their result to include the case of infinitesimal 
conformal deformations. 


Theorem 3.6 Letz : V — C bea simply connected triangular mesh realized in the 
complex plane and h : V — R be a function. Then the following are equivalent: 

(a) h is a harmonic function with respect to the cotangent Laplacian, i.e. using 
the notation of Fig. 1, for all interior vertices i € Ving we have 


5 cot Bi + cot Bi;)(hj — hj) = 0. (5) 
j 


(b) There exists an infinitesimal conformal deformation z : V — C with scale 
factors given by h. It is unique up to infinitesimal rotations and translations. 

(c) There exists an infinitesimal pattern deformation iz : V — C with h as angu- 
lar velocities. It is unique up to infinitesimal scalings and translations. 


Proof We show the equivalence of the first two statements. The equivalence of the 
first and the third follows similarly. 


Holomorphic Vector Fields and Quadratic Differentials . . . 251 

Suppose / is a harmonic function. Since the triangular mesh is simply connected, 
equation (5) implies the existence of a function o : F — R such that for all interior 
edges {ij} we have 


iij, — ij; = i(cot Br; + cot Bi, )(hj — hi). 


Here @ is unique up to an additive constant and called the conjugate harmonic func- 
tion of h. Using o we define a function w : E — R via 


. eus , k 
LWjj = LOjjk — 1 cot B;;(hj — hj). 


Lemma 3.5 now implies that there exists z : V — C such that 


: : hi+h;j 
&-:-( 2 : + io) (zj — zi). 


This gives us the desired infinitesimal conformal deformation of z with h as scale 
factors. 

To show uniqueness, suppose z, Z' are infinitesimal conformal deformations with 
the same scale factors. Then z — ż’ preserves all the edge lengths of the triangular 
mesh and hence is induced from an Euclidean transformation. 

Conversely, given an infinitesimal conformal deformation z with scale factors h. 
We write 


S hi+h; |. 
4j 4p ee + ia) (zj — zi) 


for some w : E — R. Lemma 3.5 implies that there is a function @ : F — R such 
that 


ij, = ie + i cot B (hj — hi). 
We have 
IMjjz — 1@ ji; = i(cot pi + cot B5); —h;) 
and 


> Cot Bi + cot Bi (hj — hi) =0. 
j 


Therefore h is harmonic. 
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4 Holomorphic Quadratic Differentials 


In this section, we introduce a discrete analogue of holomorphic quadratic differen- 
tials. We illustrate their correspondence to discrete harmonic functions. It reflects 
the property in the smooth theory that holomorphic quadratic differentials parame- 
trize Móbius structures on Riemann surfaces ([6, Chap. 9]). " 

To simplify the notation, we make use of discrete differential forms. We denote E 
the set of oriented edges and E;n the set of oriented interior edges. Given an oriented 
triangular mesh M, a complex-valued function 7 : E — C is called a discrete 1- 
form if 


n(ej) = —n(ei) VWeij € E. 
It is closed if for every face {ijk} 

n(eij) + n(x) + (eu) = 0. 
It is exact if there exists a function f : V — C such that 

ney) = df(eij) := f; — fi. 


Similarly, we can consider discrete 1-forms on the dual graph M* of M and these are 
called dual 1-forms. Given an oriented edge e, we denote e* its dual edge oriented 
from the right face of e to its left face. The set of oriented dual edges is denoted 
by E*. 


Definition 4.1 Given a triangular mesh z : V — C realized on the complex plane, a 
function q : Eint — iR defined on interior edges is a discrete holomorphic quadratic 
differential if it satisfies for every interior vertex i € Vint 


» i = 0, 
J 


Š qy /dz(ey) =0. 
i 


Theorem 4.2 Letq : Ein — iR be a holomorphic quadratic differential on a real- 
ization z : V — C ofa triangular mesh. Suppose ® : C — C is a Möbius transfor- 
mation which does not map any vertex to infinity. Then q is again a holomorphic 
quadratic differential on w := ® oz. 


Proof Since Möbius transformations are generated by Euclidean transformations 
and inversions, it suffices to consider the inversion in the unit circle at the origin 


w i= Ø (z) = 1/z. 
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We have 


> aij/dwteij) = y» —z;zqij/dz(eij) = —zi a -z 5 qy/dz(e;) =0. 
j j j j 


Hence the claims follow. 


We are going to show that on a simply connected triangular mesh, there is a 
correspondence between discrete holomorphic quadratic differentials and discrete 
harmonic functions. 

We first show how to construct a discrete holomorphic quadratic differential from 
a harmonic function. Given a function u : V > R ona realization of z : V > C of 
a triangular mesh M. If we interpolate it piecewise-linearly over each triangular 
face, its gradient is constant on each face and we have grad, u : F — C given by 


grad, uj; = , idz(eji) + ujdz(eki) + udz(eij) 
dii 2Aijk 


Note that we ignore here the non-generic case (which leads to the vanishing of the 
area) where the triangle degenerates in the sense that its circumcircle passes through 
the point at infinity. Also note that for a non-degenerate triangle that is mapped by z 
in C in an orientation reversing fashion the area A;;; is considered to have a negative 
sign. Granted this, one can verify that the gradient of u satisfies 


(grad, Uijk, dz(eij)) = uj — Ui viij) c {ijk} EF. 


We define u; : F — C by 


1 
z= zgrad, u. 
uz 5 era zu 
and the dual 1-form du; : Bt — C on M by 


duz (e};) := (Uz)ijk — (Uz) ju 
where {ijk} is the left face and {jil} is the right face of the oriented edge e;j. 


Lemma 4.3 Given a function u : V — R on a realization of a triangular mesh 
z: V — C, we have 


du:(e;;)dz(eij) 
Er : 
— (cot Bj (ue — uj) + cot Bj; (uy — ui) + cot B (uj — ui) + cot fj; (uy — uj) 


which is purely imaginary (Fig. 1). 
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Proof Since 
(grad, uj jx, dz(ejj)) = uj — u; = (grad, u jx, dz(eij)), 
we have 
Re(du:;(e;;)dz(eij)) = 0. 
On the other hand, using equation (4) we get 


Re(du:(ej;)idz(ei;)) 
=Re(((uz)ijx — (uz)jir)idz(eij)) 
= ((grad, ujk, cot fj, dz(ejk) — cot Bidz(exi)) 
+ (grad, ujij, cot Pl, dz(eii) — cot fijdz(ei))/2 


1 ; ; > . 
= 5 (cot Bj, (ux — uj) + cot Bi; (Uk — ui) + cot Bi, (uj — ui) + cot Bj; (uj — uj)). 


Hence the claim follows. 


Lemma 4.4 Given a realization z : V — C of a triangular mesh. A function u : 
V— Ris harmonic if and only if the function q : Eint — iR defined by 


qij = du,(e;,)dz(eij) 
is a holomorphic quadratic differential. 


Proof Note q is well defined since 
qij = du;(ejj)dz(eij) = du;(ej;)dz(eji) = qji. 
It holds for general functions u : V — R that 


Re(q) 20 
P Gi / Ae) = $ dui(e;) — 0 Vi € Vin. 
i j 


We know from Lemma 4.3 that for every interior vertex i € Vint 


3 aj = Y duce ydz(es) = 5 D (Cot Bf + cot Pf yu — u). 
j j j 


Hence, u is harmonic if and only if q is a holomorphic quadratic differential. 
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Lemma 4.5 Letz: V — C bea realization of a simply connected triangular mesh. 
Given a function q : Ein — iR such that for every interior vertex i € Vig, 


S au/dz(ei) — 0, 
j 


there exists a function u : V — R such that for every interior edge {ij} 
qij = du;(e;;)dz(eij). 

Proof We consider a dual 1-form t on M defined by 
t(eij) = qij/dz(eij). 


Since M is simply connected and 


p» (ej) = > aij/dz(ei) =0, 
J 


J 


there exists a function h : F —> C such that 
dh(e;;) = hijk = hji = t(ej;). 
It implies we have Re(dh(e*)dz(e)) = Re(q) = 0 and 
(ei) == Qhij, dz(eij)) = Qhja, dz(eij)) 


is a well-defined IR-valued 1-form. Since the triangular mesh is simply connected 
and for every face {ijk} 


oley) + oler) + (exi) = 0, 
there exists a function u : V — R such that for every oriented edge ej; 
du(eij) = Uj — uj = w(éjj). 


It can be verified that 


l 
h = 78a u = Uz. 


Hence we obtain 


qij = t(ejj)dz(eij) = dh(e;;)dz(ei;) = du:(ej;)dz(eij) 


for every interior edge {ij}. 
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Theorem 4.6 Suppose z : V — C isa realization of a simply connected triangular 
mesh. Then any holomorphic quadratic differential q : Ein — iR is of the form 


qi = du(es)dz(ej) Veij € Ein 


for some harmonic function u : V — R. 
Furthermore, the space of holomorphic quadratic differentials is a vector space 
isomorphic to the space of discrete harmonic functions module linear functions. 


Proof The first part of the statement follows from Lemmas 4.4 and 4.5. In order to 
show the second part, it suffices to observe that 


du; =0 € gradu =a € du = (a, dz) € u= (la, z) +b 


for some a, b € C. 


In previous sections, we showed that every harmonic function corresponds to 
an infinitesimal conformal deformation. The following shows that discrete holo- 
morphic quadratic differentials are the change in the intersection angles of circum- 
scribed circles. 


Theorem 4.7 Let z : V — C be a realization of a simply connected triangular 
mesh. Suppose u : V — R is a discrete harmonic function and z is an infinitesi- 
mal conformal deformation with u as scale factors. Then we have 


where $ : Ein, — R denotes the change in the intersection angles of neighboring 
circumscribed circles. 


Proof We write (z; — ži) = (ict + iwjj)(z; — zi). Applying Lemma 4.3 we have 


Cr; ij / CIz ij = io jk — ieyi + iwi — iw]; 
= i(cot Bix Quy — uj) + cot B; (uy — uj) + cot B^ (uj — ui) + cot Pi; Qui — uj)) 
= —2du, (ej; dz(eij). 


The equality 


follows from Equation (1). 
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5 Conformal Deformations in Terms of End(C2) 


In this section we show how an infinitesimal conformal deformation gives rise to 
a discrete analogue of a holomorphic null curve in C?. Later we will see that the 
real parts of such a “holomorphic null curve” can be regarded as the Weierstrass 
representation of a discrete minimal surface. 

Up to now we have mostly treated the Riemann sphere CP! as the extended 
complex plane C = C U {ov}. In this section we will take a more explicitly Möbius 
geometric approach: We will represent fractional linear transformations of C by 
linear transformations of C? with determinant one. Actually, the group of Mobius 
transformations is 


Mób(C) = PSL (2,C) = SL (2,C)/(£D). (6) 


However, since we are mainly interested in infinitesimal deformations and any 
map into PSL(2, C) whose values stay close to the identity admits a canonical lift 
to SL(2, C), we can safely ignore the difference between PSL(2, C) and SL(2, C). 

Given a realization z: V > C of a triangular mesh we consider its lift 
y: V > C 


and regard the realization as a map V : V — CP! where 


y Er = [y]. 


The action of a Móbius transformation on the Riemann sphere is given by a 
matrix A € SL(2, C), which is unique up to sign: 


[e] > [Ag]. 


Before we investigate infinitesimal deformations we first consider finite defor- 
mations of a triangular mesh V : V — CP!. Given such a finite deformation, the 
change in the positions of the three vertices of a triangle {ijk} can be described by 
a Mobius transformation, which is represented by G;j, € SL(2, C). They satisfy a 
compatibility condition on each interior edge {ij} (see Fig. 1): 


[Girhi] = [Giu Vi]. 
[Gi Vj] = [Gi]. 
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Suppose now that the mesh is simply connected. Then up to a global Móbius trans- 
formation the map G : F — SL (2, C) can be uniquely reconstructed from the mul- 
tiplicative dual 1-form defined as 

Gi) m6 Gg. 
G(ej;) is defined whenever (ij) is an interior edge and we have 


Gle) = GE). 


Moreover, for every interior vertex i we have 
*) 
|] Ge) 21. 
j 


The compatibility conditions imply that for interior each edge {ij} there exist 
Àiji , Aij,j € C\{0} such that 


Ge) Vi = hi ii 
G (ei) V; = Xii. 


Since Aij; Àij,; = det(G(e;;)) — ], we have 
Aij = Mj = VA. 


Because of G (ež) = G(e;) ! we know 


Aij = Aij; = lAjii = Aji. 


Hence 4 defines a complex-valued function on the set E;,, of interior edges. 

We now show that for each interior edge 4;; determines the change in the cross 
ratio of the four points of the two adjacent triangles. Note that the cross ratio of four 
points in CP! can expressed as 


d vd Wi 
er(D;]. (Wel. Dl]. br) = cae m ae a 
15 J? 


Lemma 5.1 Suppose we are given four points [Vi], [Wj], [Wel], [Y] € CP! and G € 
SLQ, C) with 


Gy; =| yi 
Gy; — Xy; 
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for some X € C\{0}. Then the cross ratio of the four transformed points 
[il = [Gv], A= Gy], id= [Gyd], IW = Wl 
is given by 
cry], (Wel, Wil, aD = erly], Iyl, Deal, 1y). 
Proof 


74 pha ga jn — Ge Gy) det(yi, Gyi) 
det(GV;, Gy.) det(Gy;, Vi) 
= eril. (Wel, Di]. I/A. 


We now can summarize the information about finite deformations of a realization 
as follows: 


Theorem 5.2. Let V : V — CP! be a realization of a simply connected triangu- 
lar mesh. Then there is a bijection between finite deformations of V in CP! mod- 
ulo global Móbius transformations and multiplicative dual 1 forms G : E, — 
SL(Q, C) satisfying for every interior vertex i 


lH[e«52: 
J 


and for every interior edge 


G(e5) = Ge) 
Gel Wi = Agi 
Glep Wy = AW. 


Here X: Ein — C\{0}. We denote cr : Ein — C the cross ratios of V and Gr : 
Eint — C the cross ratios of a new realization described by G. Then 


& = cr /A?. 
In particular, 


|A| = | = the deformation is conformal. 
Arg(A) = 0 => the deformation is a pattern deformation. 
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. Suppose we have a family of deformations described by dual l-forms G; : 
Eint > SL(2, C) with Go = I. By considering n :— 2 [r-o G, we obtain the fol- 
lowing description of infinitesimal deformations: 


Corollary 5.3 Let V : V — CP! be a realization of a simply connected triangular 
mesh. Then there is a bijection between infinitesimal deformations of W in CP! 
modulo infinitesimal Móbius transformations and dual 1 forms 1, : [ow > slQ, C) 
satisfying for every interior vertex i 


din) =0 (7) 
j 


and for every interior edge 


ne) = —n(ej;) 
nei Wi = —Mij Vi 
n(e;)V; = Mij Wj. 
Here n : Ej, — C. We denote cr : Ej, — C the cross ratios of V and cr : Ein > 


C the rate of change in cross ratios induced by the infinitesimal deformation 
described by n. Then 


In particular, 


Re(u) =0 => the infinitesimal deformation is conformal, 
Im) = 0 = the infinitesimal deformation is a pattern deformation. 


Note that given a mesh, the 1-form 77 is uniquely determined by the eigenfunction 
u. We now investigate the constraints on jz implied by the closedness condition (7) 
of n. 

Consider the symmetric bilinear form (, ) : C? x C? —> sl(2, C) 


($, Q)v :— det($, v)g + det(g, v). 
For y; A y; € C? we define 


1 
mij = deti, V3 Wi) € sl(2, C). 
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The matrix mj; is independent of the representatives of [v;], [vj] € CP! and we 
have 


Mij = —miji 
miji = —Vi 
mij; = Vi. 
Using the representatives y; = a ) we obtain 
Hij 
nei) =z — Qi, V) 
^  det(y;, Wi) á 


|. Hij Zt zy —2zizj 
Zj — Zi 2 —Zi — £j 


Hence 


$5 D-0 e» ju =O ad $'w/Gj-:)-0. (8) 
J j j 


We consider the Pauli matrices 


which form a basis of sl(2, C). Then 


nle) = a — zizj)01 t i(1 + zizj)oo + (zi  zj)03). 


J 


If we now identify sl(2, C) with C? via 


1 0 0 
Gre |[0].o7[1],o05—10]., 
0 0 1 
we obtain 
ig l — zizj 
nei) = EE ICI 22) |. (9) 
g= ki zi t zy 


Thus to every infinitesimal deformation of a realized triangular mesh we can asso- 
ciate a closed sl(2, C)-valued dual 1-form. In the special case of an infinitesimal 
conformal deformation (i.e. u is real-valued) we will see that this yields a discrete 
analogue of the Weierstrass representation for minimal surfaces. 
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6 Weierstrass Representation of Discrete Minimal Surfaces 


The Weierstrass representation for minimal surfaces in IR? is the most classical 
example for applications of complex analysis: 


Theorem 6.1 Given two meromorphic functions g, h : U C C — C such that g*h 
is holomorphic. Then f : U — R? defined by 


1-g 1-g 
df =Re | | id +85 )h@dz) 2 Rel | ia +83 | -- 
2 2 dg 
g g 


is a minimal surface. Its Gauf map n is the stereographic projection of g 


1 2Reg 


n= —— 2Img 
241 
etl 


The holomorphic quadratic differential q :— hg;dz? is called the Hopf differential 
of f and encodes its second fundamental form: The direction defined by a nonzero 
tangent vector W is 


an asymptotic direction <=> q(W) € iR. 
a principal curvature direction <=> q(W) € R. 


Locally, every minimal surface can be written in this form. 


We now develop a discrete version of this theorem for arbitrary triangular meshes 
realized in the complex plane. A similar formula for quadrilateral meshes with fac- 
torized real cross ratios was established by Bobenko and Pinkall [1]. Here we will 
use the definition of a discrete minimal surface f with Gau map n given in [8]: 


Definition 6.2 Let n : V — S? be a realization of a triangular mesh on the unit 
sphere in IR?. Then a map f : F — R? defined on the set F of faces is called a 
discrete minimal surface with GauD map n if for all oriented interior edges e;; we 
have 


(nj — ni) x Cfik — fj) = 0. 
Here {ijk} and {jil} denote the left and the right faces of e;j. 


This definition mirrors the fact from the smooth theory that minimal surfaces are 
Christoffel duals of their Gau maps (Fig. 3). The correspondence between discrete 
harmonic functions and discrete minimal surfaces was observed in [8]. Here is a 
Weierstrass representation for discrete minimal surfaces in terms of their Gau8 map 
and their Hopf differential: 
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Fig. 3 Left A triangulated surface n : V > S* with vertices on the unit sphere. Right A discrete 
minimal surface f : F — R? satisfying Definition 6.2 


Theorem 6.3 Let z : V — C be a realization of a simply connected triangular 
mesh and q : Ein — iR a holomorphic quadratic differential. Then there exists 
f: F — R such that for every interior edge {ij} 


1— ZiZj 
i(1+ zz) |J- (10) 
Zit 2 


* dij 
df ley) =R 
f (ei) € i; Zz 


Moreover f is a discrete minimal surface with Gauf map 


2Rez 


1 

n= ———_ 2Imz 
2 

izl +1 lz2—1 


Locally, every discrete minimal surface can be written in this form. 


Proof Suppose q : Eint — iR is a holomorphic quadratic differential. Then by (8) 
and (9) the dual 1-form 7 defined as 


1— Zizj 
i(1 + zizj) 
Zi 


* dij 
Qe.) ————— 
Monti eu 


satisfies 


>i ne) =0 
j 


for all interior vertices i. Therefore, since the triangular mesh is simply connected, 
there exists  : F — C? such that for any interior edge e we have 


d§(e*) = n(e*). 
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Thus the map f : F — IR? defined by f :— Re$ satisfies Eq. (10). To show that f 
is a discrete minimal surface we define a function k : Eint — R by 


kij := —i qi/Izj — zl. 
Then by direct computation we obtain 


ki. + [zi + Iz; D) 
2 


df (ej) = (nj — ni). (1) 


This shows that f is a discrete minimal surface with Gauß map n. The converse is 
straightforward: Given a discrete minimal surface f with GauD map n we define 


k : Ej; — R via (11). Then it can be shown that the function 


I 2 
qij := ikij|zj — zil 


is a holomorphic quadratic differential. 


Remark 6.4 The discrete minimal surfaces given by (10) are trivalent meshes with 
planar vertex stars for purely imaginary q. It is closely related to discrete asymptotic 
nets. The factor i in front of z; — z; appears since the integration is taken over a dual 
mesh while in the smooth theory «dz = idz. 


Note that we could also consider the periodic one-parameter family of maps f" : 
F — R? defined for a € R by 


f* := Re(e tg). 


This family of discrete surfaces can be regarded as an associate family of minimal 
surfaces and is investigated in [7]. 
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Vertex Normals and Face Curvatures 
of Triangle Meshes 


Xiang Sun, Caigui Jiang, Johannes Wallner and Helmut Pottmann 


Abstract This study contributes to the discrete differential geometry of triangle 
meshes, in combination with discrete line congruences associated with such meshes. 
In particular we discuss when a congruence defined by linear interpolation of vertex 
normals deserves to be called a ‘normal’ congruence. Our main results are a dis- 
cussion of various definitions of normality, a detailed study of the geometry of such 
congruences, and a concept of curvatures and shape operators associated with the 
faces of a triangle mesh. These curvatures are compatible with both normal congru- 
ences and the Steiner formula. 


1 Introduction 


The system of lines orthogonal to a surface (called the normal congruence of that 
surface) has close relations to the surface's curvatures and is a well studied object 
of classical differential geometry, see e.g. [14]. It is quite surprising that this natural 
correspondence has not been extensively exploited in discrete differential geometry: 
most notions of discrete curvature are constructed in a way not involving normals, or 
involving normals only implicitly. There are however applications such as support 
structures and shading/lighting systems in architectural geometry where line con- 
gruences, and in particular normal congruences, come into play [21]. We continue 
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this study, elaborate on discrete normal congruences in more depth and present a 
novel discrete curvature theory for triangle meshes which is based on discrete line 
congruences. 


Contributions and overview. We organize our presentation as as follows. Section 2 
summarizes properties of smooth congruences and elaborates on an important exam- 
ple arising in the context of linear interpolation of surface normals. 

Section 3 first recalls discrete congruences following the work of Wang et al. [21] 
and then focuses on the interesting geometry of a new version of discrete normal 
congruences (defined over triangle meshes). We shed new light onto the behavior 
of linearly interpolated surface normals and discuss the problem of choosing vertex 
normals. 

In Sect.4, discrete normal congruences lead to a curvature theory for triangle 
meshes which has many analogies to the classical smooth setting. Unlike most other 
concepts of discrete curvature, it assigns values of the curvatures (principal, mean, 
Gaussian) to the faces of a triangle mesh. We discuss internal consistency of this 
theory and show by examples (Sect. 5), that it is well suited for curvature estimation 
and other applications. 


Previous work. Smooth line congruences represent a classical subject. An intro- 
duction may be found in the monograph by Pottmann and Wallner [16]. Discrete 
congruences have appeared both in discrete differential geometry and geometry 
processing. Let us first mention contributions which study congruences based on 
triangle meshes: A computational framework for normal congruences and for esti- 
mating focal surfaces of meshes with known or estimated normals has been presented 
by Yu et al. [22]. The paper by Wang et al. [21] is described in more detail below. 

Congruences associated with quad meshes are discrete versions of parametrized 
congruences associated with parametrized surfaces. In particular, the so-called torsal 
parametrizations are discussed from the integrable systems perspective by Bobenko 
and Suris [3]. An earlier contribution in this direction is due to Doliwa et al. [6]. These 
special parametrizations also occur as node axes in torsion-free support structures in 
architectural geometry [12, 15, 17]. 

Curvatures of triangle meshes are a well studied subject. One may distinguish 
between numerical approximation schemes (such as the jet fitting approach [4] or 
integral invariants [18]) on the one hand, and extensive studies from the discrete 
differential geometry perspective on the other hand. Without going into any detail 
we mention that these include discrete exterior calculus [5], the geometry of offset- 
like sets and distance functions [13], or various ways of defining shape operators 
[8, 9]. Naturally, also Yu et al. [22] address this topic when studying discrete normal 
congruences and focal surfaces. We present here yet another definition of curvatures 
for triangle meshes which is based on discrete normal congruences, and which is at 
the same time motivated by the Steiner formula (which also plays an important role 
in [2, 13, 15]). 
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2 Smooth Line Congruences 


The introduction into line congruences in this section follows the paper by Wang et al. 
[21]. A line congruence £ is a smooth 2D manifold of lines described locally by lines 
L(u, v) which connect corresponding points a(u, v) and b(u, v) of two surfaces. With 
e(u, v) = b(u, v) — a(u, v) indicating the direction of the line L(u, v) (see Fig. 1), 
we employ the volumetric parametrization 


X(u, v, A) = a(u, v) + Ae(u, v) = (1 — 2)a(u, v) + Ab(u, v). 


Any 1|-parameter family R(t) = L(u(t), v(t)) of lines results in a ruled surface 
r(t, à) = x(u(t), v(t), à) contained in the congruence. We are particularly interested 
in developable ruled surfaces: The developability condition reads 


2 2 
u; [e,, Ay, e] + usv (Ley, Av, e] + [€y, ay, el) + v; [ey ay, e] 


EE [o [eu, av, e] + a (4) a (1) 


symm. [e,, ay, e] Ur 


if we use subscripts to indicate differentiation and square brackets for the determinant. 
Equation (1) tells us that for any (u, v) there are up to two so-called torsal directions 
u; : v; Which belong to developable surfaces. This behaviour is quite analogous to the 
fact that for any point in a smooth surface there are two principal tangent directions 
which belong to principal curvature lines. By integrating the torsal directions one 
creates ruled surfaces which are developable, which is analogous to finding principal 
curvature lines by integrating principal directions. 


(a) (b) 


Fig. 1 (a) A line congruence £ is described by a surface a(u, v), and direction vectors e(u, v). 
(b) Developables Ri, Rz contained in L. The set of all regression curves c; of these developables 
makes up the focal sheets Fi, F2 of the congruence (here only F; is shown). The tangent planes of 
Ri, Ro along the common line are the torsal planes or focal planes of that line. These images are 
taken from [21] 
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Normal Congruences. 


The normals of a surface constitute the normal congruence of that surface. For such 
congruences the analogy between torsal directions and principal directions men- 
tioned above is actually an equality: The surface normals along a curve form a 
developable surface if and only if that curve is a principal curvature line [14]. 

The reference surface a(u, v) might be the base surface the lines of £ are orthog- 
onal to, but this does not have to be the case. The congruence does not change if 
the reference surface is changed to a* (u, v) = a(u, v) + A(u, v)e(u, v), so deciding 
whether or not £ is a normal congruence depends on existence of an alternative 
reference surface a“ orthogonal to the lines of £, i.e., (e, a7) = (e, a5) = 0. Assum- 
ing without loss of generality that ||e(u, v)|| = 1 and using (e, e,) = (e, e,) = 0 the 
orthogonality condition reduces to à, = — (a,, e), Ay = — (ay, e). This PDE for the 
function à has a solution if and only if the integrability condition A,,, = A,, holds. 
It is easy to see that this is equivalent to 


(au, €v) = (ay, €). (2) 


It is not difficult to see that (2) is equivalent to the condition that developables 
contained in £ intersect at right angles. 


Focal surfaces and focal planes. 


Loosely speaking, an intersection point of a line in £ with an infinitesimally neigh- 
bouring line produces a focal point of the congruence L. The rigorous definition of 
focal point is a point x(u, v, A) where the derivatives of x are not linearly independent: 
One gets the condition 


[Xu X», X;] = [ey, ev, JA? + (Lau, ev, e] + [e av, e])A + [an, ap €] =0, (3) 


i.e., up to two focal points per line. It is not difficult to see that such singularities are 
exactly the singularities of developables contained in £, see Fig. 1b. For this reason, 
the tangent planes of developables contained in £ are called focal planes as well as 
torsal planes. Such a focal plane/torsal plane is spanned by a line L(u, v) together 
with a torsal direction. 

For normal congruences, the focal points are precisely the principal centers of 
curvature; they exist always unless one of the principal curvatures is zero. In each 
point of the surface, the focal plane (i.e., torsal plane) is spanned by the surface 
normal and a principal tangent. 


Example: Congruences defined by linear interpolation. 


Congruences of the special form 


x(u, v, A) = (1 — A) (ao + aiou + aov) + À (bo + biou + baov) 
= (ao + aiou + azv) + A (eo + eiou + eov) (4) 
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play an important role, both for us and in other places: for example, the set of lines 
described by such a congruence is the one generated by Phong shading, when one 
linearly interpolates vertex normals in a triangle. 

We consider the planes “P,” which are defined as the set of all points x(u, v, o), 
and we study the affine mappings 


Pag : P, > Pg, x(u, v, a) > x(u, v, P). 


The lines L(u, v) of the congruence are precisely the lines which connect points 
x(u, v, a) € P, and x(u, v, B) € Pg. These congruences are studied e.g. in [16, Ex. 
7.1.2]. Let us summarize some of their properties, which are illustrated by Fig. 2. 


(i) Each intersection line L = Py N Pg of two planes in the family P, is contained 
in the congruence L. This follows from the fact that L is spanned by the points 
X = Gy (L) N L and dap (X) = L N Qag (L). 
(ii) The lines P, N Pg with o fixed, constitute a developable surface R, C £ 
which is planar and contained in P, (in general, it is the tangent surface of 
a parabola rg). 
(iii) For properties of the focal surface, see Fig. 2. 


(b) 


Fig. 2 Congruences defined by a “linear” volumetric parametrization x(u, v, À) turn out to be useful 
for linear interpolation of triangle meshes, but they have counter-intuitive properties. (a) Planes P; 
defined by A = const are visualized as triangles. Interestingly, all of these triangles contain a planar 
developable &, C £ with a parabola r; as curve of regression. In particular the red triangle P;, 
represents a torsal plane for the blue line LG, 3) which connects the barycenters of triangles Pj. 
The image further shows many lines P}, N Pg, of the planar developable R}, . (b) The focal surface 
F of L agrees with the envelope of the family of planes P}. It is in general the tangent surface of a 
cubic polynomial curve r. We show in red and yellow the two sheets of this tangent surface F which 
are separated by the regression curve r. We also indicate the point of tangency T; where P; touches 
r. The hyperbolic congruence lines (those which are contained in two focal planes) are bitangents 
of the focal surface, i.e., they touch F in two points. The regression parabolas r; are contained in 
F and are obtained by intersecting F with one of its tangent planes P; 
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3 Discrete Normal Congruences 


Wang et al. [21] define discrete congruences by means of correspondences between 
combinatorially equivalent triangle meshes A, B with vertices {a;} and {b;}. Each 
pair of corresponding triangles a;a;a; and b;b;b, defines, via linear interpolation, a 
piece of a smooth line congruence of the kind described by Eq. (4): 


x(u, v, A) = a(u, v) + Xe(u, v), 
a(u, v) =a; + ua; + Vazi, e(u, v) = ei + uej; + veri, where 


e; = b; — aj, aij =a; — aj, eij-—eij-—e; (5) 


If the domain is restricted to u > 0, v > 0, u +v < 1, then the correspondence 
x(u, v, 0) +> x(u, v, 1) is precisely the affine mapping of triangle a;a ja to triangle 
bib;b,. Equations (1) and (3) serve to compute torsal directions and focal points of 
this congruence, and also to trace the developables contained in this congruence (see 
Fig.3). 


Discrete normal congruences— Version 1. 


It is not straightforward to define which correspondence between triangle meshes 
defines a normal congruence. Firstly this is because congruences of the form (4) 
are never normal except for degenerate cases. Secondly such a normal congruence 
would automatically lead to a good definition of constant-distance offset mesh of a 
triangle mesh which is lacking so far. 

We discuss two suitable definitions of “normal congruence” and start with a 
version already published. Wang et al. [21] require normality to hold only in the 
barycenters of faces (i.e., they require that Eq. (2) holds for barycenters of faces), 
see Fig. 4. Figure 5 shows an example demonstrating the efficiency of this definition. 
Proposition 3.1 below gives an equivalent analytic condition. 


Fig. 3 A piecewise-linear correspondence between meshes A and B defines a piecewise-smooth 
congruence L. (a) Integrating torsal directions yields corresponding polylines in meshes A and B. 
(b) Connecting corresponding points of those two polylines yields a piecewise-flat developable 
R, C L. These images are taken from [21] 
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Fig. 4 Congruences defined by the piecewise-affine correspondence of meshes A, B can be called 
discrete-normal, if the normality condition is fulfilled for barycenters of faces. This figure also 
illustrates the auxiliary projection used by Eq. (7). This normality condition is called ‘version 1 
normality' here (image taken from [21]) 


Fig. 5 We demonstrate that Eq. (7) is a working definition of normality: Given a triangle mesh 
(ai) (white), we find unit vectors e; by optimizing for shading effects according to Wang et al. [21] 
under the normality constraint (7). Subsequently we check if a triangle mesh {a} orthogonal to 
the congruence can be found. We let a? = a; + A;e; and solve for A; such that the faces of the new 
mesh are orthogonal to the congruence in their barycenters. The result of this computation yields 
a mesh {a*} (yellow) where face normals and congruence lines (in face barycenters) differ by an 
angle B, which assumes a maximum of 4.1°, a mean of 0.9°, and a median of 0.8°. Instead of the 
mesh computed here, any constant-distance offset would have been a solution as well. We chose 
one which lies at a small distance from the original mesh 


Proposition 3.1 Consider two combinatorially equivalent triangle meshes and the 
line congruence L defined by the piecewise-linear correspondence of faces. For 
each pair a4a5a3, bj b2b3 of corresponding faces perform orthogonal projection in 
direction of the line which connects their respective barycenters, yielding triangles 
41843, bibobs. Then L is normal in the barycenters of the two faces if and only if 
the following analogue of (2) holds: 
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(a; — à, b, — bi) = (a —a;,b; — bi), or equivalently, (6) 
—ē; 


(aj — aj, € — ei) = (ay — aj, ej ), where ej = b; — ai. (7) 
It is sufficient that these conditions hold for at least one choice of indices i, j, k € 


(2,3, i j x Kk. 


Discrete normal congruences— Version 2. 


There is an obvious analogy between conditions (2) and (7): they express normality in 
the smooth and discrete cases respectively. However Eq. (7) is not entirely satisfying 
as a definition since it involves a projection operator. It is therefore natural to define 
discrete-normality by the following two equations which replace Eqs. (6), (7): 


(aj — aj, by — b) = (ax — a;, b; — bj) or, equivalently, (6*) 


(aj — aj, e, — ei) = (a, — aj, ej — ei). (7*) 


We will show that theses conditions are suitable to define normality of discrete 
congruences defined by a correspondence of triangle meshes. Besides numerical 
experiments (see later), we show geometric properties of congruences which fulfill 
these conditions. The first property is a discrete version of the following two facts (1) 
A normal congruence L has a 1-parameter family of surfaces orthogonal to it, and 
(ii) for any point in such a surface there are 3 mutually orthogonal planes spanned 
by the normal and the two principal directions. We show that in the discrete-normal 
case, there are analogous principal trihedra: 


Proposition 3.2 Consider two combinatorially equivalent triangle meshes and the 
line congruence L defined by the piecewise-affine correspondence of faces, and 
consider in particular one such pair a,a5a3, b1b2b3 of corresponding faces. In the 
generic case, the normality condition (6*) implies the following property: 

For each plane Pj spanned by the vertices (1 — 4)a; + Ab; there is a congruence 
line Ny = L(u,, vy) such that the two focal planes of that line together with P, form 
a trihedron of mutually orthogonal planes. 

The meaning of "generic" is discussed in the proof. 


Proof Generically, vectors e; — b; — aj are linearly independent, so we can express 
a normal vector n of the triangle a;a5a3 (which spans Po) as a linear combination 
n= pe qiej. Generically, >’ a; 4 0, so by multiplying n with a factor we can 
achieve >| o; = 1 and by relabeling the coefficients œ; we get n = (1 — u — v)ei + 
ue, + ves. Then Equation (5) shows that the line L(u, v) is orthogonal to Po. 

Consider the affine correspondence of triangles a1a5a3 and bjb5b; followed by 
orthogonal projection onto Pp. A vertex a; is mapped to b; = b; + A;n. There is a 
linear mapping o with a(a; — aj) = b; — bj. It is clear from Fig. 3 that the eigenvec- 
tors of o indicate the directions of torsal planes through the line L(u, v). Conditions 
(6*), (7*) imply 
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(aj — aj, by — bi) — (a — aj, b; — bj) 
= (aj — aj, by + Ayn — b; — àin) — (ay — aj, bj + Ajn — b; — Ain) 
= (aj — ai, by — bi) — (a, — aj, bj — bi) = 0, 


i.e., symmetry of a and orthogonality of eigenvectors of a. This shows orthogonality 
of torsal planes and verifies the statement for the case A = 0. The case A = 1 is 
analogous, since condition (6*) is invariant if we replace a; by b; and vice versa. 
For all other values à Æ 1 we note that replacing vertices b; by vertices a; + Ae; 
inflicts the change e; — Ae; without changing a;, which does not affect the normality 
condition (7*). 


As illustrated by Fig. 2, congruences defined by the affine correspondence of trian- 
gles have counter-intuitive properties: The planes P; generated by linear interpolation 
of the defining triangles at the same time are the focal planes of £ (and vice versa) 
since any P, carries the developable surface generated by the lines {P} N Pu}wer. 
The torsal planes P, are tangent to the focal surface F of L. It is known that F is 
the tangent surface of a cubic polynomial curve, cf. [16, Ex. 7.1.2]. Proposition 3.2 
now tells us that this curve has infinitely many triples of mutually orthogonal tan- 
gent planes. Translating these planes (the principal trihedra) through the origin, they 
become tangent planes of the directing cone of F, which is a quadratic cone. This 
cone is quadratic and must likewise have infinitely many orthogonal circumscribed 
trihedra. It is therefore a so-called Monge cone, see Fig. 6. 

There is a phenomenon in geometry, called porism, cf. [7]. It refers to situa- 
tions where existence of one object of a certain kind implies existence of an entire 
1-parameter family of such objects. Monge cones are an instance of a porism: If a 
quadratic cone has one circumscribed orthogonal trihedron, then one can move this 
trihedron around the cone while it remains tangential. This fact is classical knowledge 
in projective geometry, see e.e. [1, pp. 33-34]. 


Fig. 6 The “principal” trihedra mentioned in Proposition 3.2, when moved to the origin, lie tangent 
to a so-called Monge cone. Since these planes rotate about an entire cone as the interpolation 
parameter à varies, one cannot without restrictions interpret these principal trihedra as tangent 
planes plus principal planes of an offset family of surfaces. Such an interpretation is valid only for 
small A 
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The same porism is hidden in the proof of Proposition 3.2: The normality condition 
(6*) was equivalent to existence of the principal trihedron associated with Po, but it 
also implied existence of the trihedron for all P;. 


Details on principal trihedra in discrete-normal congruences. 


We wish to interpret the three mutually orthogonal planes referred to by Proposition 
3.2 as the tangent plane and principal planes of a surface. In particular the normal 
vector n; of P, shall be the normal vector, and the line N, shall be the surface 
normal, while the torsal planes should represent the principal directions. In order 
to understand better the behaviour of the objects involved, we study the volumetric 
parametrization according to Eq. (4) in an adapted coordinate system: the plane Po 
is the xy plane, and the two torsal planes associated with it shall be the xz and zy 
planes. Since the affine correspondence between planes Po, P, may be defined by 
any pair of corresponding triangles, we choose a, = 0, a2 = (1, 0, 0), a3 = (0, 1, 0). 
We may still change the plane P, without changing the congruence, so we choose 
b; = (0,0, 1). The vertices b», b3 must lie in the xy and xz planes because of our 
assumption on the torsal planes. Thus we get 


u —K|u 
x(u, v, à) =| v {+à —K23U 
0 au+bv+1 
AG — 1) 
əx ð e 
Es Ge bA(GA — D (8) 
ðu ðv 


(k1à — 1)(k2A — 1) 


We will later interpret «1, «2 as principal curvatures and vectors (1, 0, 0) and (0, 1, 0) 
as principal directions. Obviously, they are eigenvectors of the linear map o which 
occurs in the proof of Proposition 3.2. The plane P; is given as 


ni aX + 712,,X2 + 3,,X3 — Noy = aA(kK2A — 1)x1 + bà (1X — 1)x2 
+ (KA — 1D)(24 — 1)x3 — A(x1A — 1) (KoA — 1) = 0. 


This is a cubic family of planes. Translating them through the origin yields the 
planes nj,ix1 + n2,1X2 + n3,,X3 = 0, which are tangent planes of the tangent cone 
illustrated in Fig. 6. Since the plane coefficients satisfy the quadratic equation (x, — 
K5)ni1no — an»na + bnin3 = 0, it is indeed a quadratic cone.! 

We now look for a line L(u;, v;) orthogonal to P}. The direction of L(u, v) can 
be read off (8), so the condition L(u;, v;) || n; reads 


l The vector of coefficients (n1, n2, n3) of the equation of a plane is a normal vector of that plane. 
This shows that the orthogonal polar cone of the Monge cone fulfills the equation («1 — k2)x1x2 — 
aX2X3 + bx1x3 = 0. Since the Monge cone had many circumscribed orthogonal trihedra, its polar 
cone has many inscribed orthogonal frames. These frames are generated by translating the frames 
seen in Fig. 7b through the origin. 
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Fig. 7 Behaviour of the principal trihedron and the normal N; of planes P, in a congruence defined 
by the affine correspondence between two triangles. (a) The normals N, (green) intersect the plane 
Po in the points c(u;, va, 0) of a conic (red). (b) As A changes, the apex €; = x(u), vy, A) of the 
principal trihedron (yellow) moves along a straight straight line (blue). The ruled surfaces traced 
out by the edges of the trihedron are shown; their union forms one algebraic ruled surface of degree 
four 


Kyu, a(k5ÀX — 1) KU, u aA 

Kov,  b(qA—1) auct bv +1  1—kiA 

ahk2(1 — k2A) bhK, (1 — KA) 

a v, = Y 07 

where v, = kyo(k1À — 1) (a4 — D) -- a2kaA(ka4 — 1) +B KAKA — 1). (9) 


=> U= 


In particular we see that the curve x(u; , v}, 0), consisting of all points N, A Po, is 
a conic. In fact, for every a, the curve {N, N Py},er is a conic it corresponds to the 
curve N, Po under the affine mapping ox : x(u, v, 0) — (u, v, œ), see Fig. 7a. 
The surface of all N;,’s is then algebraic of 4°. 

Let us now compute the “apex” c; = N, N P, = x(u;, v}, à) of the principal 
trihedron: From 


u E K4 
_ Ad K1A)(1 — k2A) m (10) 


K1K2 


€; 
VA 


we see that c; moves on a straight line, but the parametrization of this line is cubic. 
Since the planes P, and the torsal planes stem from the same 1-parameter family 
of planes, any torsal plane will play the role of Py for another value 4’; in total 
each orthogonal trihedron will occur three times, and each of the three edges of the 
trihedron will play the role of N, three times (see Fig. 7b). We summarize: 


Proposition 3.3 /f a congruence is defined by the affine correspondence between 
two triangles ajaa; and b,b2b3 and satisfies the normality condition (6*), then 
its focal surface has a 1-parameter family of circumscribed ‘principal’ orthogonal 
trihedra whose apex moves on a straight line and whose edges form an algebraic 
surface of degree 4 which contains that line as a triple line. 


The complicated geometry of these congruences reflects the difficulties in defining 
Offset pairs of triangle meshes. 
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Discrete normal congruences — Version 3. 


An elementary computation shows that either of the two conditions (6*), (7*) is 
implied by the stronger condition 


(aj — aj, ej + ei) = 0, (11) 


when imposed on all three edges of a triangle. This third version of normality is a 
more direct expression of the orthogonality between triangle mesh and congruence: 
the edges aja; of the mesh are required to be orthogonal to the arithmetic mean of 
normal vectors e;, e; at either endpoint of the edge. 


Comparison of definitions. 


The various definitions of discrete normal congruences have different advantages. 
When one wants to design a normal congruence (as in Wang et al. [21]), version 1 
may be better because it ensures orthogonality of focal planes in the part of the line 
congruence which is actually realized. Using version 2, orthogonal focal planes may 
occur outside the realized part. On the other hand, when using the normal congruence 
of a given surface, version 2 has the advantage that one plane of a principal frame 
contains the base mesh triangle; moreover discrete principal directions are orthogonal 
and lie in the plane of the triangle. Version 3 normality is not used here except for 
Fig. 8 where we show that imposing version 3 normality leads to results comparable 
to version 2. Since the weaker condition of version 2 is sufficient to achieve the same 
results, it is not necessary to impose version 3 normality. 


normality normality normality 
condition (6), condition (6*), condition (11), 
Bmax =4.1°, Bmax = 2.8°, Bmax =3.4°, 
Bavg = 0.8°, Bavg = 0.8°, Bavg = 0.8°, 
Bmea =0.7° Brea =0.7° Bmea =0.7° 


Fig. 8 Optimization of normal congruences. For a given mesh with vertices a;, a discrete-normal 
congruence, defined by unit vectors e;, has been found by global optimization such that one of the 
normality conditions considered here is fulfilled. Each of these conditions is linear, so optimization 
was done by least squares. It turns out that there is no substantial difference between Eqs. (6*) 
and (11). Faces are colored according to the angle P enclosed between the congruence line at the 
barycenter and the face's normal there. We also give statistics on £ for each figure 
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4 Curvatures of Faces of Triangle Meshes 


Recall that a smooth normal congruence L possesses a surface A orthogonal to the 
lines of £. Then automatically all offsets A‘ also lie orthogonal to £. We assume 
labeling of offsets such that surfaces A‘, A* are at constant distance |t — s| from 
each other. Then corresponding infinitesimal surface area elements *dA' (u, v)" obey 
Steiner's formula 


GAUL YY _ 4 Hv) EPEG) (12) 
———— = ]— u, v u, v), 
dA? (u, v) 


where H and K denote mean and Gaussian curvature of the surface A°, respectively. 
The sign of H depends on the unit normal vector field; in our case the unit normal 
vector field points from A? to the surfaces A’ with t > 0. 

We now return to a discrete congruence £ defined by the piecewise-linear cor- 
respondence between triangle meshes A, B. Assuming A, B approximate an offset 
pair of surfaces at distance 1, we consider corresponding faces a;aza3 and bjb5b;. 
We write b; = a; + e;, where the vectors e; approximate unit normal vectors of the 
mesh A. An offset mesh at distance approximately t then has vertices and faces 


aj =a; tte; A' = ajaja}. 


We further assume that the congruence L is a normal congruence (which we have 
defined in two different ways). 


e If £ is normal in the sense of Eqs.(6) and (7), then we apply the projection 
mentioned in Proposition 3.1, resulting in vertices 313533, b, bobs. The projection 
is in the direction of a certain unit vector n. 

e As an alternative, the congruence may be normal in the sense of Eqs. (6*), (7*). 
Here we consider orthogonal projection onto the plane Po which contains a;aza3. 
This projection results in vertices à; = a; and b;. The projection is in direction of 
the unit normal vector n = no of the plane P». 


We now study the behaviour of the area of the face A' as t changes. We do not measure 
the actual area, but apply the projection just mentioned. The area of projected triangles 
is measured via a determinant in the plane: 


]-. VEM E 1 2 PME - 1 
p-area(x}X2x3) = 2 X1, X3 — Xi] = z™ X2 — X1, %3 — Xi] = z™ X? — X1, X3 — Xi] 
With the notation aj = a; = aj. bi; = b; = bj, ej; = bi; = aij we get 


p-area(A°) — 5[a12, ài3] [aj2, a13] [ā12, à13]. 


p-area(A^) HET + 1€12, 413 + tê] — ee [a12, €13] + [€12, a13] > [€12, €13] 
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Discrete curvatures and shape operator. 


The obvious similarity of this relation with (12) immediately leads to a definition of 
the mean curvature H and the Gauss curvature K of the face a;a a3 under consid- 
eration: 


n, €12, € n, aj2,e €12, 413 
pa [n, ei? Bl 2H — [n, a12, €13] + [e12 13] (13) 
[n, a15, a3] [n, a12, a13] 


Principal curvatures «1, x» are defined by the relations 
ki +k =2H, kk = K. 


Completing the analogy with the smooth case, we define a shape operator A as the 
linear mapping which maps 


à —a; > —(& —6j), foralli, j € {1,2,3}. 


Recall that the bar indicates projection (which in turn depends on which version 
of “normality” we employ). In analogy to the smooth case, principal directions are 
given by the focal planes of the congruence L. All these notions fit together: 


Proposition 4.1 The eigenvalues of the shape operator A are the principal curva- 
tures K1, ko, and its trace and determinant are given by 2H and K, respectively. 
Eigenvectors of A indicate the principal directions. 


Proof We first show the statement for ‘version 2’ normality. Recall the linear map- 
ping a in the proof of Proposition 3.2 which maps a; — a; > (aj 6) — (aj + ej). 
Since by construction, A =id—a, A has the same eigenvectors as o, i.e., the 
torsal directions. The statement about tr A and det A follows from the relations 


— det( AG). A(y)) — det(A(x),y)+det(x, AQ) o: : 
det A — m 7 and tr A — BOY) which generally hold for linear 


mappings of R*. The statement about eigenvalues follows immediately. 
For version 1 normality the proof is the same, only the bars have a different 
meaning. The mapping o is also referred to in the proof of Proposition 3.1 in [21]. 


Since we have defined principal curvatures «1, x? implicitly via mean curvature 
H and Gauss curvature K, their relation to focal geometry is still unclear. In the 
smooth case, points at distance 1/x; from the surface are focal points of the normal 
congruence. This property holds in the discrete case too, if we use version 2 normality: 


Proposition 4.2 Consider a congruence with parametric representation x(u, v, X) 
which is defined by the correspondence of two triangles aja5a3 and bı b2b3. Assume 
that it is normal in the sense of Eq. (6*), and consider (in the notation of Proposition 
3.2) the plane Py which contains a4a5a3 and the corresponding normal L(uo, vo). 
Then the focal points of that line lie at distance 1/k,, 1/k» from the plane Po, with x; as 
the principal curvatures, i.e., the focal points are precisely the points X(uo, vo, 1/K;). 
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Proof Weconsider the parametrization (8) which is with respect to an adapted coordi- 
nate system, so that uo = 0 and vo = O. It is easy to see that the values «1 , k2 occurring 
there are indeed the principal curvatures. A simple computation shows that for the 
special case u = v = 0, the determinant of partial derivatives of x(u, v, à) specializes 
to [X,, Xv, X4] = (1 — Ax1)(1 — Ax2). Thus we have a singularity if A = 1/x;. 


Special cases. 


An umbilic point is characterized by equality of principal curvatures, i.e., «; = K2 = 
kK. In this case some of the geometric objects discussed above simplify. E.g. the above- 
mentioned cubic family of planes becomes the set of tangent planes of a quadratic 
cone with vertex (0, 0, 1/«). Such an umbilic occurs every time two corresponding 
triangles a;a.a3 and bıb2b3 are in homothetic position, but the converse is not true. 

A parabolic point is characterized by one principal curvature, say «;, being zero. In 
this case, Eq. (8) immediately shows that the congruence vectors e, e», e3 associated 
with vertices a), a2, a3 are not linearly independent, so Proposition 3.2 does not 
apply. Along the x axis, the lines of the congruence are parallel to each other, which 
is in accordance with the fact that the focal point (0, 0, 1/x;) has moved to infinity. 
The above-mentioned cubic family of planes is quadratic (in fact, it is the family of 
tangent planes of a parabolic cylinder). 


Remark 4.3 We should mention that the approach to curvatures presented here car- 
ries over to relative differential geometry where the image of the Gauss map is not 
a sphere but a general convex body [19]. Another straightforward extension is to 
curvatures at vertices, which however does not lead to a shape operator in such a 
natural manner. 


5 Results and Discussion 


Numerical examples. Vertex normals of a mesh can be estimated (e.g. as area- 
weighted averages of face normals). Any such collection of sensible normals is not 
far away from being a “normal” congruence in our sense. By applying optimization, 
we can make it as normal as possible, meaning that (6) is fulfilled in the least-squares 
sense. Numerical experiments show that this improves the quality of the normal field 
(even if there are not enough d.o.f. to satisfy (6) fully if the vertices of the mesh 
are kept fixed). Since curvatures and the distribution of normals are inseparable, it 
makes sense to study curvatures not only as quantities derived from a mesh, but as 
quantities which arise naturally from the the result of the optimization procedure just 
mentioned. In this way the natural sensitivity of curvatures with respect to noise is 
moderated. 

The basic task is, of course, the computation of a normal congruence for a given 
mesh. This is done via a standard optimization procedure, which is initialized from 
estimated vertex normals. We express the validity of the normality condition in terms 
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of least squares, and minimize subject to the constraints that (in the terminology 
of previous sections), vectors e; are of unit length. Figure 8 shows an example. In 
particular one can see that normality according to Eq.(6) (“version 1") behaves 
differently from normality according to Eq. (6*) (“version 2”), while there is hardly 
any difference between conditions (6*) and (11). 


Degrees of freedom and topology. When optimizing a normal congruence of a mesh 
with v vertices, e edges and f faces, we count 3v variables for the normals and 
f + v constraints. If a number b of boundary vertices is present, we fix the normals 
at the boundary, resulting in 3(v — b) variables and f + (v — b) constraints, i.e., 
2v — f — 2b d.o.f. Elementary manipulations show that 


do.f. 22x — b, 


with x = f + v — e as the Euler characteristic. We see for meshes of sphere topology 
we can expect a unique solution, but topological features diminish the available 
degrees of freedom. If boundary normals are kept fixed, long boundaries diminish 
this freedom even more. By allowing vertices to move during optimization, we can 
achieve zero residual again, but of course a compromise has to be found between 
the quality of the normal congruence and the deviation of the mesh from its previous 
shape. Table 1 shows some numerical experiments. 


Computing Curvatures. Once a normal congruence is available, we can compute 
curvatures (see Fig. 9) and we can integrate the field of principal curvature directions 
as well as the field of asymptotic directions (see Fig. 10 for an example). It must 
be said, however, that we do not want to compete with the many other methods for 
computing curvatures, and we do not regard the ability to compute curvatures a main 
result of this study. 


Robustness by using normals. Fig. 11 demonstrates that considering a mesh and its 
normal congruence fogether allows us to handle optimization/smoothing in a stable 
way. After a mesh and its normals have been perturbed (Fig. 1 1b), an optimization 
procedure attempts to restore both. We use a target functional composed of a sum 
of least squares expressing condition (6*) and also the property of vectors e; having 


Table 1 Comparison of residuals regarding normalcy of the congruence (“c”) and unit vectors 
being normalized (“n”) when optimizing congruences 


Sphere Torus Disk w/holes, see Fig. 10 

Fixed vertices Fixed vertices | Moving vertices Fixed vertices | Moving vertices 

rd n c n c n € n C n 
v.1| 7.8 x 1073 |0| 7.7x 10° |0|- - 15x109 |0|- = 
v.2| 9.7x 1075 |0 | 9.6x 107! |0 | 69x 1075 | 8.1 x 1077 | 1.9x 1072 |0 | 40x 1075 | 22 x 107? 
v.3| 90x 1072 [0 | 13x 107! |0 | 69x1074 | 6.3 x 1074 | 24 x 107! |0 | 9.6x 102 | 9.5 x 10-19 


All meshes are normalized for unit average edge length, and a zero means a zero up to machine 
precision. The rows in this table correspond to versions 1, 2, 3 of the normalcy condition for 
congruences. One can see that zero residual happens only for sphere topology 
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Fig.9 Computing mean curvature H and Gaussian curvature K by means of normal congruences: 
"version 1" and "version 2" refer to normality defined by Eqs. (6) and (6*), respectively. Estimated 
normals are optimized so as to become a normal congruence which allows us to compute curvatures 
in faces. For comparison, curvatures computed by a 3rd order jet fit have been used, cf. [4]. The 
color scale is the same for each kind of curvature and each model, throughout the 3 methods of 
computation. One can hardly see any difference. For each mesh, normal congruences have been 
computed in the way employed for Fig. 8 


version 1 


version 2 


jet fit 


jet fit normal cycle version 1 version 2 


asymp- 
totic 
lines 
prin- 
cipal 
curva- 
ture 


lines 


Fig. 10 We compute asymptotic lines and principal curvature lines of meshs by various means. 
For the figures of the first column, we have used the 3rd order jet fit method of [4]. For the second 
column, we used the method of normal cycles (see e.g. [20]). The 3rd and 4th column are computed 
using our the shape operators, where version 1 and version 2 refer to normality w.r.t. Eqs. (6), 
(6*), respectively. In both cases the normal congruence needed for defining the shape operator was 
obtained in the same way as for Fig. 8 
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Fig. 11 Computing normals and principal curvature lines for noisy data. Subfigure a shows a 
triangulated cylinder and some of its principal curvature lines. In b the jet fit method has been 
used to obtain principal curves for data where noise has been added to both vertex coordinates and 
normals. Subfigure c shows the result of optimization applied to (b), which results in a smooth mesh 
equipped with a normal congruence. For c we again show the principal curvature lines computed 
by our method 


length 1 (weight 1), proximity to the input data (weight 1/4), Laplacian fairing for 
the mesh (weight 1075), Laplacian fairing for the normal vectors (weight 107^) and 
compatibility between normal and mesh by penalizing deviation from orthogonality 
between congruence lines in mesh barycenters and face (weight 107^). Figure 11c 
shows the repaired mesh. 


Relevance for discrete differential geometry. 


The idea of employing the Steiner formula for defining curvatures has proved very 
helpful in bringing together various different notions of curvature, and indeed, various 
different notions of discrete surfaces (like discrete minimal surfaces and discrete cmc 
surfaces) which were defined in a way not involving curvature directly but by other 
means like Christoffel duality. We refer to [2, 3] for more details. The theory presented 
in [2] is restricted to offset-like pairs of polyhedral surfaces where corresponding 
edges and faces are parallel. There are ongoing efforts to extend this theory to more 
general situations (we point to recent work on quad meshes [10] and on isothermic 
triangle meshes of constant mean curvature [11]). It is therefore remarkable that at 
least for the situation described here, triangle meshes allow an approach to curvatures 
and even a shape operator which is likewise guided by the Steiner formula, but without 
the rather restrictive property of parallelity (which for triangle meshes would be even 
more restrictive). 


Future Research. 


As to discrete differential geometry, it is still unclear how known constructions of 
special discrete surfaces relate to the curvatures defined here: For instance, it seems 
difficult to gain nice geometric properties from the condition vanishing mean cur- 
vature. Nevertheless one of the known constructions of discrete minimal surfaces 
might be equipped with a canonical normal congruence such that, when our theory 
is applied, mean curvature vanishes. 

Further applications of line congruences have been discussed by Wang et al. [21], 
but there might be other examples of geometry processing tasks where the notion of 
line congruence, or even normal congruence, becomes relevant. 
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S-Conical CMC Surfaces. Towards 
a Unified Theory of Discrete Surfaces 
with Constant Mean Curvature 


Alexander I. Bobenko and Tim Hoffmann 


Abstract We introduce a novel class of s-conical nets and, in particular, study s- 
conical nets with constant mean curvature. Moreover we give a unified description 
of nets of various types: circular, conical and s-isothermic. The later turn out to be 
interpolating between the circular net discretization and the s-conical one. 


1 Introduction 


A variety of approaches have been pursued to obtain a notion of discrete constant 
mean curvature (cmc) surfaces. Two different starting points arise from the interpre- 
tation of cmc surfaces as critical points of an area functional [9, 16], and on the other 
hand from an integrable systems point of view [4, 10]. One principal difference of 
the two approaches is that, in the first approach, the underlying combinatorial struc- 
ture is naturally that of a simplicial surface, whereas the integrable systems approach 
demands a quadrilateral structure of the discrete surface, and one reads about discrete 
parametrized surfaces. Recently these two approaches were partially merged as soon 
as a curvature theory for general polyhedral surfaces based on the notions of parallel 
surfaces and mixed area was developed [5]. 

Restricting to quadrilateral meshes, and, in particular, to planar quadrilaterals 
(discrete conjugate nets), may at first sight appear to be a severe restriction. How- 
ever, it turns out that every surface can be approximated by discrete nets with these 
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properties [3, 6], reflecting the existence of the corresponding parametrizations in 
the smooth case. In fact these integrable discretizations are structure preserving, 
i.e. they preserve the key aspects of the geometry. A characteristic feature of sur- 
faces described by integrable systems is the existence of special transformations of 
Bácklung and Darboux type that preserve the class of surfaces. In the discrete setup 
these transformations lead to consistent multi-dimensional nets. The last property 
has established itself as the integrable structure in discrete differential geometry [6]. 

There exists a rather developed theory of discrete cmc surfaces from an integrable 
point of view, reflected in numerous publications. They include Q-nets (nets with 
planar quadrilaterals) [5], circular nets (nets with circular quadrilaterals) [4, 6, 8, 
10, 11, 14, 18, 19], semi-discrete nets [15], s-isothermic nets [12]. The latter can be 
characterized geometrically [6] by having a sphere at every vertex of the net such 
that the intersection angles of the spheres along opposite edges in every quadrilateral 
are the same and the four spheres either have a common orthogonal circle, share a 
pair of points, or (as a limiting case) all meet in exactly one point. 

The key observation of the present paper is that the last subclass of s-isothermic 
nets is in fact conical. Although the class of conical nets introduced in [13] is very 
important for applications and belongs to integrable discrete differential geometry [6, 
17], investigation of discrete conical surfaces with constant curvature has just started 
[2]. In this paper we introduce a novel class of s-conical nets and, in particular, study 
s-conical nets that are cmc. The identification of s-conical surfaces with special 
s-isothermic surfaces mentioned above leads not only to a description of conical 
cmc nets but also to a unified description of discrete cmc nets. One can think of 
s-isothermic nets as “interpolating” between the circular net discretization and the 
s-conical one. 


2 Conical Nets 


Here we consider Q-nets, which are discrete surfaces with planar quadrilateral faces. 
Since we are mostly developing a local theory, for simplicity we consider surfaces 
with the combinatorics of the square grid f : Z? — IR?. Some parts of the theory 
can be generalized to a more general combinatorics f : G — R*, where G is a 
quad-graph. The latter is a strongly regular cell decomposition of a two-dimensional 
manifold with all faces being quadrilaterals. Moreover in the developed theory of 
discrete CMC surfaces the quad-graph should be edge-bipartite, i.e. there is a black 
and white edge coloring such that for each quadrilateral opposite edges are of the 
same color. 

Through this paper we will use a notation that indicates shifts in the various 
directions by subscript. For a net f : Z? — IR? we will denote a generic point f (k, I) 
simply by f. Then it is understood that f| = f(k +1, D, f; = f(k, 14-1), f2 = 
f(k 4-1,L4- 1), fi = f(k — 1,1) and so forth. This is of particular use in case of Z” 
lattices but also as long as only one or two neighboring quadrilaterals of a quad-graph 
are concerned it is a useful shorthand. The following definition first appeared in [13]. 
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Definition 2.1 A Q-net f : Z? — R? is said to be conical if for each vertex all 
incident faces touch a common sphere o. 


The touching spheres in the Definition 2.1 of conical nets are not unique. In general 
there is a 1-parameter family of spheres touching all incident faces for each vertex. 
These spheres are inscribed in a cone, and their centers lie on the cone axis. This 
furnishes a canonical normal direction (or line) in each vertex of f. 

The normal lines of neighboring vertices are coplanar. Due to this fact conical 
nets have parallel nets in normal direction. The following theorem as well as all 
properties of conical nets mentioned in this section are due to [13] (see also [5, 6]). 


Theorem 2.2 Let f : Z? — R? be a conical net. There is a 1-parameter family of 
conical nets f! : Z? — R? such that (f! — f) lies in normal direction to f, f and 
f' have parallel edges, and the distance between corresponding faces is constant. 


Proof Givenaconical net f : Z? — R? one chooses f' ata vertex f suchthat f! — f 
is in normal direction. Then there is a touching sphere o with center at f’. Let r 
be its radius. Now one can find touching spheres o of radius r at all other vertices. 
Set f' to be their centers. Then ( ff‘) is in normal direction everywhere. Consider 
a quadrilateral (f, fi, fiz, f2). Since the edge (ffi) lies in the intersection of two 
common tangent planes of c; and ø it is parallel to the difference of their centers 
fi — f' as well (the spheres are of equal radius). Thus the corresponding edges (and 
hence also the faces) of the quadrilaterals (f, fi, fiz, f2) and (f", fi, fio, f2) are 
parallel. Moreover since all the spheres have the same radius r, the distance between 
the planes of these quadrilaterals is r. Since the faces of f and f' are parallel f' is 
conical as well. 


Definition 2.3 Let f : Z? — R? beaconical net. n : Z? — R? is called a Gauss map 
of f if n points in normal direction and the parallel net f! = f +n has constant 
face offset 1, i.e. the distance between the planes of the corresponding faces of f 
and f! is equal to 1. 


Proposition 2.4 Let f : Z? — R? beaconical net and n : Z? — R? its Gauss map. 
Then the edges of n are parallel to the edges of f and the faces of n touch the unit 
sphere S?. 


Proof Since f +n is parallel to f, n is parallel to f as well. Moreover since the 
distance between the faces of f +n and f is equal to 1, the projection of n to the 
face normals N of f (and n) is 1. Thus the faces of n touch the unit sphere. 


The parallel nets in Theorem 2.2 are then given by 
f'-fem. (1) 
We will refer to these nets as (parallel) nets in constant distance. 


We can use the notion of parallel nets to give yet another characterization for 
conical nets: 
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Proposition 2.5 A Q-net f : Z? — R? isa conical net if and only if f has parallel 
nets with constant face offset. If f is generic the constant face offset nets lie in normal 
direction. 


Proof Theorem 2.2 shows that conical nets have parallel nets with constant face 
offset. Now if f is a net with parallel net Ñi in constant face distance d, then f= = 
f- f is parallel to f as well, and the faces of f touch a sphere of radius d. Thus 
fi is conical. This also ensures conicality of all its parallel nets, in particular of f 
and f. Finally, f = f — f is the cone axes for Ô and therefore (f f) is the normal 
direction for f and f as well. 


The following angle characterization of conical nets was proven in [20]. 
Proposition 2.6 A Q-net f : Z? — R? isa conical net if and only if at each vertex 


the sums of the opposite angles (of quadrilaterals) are equal. 


Example 2.7 Take any planar polygon y (k) = (y! (K), y7(k)) with non vanishing 
edges and an angle 0 < $ < x. Then the discrete rotational net 


f(k, D = (y! 00, cos) y (k), sin) y^ () 


is a conical net. 


3 Curvatures of Conical Nets via Steiner's Formula 


The classical Steiner formula couples the areas of a surface f and a parallel offset 
surface f' with the mean and Gauss curvature of f. If f is an infinitesimal surface 
patch and f' the parallel one in distance f in normal direction, then Steiner's formula 
gives: 

AÐ = AHA - 2Ht + Kt’), (2) 


where A is the area, and H and K are the mean and the Gauss curvatures of f. 

A discrete analogue of this formula was used in [5] to define curvatures for Q-nets 
with a given Gauss map (see also [18] where this formula first appeared for Q-nets 
with circular quadrilaterals). Let Q = (q, q1, G12, q2) be a planar quadrilateral and 
N a unit normal of the plane of Q. Denoting its diagonals with d; = qi? — q and 
d = q2 — qı the area A(Q) can be computed as 


A(Q) == ; deta, d», N). 


If P is another quadrilateral with edges parallel to the edges of Q and with diagonals 
cı and c» the area of P + tQ is equal to 


1 
A(P +tQ) = A(P) 2t 7 (det(di, c2, N) + det(ci do, N)) --£?A(Q)..— 3) 
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The space of all planar quadrilaterals with edges parallel to a given one Q is a 
four dimensional vector space. Moding out the translations leaves a two dimensional 
one. On this space the area is a quadratic form A(P) and the mixed area is the 
corresponding symmetric form A(P}, P2). 

Since a conical mesh f and its Gauss map n have parallel edges, the area of the 
quadrilaterals of the offset net f' = f + tn is quadratic in the distance r. A discrete 
version of Steiner's formula suggested in [5] (see also [6]) reads as follows. 


Definition 3.1 Let f : Z? — R? bea conical net with the Gauss map n : G > IR?. 
Then the discrete Steiner formula 


A(f 4- tn) = A(f)(1 - 2Ht + KP) (4) 


defines a discrete mean curvature H and a discrete Gauss curvature K on the faces 
of the net f: 
A(f,n)  , Aln) 


AQ)' | AQ» 


Here A( f) and A(n) are the areas of the quadrilaterals (f, fi, fio, fo) and (n, ni, 
12, n2) respectively, and A( f, n) is their mixed area. 


(5) 


4 Dual Quadrilaterals and Koenigs Nets 


As we mentioned already, the mixed area A(P, Q) is a symmetric bilinear form on 
a two-dimensional vector space of quadrilaterals with parallel edges. Quadrilaterals 
P and Q with A(P, Q) = 0 are “orthogonal” with respect to this form. For any non- 
vanishing planar quadrilateral Q there is a P with A(P, Q) — 0 and P is unique 
up to scaling. 


Definition 4.1 Two planar quadrilaterals P and Q with parallel edges are called 
dual to each other if their mixed area vanishes: 


A(P, Q)=0. 
Whenever scaling is unimportant we will simply talk about the dual quadrilateral 
P*, satisfying A(P, P*) = 0. 
Let P = (p, Pi, p12, p2) and Q = (q, q1, q12, q2) be two planar quadrilaterals 


with parallel edges and let N be their common normal then (3) implies the following 
formula for their mixed area 


1 
A(P, Q) = 1 (det(pi2 — p, q2 — qi, N) + det(qi2 — q, pı — p2, ND. (6) 


The duality can be described in terms of the diagonals [5, 6]. 
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Proposition 4.2 The mixed area A(P, Q) of two planar quadrilaterals with parallel 


edges P = (p, pi, pio, po) and Q(q, q1, 912, qo) vanishes if and only if their non- 
corresponding diagonals are parallel, i.e. py» — p || q2 — qı and qqi2 — q || P2 — pi- 


Let us present also useful explicit formulas for the dual quadrilateral. Let o be 
the intersection point of the diagonals of a planar quadrilateral P = (p, pi, pio. p2), 
e= =e aT be the unit vectors of diagonals and define o, B, y, 5 
as the oriented lengths of the connection intervals of the intersection point o to 
the vertices: p — 0 = ae), pi? — 0 = yei, pı — 0 = Be», p» — o = 6e». Then the 
quadrilateral P* = (p*, pf, Pj, p3) determined by 


e? = 


o* — e2, D5— 0 = e, p; —o* = —e,, p; —o* = -e 7 
p ,95 Pun yen por P 1 0) 


with some o* is dual to P. 
Every planar quadrilateral has a dual one. However generic Q-nets are not dual- 
izable as a whole. Dualizable Q-nets were introduced in [7] (see also [6]). 


Definition 4.3 A Q-net f : Z? — R? is called a Koenigs net if there is a Q-net 
f* : Z2 — R? such that the corresponding quadrilaterals of f and f* are dual to 
each other; f* is called (Christoffel) dual of f. 


Koenigs nets can be characterized [6, 7] in terms of the intersection points of the 
diagonals. 


Proposition 4.4 A Q-net f : Z? — IR? in general position (each vertex and its 
neighbours are not co-planar) is a Koenigs net if and only if the intersection points 
of the diagonals of four quadrilaterals around each vertex are coplanar. 


Since the planes of a planar quadrilateral and its dual are parallel, the conicality 
conditions for f* and f are satisfied simultaneously. 


Proposition 4.5 If f : Z? — R? is conical and Koenigs, its Christoffel dual f* : 
Z? — R? is conical as well. 


5 Conical Nets with Constant Mean Curvature 
and S-Conical Nets 


Definition 5.1 A conical net f : Z? — R? is called a net with constant mean cur- 
vature (cmc net) if its mean curvature H defined by (5) is constant. Conical nets with 
vanishing mean curvature are called minimal. 


Theorem 5.2 A conical net f : Z? — R? is a cmc net with mean curvature H #0 


if and only if it is a Koenigs net with its Christoffel dual in constant distance F 
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" 1 
H = const & f* = f — ie (8) 


The dual net f* is a conical cmc net with mean curvature H as well. 


Indeed, we have 


1 
HA(f, f) = -A(f,n) &0= ACF, f — HO: 


Thus f* exists and is given by (8). 

There is a tight connection (see [6, 17]) of conical nets and circular nets, i.e. 
Q-nets with circular faces. Given a conical net one can choose a point on one of 
the face's planes arbitrarily. Mirroring this point at the planes spanned by the face's 
edges and their incident normals gives a circular net. Each vertex of this circular net 
corresponds to a face of the conical net and vice versa. This way each conical net 
gives rise to a 2-parameter family of circular nets. The circle centers of the circular 
net lie on the cone axes of the conical one. 

On the other hand, given a circular net, we can choose an initial unit vertex normal 
arbitrarily. Mirroring that normal at the edge-bisecting planes gives rise to a consistent 
setof vertex normals such that neighboring normals intersect. Their orthogonal planes 
passing through the vertices of the circular net give rise to a conical net. This way 
each circular Q-net gives rise to a 2-parameter family of conical nets. We will call 
these conical and circular nets corresponding to each other. 

We complete this section with an introduction of particular conical nets. 


Definition 5.3 A discrete conical net f : Z? — R? is called s-conical if for every 
vertex the intersection points of the diagonals of the quadrilaterals sharing the vertex 
lie on a circle, and the axis of this circle is the vertex normal (the cone axis at the 
vertex). 


Fig. 1 To definition of 
s-conical nets. The cone 
touches all four neighboring 
quadrilaterals. The 
intersection points of the 
diagonals are circular, and 
the axis of the circle 
coincides with the axis of the 
cone 
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Itis easy to see that an s-conical net and its circular net formed by the intersection 
points of the diagonals are corresponding (see Fig. 1). Indeed two triangles on two 
neighboring faces sharing an edge built by this edge and the intersection points of the 
diagonals are congruent. Therefore they are symmetric with respect to the reflection 
in the symmetry plane of the planes of the neighboring faces. 


Theorem 5.4 (i) S-conical nets are Koenigs nets. 
(ii) The dual net of an s-conical net is also s-conical. 


Proof (i) follows from Proposition 4.4 since the intersection points of the diagonals 
are circular. 

(ii) Consider two (congruent) triangles 41, A» on two neighboring faces of f witha 
common edge built by this edge and the intersection points of the diagonals. As 
it was explained above they are symmetric with respect to the reflection in the 
symmetry plane P of the planes of the faces. The dualization formula (7) implies 
that the corresponding triangles A}, A} of the dual net f* are also symmetric 
with respect to P. This implies that f* is s-conical. 


In Sect. 7 we give an alternative definition of this class and investigate it. 


6 S-Isothermic Nets 


For an s-conical net the intersection points o of the diagonals are circular with the 
circle centers lying on the corresponding cone axes. Let f be a vertex of an s-conical 
net and 075, 05, 0, 0; the diagonal intersection points of the quadrilaterals incident 
to f. The points 075, 05, 0, o; lie on a sphere s with center f. This furnishes a map 
5: Z? — {spheres in IR?) such that each sphere s is centered at the vertex f and 
in each diagonals intersection point o four spheres s, 51, 512, 52 meet. Furthermore, 
opposite spheres s and sj as well as s, and sz touch at o. 

In order to proceed further we recall some basic facts about s-isothermic nets and 
their Móbius geometric description (see [6] for details). 

Let R*! be the five dimensional Minkowski space with the standard Lorenz inner 


product 
4 


(x,y) = —xoyo + >) eI. 
k=1 


There is a bijection between oriented spheres and planes s in R? and unit vectors 
$ € IR^! (here we consider planes as degenerate spheres), as well as points p in 
IR? U oo and isotropic vectors f € L* C R*!. For points p one sets 


1+ ipi? T 1 - pl? 
2 d 2 


p= ( ) (9) 
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with (p, p) = 0. The point at infinity oo is then given by (1, 0, 0, 0, — 1). An oriented 
sphere s with center c and radius r in R*is represented as 


í. 1 (1+de?-r 1- del? -r3 
= C, : 10 
=; ( 2 2 2 (10) 
A plane with the normal form (v, n)|ps = d, ||n|| = 1 is is given by 


$ = (d,n, —d). 


In both cases ($, $) — 1. Changing the orientation of the sphere or plane corresponds 
to the transformation $ ++ —$. A point p lies on a sphere s if and only if 


pese (p,$) =0. (11) 
The intersection angle o between two spheres s, and sz can be calculated as 
cos à = (31, $2). (12) 
In particular touching spheres satisfy 
($1, 85) = —1. 


From here on we will use the same notation p, s for points and spheres in R? and 
their representatives (10) in R*!. The meaning will be clear from the context. 


Definition 6.1 A net s : Z? — R*! of space-like unit vectors solving the discrete 
Moutard equation 
s d 512 = (51 + 52), à £0, (13) 


is called s-isothermic. 
Proposition 6.2 Let s : Z? — IR^! be an s-isothermic net. Then 
(512, $1) = (52,5) and (512,52) = (1, 8). (14) 
Proof The unit length condition implies 
1 = (512,512) = A^ (51 + 52, 51 + $2) — 2A (51 + 52,8) + 1, 


and finally 
A(S1 + $2, $1 +52) — 2(s1 + 52,5) = O. (15) 
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If (s; + 52, 51 + 52) = 0 (this is the touching spheres case (s1, 52) = —1) we get from 
(15) (s1, 5) = —(s2, s). This implies (512, s1) = (A(s; + 52) — 5,51) = — (s, 51) = 
(s, 52). In the non-touching case (s; + s2, 5; + s2) Æ O substituting A given by (15) 
into (13) we obtain (14). 


S-isothermic nets have the following geometric properties formulated in terms of 
the centers c and the radii r of the corresponding spheres (10) (see [6, 7] for the 


proof). 


Theorem 6.3 (i) The centers c € IR? of an s-isothermic net build Koenigs nets. 

(ii) Lets be an s-isothermic net of spheres with the centers c : Z? — R? and (signed) 
radii r : Z? — R. The spheres s* with the centers c* : Z? — R? and the radii 
r* : Z2 — R given by 


Gc TE, ge ae, (16) 


build an s-isothermic net (called Christoffel dual net). 


S-isothermic nets belong to integrable structures of discrete differential geometry 
[6], i.e. they can be extended consistently to the Z” lattice so that all two-dimensional 
coordinate subnets are s-isothermic. This property can be interpreted as a transfor- 
mation of two-dimensional s-isothermic nets called Darboux transformation [12]. 


Definition 6.4 Consider two s-isothermic nets s : Z2 > R^! and $: Z? > R*!, 
and their spheres with the same indexes as corresponding. Thus, for example, the 
spheres s, 51, 512, 52, $, $1, $12, Sy build a combinatorial cube shown in Fig. 2, and we 
treat the faces of s and $ as bottom and top faces of the cube. The s-isothermic nets s 
and $ are said to be Darboux transforms of each other if the spheres corresponding to 
the side faces of the cube also satisfy the discrete Moutard equations (with different 
signs corresponding to two different pairs of opposite faces): 


Si +s =a +s), $12 +82 = a(S. + s12), 


“M =s — b($ —55), $12 — 51 = bi(S) — s12). 


Fig. 2 A Darboux cube 
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Remark 6.5 Given s its Darboux transform $ is uniquely determined by one vertex 
of § which can be chosen arbitrary. 


Remark 6.6 Note that the sides of a Darboux cube that correspond to the solutions 
of the Moutard equation with plus sign have embedded quadrilaterals while the ones 
with minus sign give rise to non-embedded quadrilaterals. 


Remark 6.7 To pass to a multidimensional consistent picture mentioned above one 
should change the orientations of the spheres for every second line s;; — (— Ds; je 


7 S-Conical Nets as S-Isothermic Nets 


The Moutard equation implies that the four spheres of each quadrilateral are linearly 
dependent vectors in IR^!. Thus an s-isothermic net s is in particular a Q-net. We 
obtain three types of s-isothermic surfaces characterized by the fact that the four 
spheres s, 51, 52, 512: 


share a common orthogonal circle (Type 1), 
intersect in a pair of points (Type 2), 
intersect in exactly one point (Type 3). 


These three cases are distinguished by the signature of the Lorentz metric restricted 
to the subspace of the corresponding spheres s, s1, 512, S2 which span a 3-dimensional 
subspace U C R*!. Denote its orthogonal complement by UŁ. If the inner product 
on U+ is positive definite the unit vectors therein form a 1-parameter family of 
spheres orthogonal to s, s1, 512, and s2. This family shares a circle (given by the 
isotropic vectors of U) which thus is perpendicular to s, s1, 512, and s2. 

If the inner product on U+ is indefinite and non degenerate then it contains two 
isotropic directions p, and p» which give rise to two points pı and p» that are 
contained in all four spheres. 

Finally if the inner product is degenerate on U+ the subspace touches the light- 
cone of R^! and that direction gives rise to one common point of s, 51, 512, and 
$25. 

The first type has a particularly nice special case when all the inner products are 
1. In this case the four spheres for each quadrilateral touch cyclically [1, 6]. The 
orthogonal circle then must pass through the four touching points. 

S-isothermic surfaces of type 3 are of particular interest for us. It is the case where 
the orthogonal circle (or the pair of common points) collapses into a point (Fig. 3). 
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Fig.3 An s-conical 
quadrilateral as an 
s-isothermic net of type 3 


Theorem 7.1 Foramap s : Z? — I^! with (s, s) = 1 the following statements are 
equivalent: 


(i) s is s-isothermic of type 3. 
(ii) s is a solution to the Moutard equation (13) and the intersection angles of the 
spheres are complimentary: (s, $1) = — (s, s2) and |(s, sı)| < 1. 
(ii) s + $15 and s, + s2 are parallel isotropic vectors. 
(iv) The centers c of s form an s-conical net and the intersection points o of the 
diagonals lie on the corresponding spheres s, S1, S12, S2. 


Proof (i) = (ii). The centers of the spheres 5s, 5), 512, s? are coplanar and the 
opposite spheres touch in a common point. Thus this must be the intersection point 
of the diagonals. The intersection angle of the diagonals a and its complimentary 
angle z — o are exactly the intersection angles of the corresponding neighboring 
spheres. Then the claim follows from (12). 

(ii) => (iii). For (s, $1) = — (s, 52) Eq. (15) implies that s; + s2 is isotropic (note 
that A Æ 0). Due to (13) s12 + s is parallel and therefore isotropic as well. 

(iii) = (iv). The isotropy (s; + 52, 5; + s2) = O implies the touching condition 

(s1, $2) = —1. Moreover sı + s2 and s + 5,» are equivalent projective representa- 
tions of the common touching point o. The centers c of the spheres form a planar 
quadrilateral for which the diagonals (c1, c2) and (c, c12) intersect at the touching 
points o. Since 073, 05, 0, 0; are the points in which the spheres sj, 55, 51, 52 touch 
cyclically, 073, 05, 0, 07 lie on a circle,! which we denote by C. This implies that 
the net c is a Koenigs net with a circular net of points o. It remains to show that 
it is conical as well. 
Since the quadrilateral formed by say c, o, c2, and oj is a folded kite (two pairs 
of non-opposing edges are equal in length), the planes spanned by c, o, c2 and 
c, C2, 0; are symmetric with respect to the plane spanned by c, c2, and the axis 
of the circle C. The same holds for the other edges and thus c is a conical net 
corresponding to the circular net o. 

(iv) = (i). Let s have a central net c that is s-conical. The intersection points 
0, 07, 073, 05 lie on the sphere s. Since the connection line through the centers 


l This is a simple fact from Möbius geometry that four spheres touching cyclically always have a 
circle through their touching points. 
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C, C12 passes through the common point o of the spheres s, s12, these must touch 
at o. The isotropic vector of o is projectively equivalently represented by s12 + s 
Or 5, + s2. This implies that these vectors are parallel, thus s solves the Moutard 
equation. Since the four spheres share a single point the solution is of the third 


type. 


We have shown that s-conical nets and s-isothermic nets of type 3 can be canon- 
ically identified: the centers of the spheres of an s-isothermic net of type 3 are the 
vertices of the corresponding s-conical net, and their intersection (touching) points 
0 are the intersection points of the diagonals of the s-conical net. 

Christoffel dualizations defined for both these classes also coincide. The following 
theorem follows from the dualization formulas (7) and (16). 


Proposition 7.2. The Christoffel dual net of an s-isothermic net of type 3 is an 
s-isothermic net of type 3. Moreover the centers c and c* of the corresponding 
spheres build Christoffel dual s-conical nets in the sense of Theorem 5.4. 


Finally a Darboux transform of s-isothermic surfaces preserves nets of type 3 and 
therefore is well defined for s-conical surfaces. 


Theorem 7.3 Letc : Z? — R? be s-conical with the corresponding s-isothermic net 
s : Z? — R*! and let § : Z? — R^! be a Darboux transform of s with central net 
€ : Z? — R?. Then € is s-conical as well. 

Moreover every Darboux cube possesses a (Ribaucour) sphere R € R*! which 
is orthogonal to all spheres s, sı, ..., $12 of the Darboux cube, 


(R,s) = (R, sj) =... = (R, 8$) = 0, 


and passes through the intersection points o, ô of diagonals of c and C. 


Proof Let us use the characterization (ii) of s-isothermic nets of type 3 from Theo- 
rem 7.1 that is (s, sı) = — (s, 52). Due to the Moutard equation the scalar products 
of the spheres at the opposite edges of any face of the Darboux cube are equal (see 
Proposition 6.2), for example, (s, s1) = (s*, sj). This implies (s*, sf) = —(s*, 55). 

To prove the second claim, consider the one-parameter family of the spheres 
touching the quadrilateral (c, c1, c12, c2) at the point o. They all are orthogonal to 
5,51, 512, 82. Take the sphere R from this family that is orthogonal to $. Due to 
Moutard equations it is orthogonal to 5), $2, $12 as well. Thus it touches the quadri- 
lateral (€, €1, €», €12) at ô. 


8 S-Conical Nets with Constant Mean Curvature 


In this section we consider s-conical nets with constant mean curvature H Æ 0. 
S-conical minimal surfaces, H = 0, build an interesting subclass of s-conical sur- 
faces with a rich theory (associated family, Weierstrass representation, variational 
principle). This is a subject of a separate publication [2]. 
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Lemma 8.1 Let f, f* : Z? — IR? be two s-conical nets. Then any two of the fol- 
lowing conditions imply the third: 


(i) f* isa Christoffel dual of f. 
(ü) f* is a Darboux transform of f. 
(iii) f* and f are in constant face offset, and it is equal to the distance ||o* — o || 
between the intersection points of diagonals of the corresponding faces of f 
and f*. 


Proof 1. and 2. => 3.: 
Let s and s* be the s-isothermic nets corresponding to f and f* respectively. Consider 
the Darboux cube formed by the spheres s, s1, 52, sj? and their dual s*, sj, 55, s{5. 
In the following f, fı etc. will denote the sphere's centers, which were previously 
denoted by c, c, etc. Since the quadrilaterals (f, fi, fiz, f2) and (f*, ff. fÉ, J2) 
are dual they are parallel. Due to Theorem 7.3 they touch the Ribaucour sphere R at 
o and o* respectively. This implies that the line trough o and o* intersects these two 
quadrilaterals orthogonally (Fig. 4). 

Next, consider two neighboring quadrilaterals (f, fi, fio, f2) and (fi, fii, fiio, 
fiz) with their duals. The common edge fi2 fı of the quadrilaterals is the axis of the 
circle C = sı N s12. Obviously o, o} € C. Moreover because of the orthogonality the 
lines (o0*) and (0101) are tangents to C. The same argument implies that they are 
also tangent to the circle C* = sf sj. 

The circles C and C* are co-planar and two co-planar circles have two sets of 
common tangents distinguished by whether they intersect the edge between the circle 
centers or not. Since the Darboux cubes are “flipped over" this happens for one of 
the lattice directions and not for the other (see Remark 6.6). Therefore ||o* — o|| = 
llo: — of ||. Since those lines are orthogonal to the quads, the face distance for the 
nets is constant as well. 

2. and 3. > 1.: 

Again consider the Darboux cube. All sides are planar quadrilaterals and since f and 
f* are in constant face distance, they have parallel edges. Moreover all the diagonal 
intersection points for a Darboux cube are collinear. Let us assume that the quadri- 
lateral (f, fi, ft, f*) is the one of the embedded sides of the Darboux cube (see 
Remark 6.6). Its diagonal intersection point o’ and the points o, o* are collinear. The 
triangles (f, fi, o") and (ff, f*, 0’) are obviously similar. The triangles (f, fi, 0) 
and (f, f*, o*) are their orthogonal projections and are similar as well. Thus f — o 
and fi — o* are parallel, i.e. the diagonals for f and f* satisfy the duality criteria 
of Proposition 4.2. 

3. and 1. > 2.: 

Again, the planes of corresponding quadrilaterals for f and f* are parallel since f* 
is dual to f. Since (f, f2, o) and (f7, f*, o*) are similar triangles, the arguments of 
the previous item in the proof imply that the intersection points of the diagonals of 
all side-quadrilaterals lie on the line connecting o and o*. In particular this is the case 
with the intersection point 0 of the diagonals of the quadrilateral (f, fo, f7, f“). We 
will prove the claim in case that this quadrilateral is non-embedded, for embedded 
quadrilaterals the proof differs just by a minor change of signs +. 
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Fig. 4 A geometric cube in 
Lemma 8.1. The o 
quadrilaterals (ff fi2 f2), | 
CfF* ff fis fo). Cfr f£) 
are embedded, the 
quadrilateral (f f2 f% f*) is 
not. The diagonal 
intersection points 

0, 0*, 0', 0 lie on a common 
line orthogonal to the planes 
of the quadrilaterals 

(ffi fiz f2) and 

Cf* fr fis f2) 


y fo 


7 ‘fy 2 


We can assume that o lies at the origin. The triangles (0, f*, o*) and (0, fo, 0) 
are similar and ||of2|| = r2, ||o* f*|| = r* = L, This implies for f* and similarly for 


Fy: 
1 1 
f=—h, =f 
rro 


rr, 


Then the middle three coordinates (10) of the spheres s, s2, sj and s* are equal 


fh hk f I ih : ; - 
s 7 = ;, and =; = + respectively. To prove the Moutard identity 


rQ 
s — s% equ — s2), emm 


it remains to verify it for the terms of the form 1 and ifr in (10). The identity 
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1 1 1 |] 
z =u ) 
r ry F Fr 


is obvious. For the terms of the form 
involved. The claim finally follows from 


Lrip-r ion is sli 
“<—— the computation is slightly more 


2 2 2 2 ~ 2 
IAE = rt = foll — ry = llo— oll’. 


Thus the cube is Darboux. 


Remark 8.2 Considering degenerated examples it is not difficult to convince yourself 
that the extra condition that the face distance equals the distance between the points 
o and o* (or equivalently that the line (00*) is perpendicular to the quadrilaterals) in 
Lemma 8.1 cannot be dropped. 


Let us recall that a parallel net in constant distance in the sense of (1) to a conical 
net lies in a constant distance face offset. We formulate the obtained properties of 
s-conical cmc nets in the following 


Theorem 8.3 (i) An s-conical net f is cmc if and only if it has a Christoffel dual 
f* in constant distance. The lines (o0*) connecting the points of intersection of 
diagonals of the corresponding quadrilaterals of f and f* intersect the planes 
of these quadrilaterals at constant angle 0. The distance ||oo*|| is constant for 
the whole net. 

(ii) An s-conical net f has a Darboux transform f in constant distance if and 
only if f is cmc with 0 = 1/2. Then the Darboux transform is Chistoffel dual 
f? — Jets 

Proof The first claim in (i) is Theorem 5.2. To prove the claim about the angles, 
note that the the points o and o* corresponding to four quadrilaterals with a common 
vertex f lie on two circles with the common axis ( f f*). Moreover the corresponding 
intervals oo* are symmetric with respect to the reflections in the symmetry planes that 
identify the planes of the faces. This implies that the distance ||oo* || is constant for the 
whole net, and the lines (00*) intersect the planes of the corresponding quadrilaterals 
at constant angle. 

A Darboux transform f? in constant distance (thus in constant distance face 
offset) implies that the line through the touching points of the Ribaucour sphere 
(00p) is orthogonal to the faces of the quadrilaterals, and the distance ||oop|| is 
constant. Here we have denoted by o?” the diagonal intersection points of £P. Then 
the Darboux transform is Chistoffel dual due to Lemma 8.1, which implies that f is 
cmc. The reverse statement also follows from this Lemma. Indeed, if f is cmc and 
f* its dual with orthogonal (00*) then f* is a Darboux transform of f. 


Remark 8.4 Geometric characterizations of s-conical cmc surfaces turn out to be 
quite similar to the ones of circular cmc surfaces, that also can be characterized 
as possessing a Christoffel dual, which is simultaneously a Darboux transform, at 
constant distance [10]. 
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9 Delaunay Nets 


In this section we will construct s-conical Delaunay nets that are s-conical analogues 
of rotationally symmetric cmc surfaces. 

A planar polygon c : Z — R? with non-vanishing edges, gives rise to a discrete 
surface of revolution. Denoting the components of a vertex cg by ck = (Xx, yg) and 
choosing an angle $ one can form 


f(k 1) = (xe, cosh) y, sin) yx). 


Since all the polygons f(-, lọ) are planar we will not distinguish between the gen- 
erating polygon c and its resulting rotational symmetric net f in what follows. This 
abuses the notation to some extend but it is understood that shifts in the first direction 
are along the polygon and whenever a shift in the second direction occurs it refers to 
the rotational direction of the net. 

By symmetry c is s-isothermic. In order for it to be of type 1 with touching spheres 
((s1, 5) = (55, 5) = 1) the polygon must satisfy in addition 


. $ 
lc) — c|| = sin p (Qi 4 y). 


Instead of the polygon c one can look at the midpoint connectors in axial direction. 
They form a planar polygon as well (see Fig. 5). Calling this polygon p — (x, v) one 
finds that above condition translates to 


$ 
lp1 — pl? = 4 tan? PRULE 


Thus in order to allow for the net to be s-isothermic with touching spheres one 
needs " 
lp — Pll 


— const. (17) 


Fig. 5 Rotationally 
symmetric nets 
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Fig. 6 Unrolling the billiard 
in an ellipse: consecutively 
place the edges of the billiard 
on the axis and mark the 
position of one of the foci. 
The second polygon is 
generated by the other focus 
and mirroring on the axis 


This holds true in particular for a polygon p that arises when unrolling the billiard 
in an ellipse. 

The construction is as follows [11] (see also [5]): Starting with a polygon given 
by a billiard in an ellipse, unroll it by placing each edge on the axis consecutively 
and marking the location of one of its foci in this process. This gives rise to a new 
polygon p (see Fig. 6). The same can be done with the other focus and after mirroring 
that second polygon along the axis the two polygons p and p* are known to give rise 
to a pair of discrete cmc nets in the discrete isothermic sense. In particular pairs of 
edges p; p and pj p* form trapezoids (see Fig. 7) with constant distances and diag- 
onals || p* — pl = d = |Ip{ — pill and || p* — pill = 1 = lI pi — pl. Corresponding 
quadrilaterals from the two nets are dual to each other. 

To see that this polygon satisfies Eq. (17) one needs to know that tan o tan 6, with 
the angles o, P in Fig. 7, is an integral of motion for the billiard in an ellipse, i.e. 


tan : tan — — tan ^ tan Bi ; (18) 
2 2 2 2 
We have 
y-2»r-a-f, 
lp: — Pll = 2\|p — oll sin 5, 
v = |p —ollsina, 
vi = [p — oll sin f. 
This implies 
_ p2 
lpi = pl = cot d cot P + tan - tan P 2 — const. 
UU 2 2 2 2 


Summarizing, the billiard in an ellipse gives rise to a pair of polygons p and 
p* that generate a discrete isothermic cmc surface of revolution and its dual. The 
same polygons p — (x, v), p* — (x*, v*) can be read as midpoint connectors in two 
rotational symmetric s-isothermic nets that are generated by polygons c, c* where 
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Fig. 7 The polygons from 
unrolling an ellipse 


v 


), c-Q*5y92 (G5 —). 


esteet z 
COS p) 


$ 
cos 5 


Note that the corresponding scaling (x, y) — (x, y/ cos $) is an affine mapping 
and thus preserves parallelity. Due to Proposition 4.2 the Christoffel duality can be 
formulated in terms of parallel edges and diagonals, therefore dual quadrilaterals 
stay dual after such scaling. So, the two resulting s-isothermic nets c and c* are dual 
to each other as well. 

Recall that the s-isothermic nets of type 1 have an orthogonal circle for each 
quadrilateral of spheres and in the case of touching spheres the circle passes through 
the touching points. For the s-isothermic nets c and c* one can think of the edges pip 
as diameters in the inscribed circles and we will denote the touching points along 
the edges cic with p (see Fig. 8). 

Since p, pi, pj, and p* form a symmetric trapezoid, the circles for the quadri- 
laterals (c, c1, c12, c2) and its dual (c*, cj, c5, c5) are co-axial. Moreover, since the 
lines (cıc) and (cjc*) are parallel and tangent (in p and p") to co-axial circles, their 
distance is | P — p*|| = I. Likewise (coc) and (c5c*) are parallel and touch the circles 
in p and p* thus their distance is || p* — p|| = d. Together we see that the two dual 
s-isothermic nets are in constant edge distance (but with two different distances for 
the two lattice directions). This is a way to define s-isothermic cmc nets (see [12]). 

Now define a third pair of polygons 


y 
q = (x, u) = (x, 
cos 


v 
347 96 — q* = (x,u*) = (x, 
2 COS ? COS 
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Fig.8 The net c and its dual c* with the inscribed circles 


Fig. 9 An s-conical 
Delaunay net 


Rotating these polygons one gets nets for which one can think of c and c* as the 
polygons of midpoint connectors. The resulting faces for q and q* thus will have 
constant face offset. Moreover they will be dual by the same argument as above. 

The sphere s centered at c contains p. Since (cq) and (cp) are orthogonal a sphere 
t centered at q that meets p also contains pj. By symmetry the quadrilaterals formed 
by the p are circular. Finally one finds that the points p are the diagonal intersection 
points of the quadrilaterals of the net q. One can see this for example by noting that 
the radii for the s-isothermic spheres are r — vtan ?, so ||p — c|| = r and half an 
edge in rotational direction is g = ||c — g|| = y tan A Thus z = Z which is constant 
by construction. 
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Fig. 10 Nested circular, 
s-isothermic, and s-conical 
Delaunay nets 


We see that the third net formed by q is in fact an s-conical net with the dual 
net q* in constant face offset equal the distance between the corresponding diagonal 
intersection points. Due to Theorem 8.3 this an s-conical cmc net. Figure9 shows 
an example of such an s-conical Delaunay net. It is worth mentioning that the three 
types of discrete Delaunay nets (discrete isothermic, s-isothermic in the touching 
case, and s-conical) can be arranged in such a way that the second touches the first 
and the third touches the second as shown in Fig. 10. This is a direct consequence of 
the construction. 
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Constructing Solutions to the Bjórling 
Problem for Isothermic Surfaces 
by Structure Preserving Discretization 


Ulrike Biicking and Daniel Matthes 


Abstract In this article, we study an analog of the Bjórling problem for isothermic 
surfaces (that are a generalization of minimal surfaces): given a regular curve y in 
IR? and a unit normal vector field n along y, find an isothermic surface that contains 
^j, is normal to n there, and is such that the tangent vector y’ bisects the principal 
directions of curvature. First, we prove that this problem is uniquely solvable locally 
around each point of y, provided that y and n are real analytic. The main result is that 
the solution can be obtained by constructing a family of discrete isothermic surfaces 
(in the sense of Bobenko and Pinkall) from data that is read off from y, and then 
passing to the limit of vanishing mesh size. The proof relies on a rephrasing of the 
Gauss-Codazzi-system as analytic Cauchy problem and an in-depth-analysis of its 
discretization which is induced from the geometry of discrete isothermic surfaces. 
The discrete-to-continuous limit is carried out for the Christoffel and the Darboux 
transformations as well. 


1 Introduction 


Isothermic surfaces are among the most classical objects in differential geometry: 
these are surfaces that admit a conformal parametrization along curvature lines, 
see Definition 1. Like various particular geometries—special coordinate systems, 
minimal surfaces, surfaces of constant curvature—they have been introduced and 
intensively studied in the second half of the 19th century [9, 24]. Also, like the 
many of these classical objects, they have been “rediscovered” in the 1990s, both 
in connection with integrable systems and in the context of discrete differential 
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AY 


Discrete isothermic 
x -— 
> parametrization 


Fig. 1 Initial zig-zag on a discrete isothermic surface 


geometry. The first description of isothermic surfaces as soliton surfaces is found 
in [11]. The first definition for discrete isothermic surfaces was made shortly after 
in [3]. In the most simple case, these are immersions of Z into IR? such that the 
vertices of each elementary quadrilateral are conformally equivalent to the corners 
of a planar square, see Definition 3. 

This discrete surface class, its transformations and invariances has been studied 
e.g. in [7, 8, 20]. A systematic presentation of the theory of isothermic surfaces in 
the context of Möbius geometry can be found in [15]. Finally, we refer to [4] for 
a detailed overview on discrete isothermic surfaces as part of discrete differential 
geometry, including historical remarks. 

Despite the manifold results on (classical) isothermic surfaces and the related 
equations, the fundamental question about their construction from suitably chosen 
data has apparently been left open. On the one hand, the machinery of integrable 
systems enables one to construct a rich variety of “solitonic” isothermic surfaces [11]. 
But on the other hand, nothing seems to be known about the well-posedness of an 
initial or boundary value problem for the Gauss-Codazzi-equations in general. The 
latter form a PDE system (cf. Eq. (5)) which contains both elliptic and hyperbolic 
equations.! The appearance of an elliptic equation suggests that data for the surface 
boundary should be prescribed, as it is done for minimal surfaces for example. The 
hyperbolic equations, on the other hand, suggest to provide data for two curvature 
lines instead, like in the case of level surfaces in triply orthogonal systems [1]. Neither 
of the two approaches seems promising for the coupled system. 

In contrast, there is a canonical way to pose an initial value problem for a discrete 
isothermic surface. One prescribes the vertices in R? for a “zig-zag”-curve in para- 
meter space as indicated in Fig. 1. For vertices in general position, these data can be 
extended to a discrete isothermic surface in a unique way. In fact, all vertices on the 
discrete surface are easily obtained inductively from the prescribed data. 

In this paper, we formulate and prove solvability of a Björling problem for real 
analytic isothermic surfaces. And we prove that the solution can be obtained as the 
continuous limit of discrete isothermic surfaces. 


'The system of Gauss-Codazzi-equations can be simplified to Calapso’s equation [8], which is a 
single scalar fourth order PDE, but unfortunately of indefinite type. 
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The classical Bjórling problem is to find a minimal surface that touches a given 
curve in R? along prescribed tangent planes. This problem has been solved in general, 
see [13]. An extension of the Bjórling problem to surfaces of constant mean curvature 
has been posed (and solved) in [5]. A natural formulation of the Bjórling problem in 
the yet more general class of isothermic surfaces reads as follows. 


Problem 1 Given a regular curve ^y in R?, and two mutually orthogonal unit vector 
fields v, w along ^, neither of which is tangent to ^y at any point. Find an isothermic 
surface S containing ^y such that v and w are the principal directions of curvature at 
each point of y. 


We believe that this problem is solvable locally provided that y, v and w are all real 
analytic. Indeed, the non-tangency of the vector fields allows to give a reformulation 
in terms of a non-characteristic Cauchy problem. However, we do not address the 
Bjórling problem in this full generality here, but stick to the following restricted 
setting, where we do not prescribe two tangent vector fields v and w individually, but 
only a two-dimensional tangent plane: 


Problem 2 Given a regular curve y in R?, and a unit vector field n that is orthogonal 
to the tangent vectors ^/' at each point. Find an isothermic surface S containing ^y 
such that at each point of y, the vector n is normal to S, and each of the two directions 
of principal curvature encloses an angle v /4 with y’. 


As a corollary of the results presented here, it follows that this problem is uniquely 
solvable for real analytic y and n, at least locally around each point of y. Existence 
and uniqueness of a real analytic isothermic surface S for given data is the minor 
result of this paper, see Theorem 1. The main result is that the real analytic data 
can be “sampled” with a mesh width € > 0 in a suitable way such that the discrete 
isothermic surfaces S“ constructed from the discrete data converge in C! to S. The 
precise formulation is given in Theorem 2. 

It is remarkable that naive numerical experiments suggest that such an approxi- 
mation result might not be true. It was already noted in [3] that discrete isothermic 
surfaces depend very sensitively on their initial data. The limit e — O is delicate, 
and inappropriate choices of the initial zig-zag cause the sequence S* to diverge 
rapidly. In fact, even the possibility to construct any sequence of discrete isothermic 
surfaces that approximates a given smooth one is not obvious. Discrete isothermic 
surfaces are one of many examples of a discretized geometric structure for which the 
passage back to the original continuous structure needs a highly non-trivial approx- 
imation result, the proof of which is analysis-based and goes far beyond elementary 
geometric considerations. Further such non-trivial convergence results are available, 
for instance, for discrete surfaces of constant negative Gaussian curvature [2], for 
discrete triply orthogonal systems [1], and, most importantly, for circle patterns 
[6, 21, 22] as approximations to conformal maps. 

The core of our convergence proof is a stability analysis of the discrete Gauss- 
Codazzi system that we derive for discrete isothermic surfaces. We show that the 
solution to the discrete Gauss-Codazzi equations with sampled data as initial condi- 
tion remains close to the solution of the classical Gauss-Codazzi system for the same 
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(continuous) initial data. In a second step, this implies proximity of the respective 
discrete and continuous surfaces. We are able to quantify the approximation error in 
terms of the supremum-distance between analytic functions on complex domains: it 
is linear in the mesh size. In fact, we conjecture that this result is sub-optimal, and 
second-order approximation should be provable, using a more refined analysis and 
a more careful approximation of the data. 

The techniques used in the proof are similar to those employed by one of the 
authors [17] to prove convergence of circle patterns to conformal maps. The geo- 
metric situation for isothermic surfaces, however, is much more complicated, and 
the structure of the Gauss-Codazzi system is much more complex than the Cauchy- 
Riemann equations. The proof of stability relies on estimates for the solution of 
analytic Cauchy problems in scales of Banach spaces. These estimates have been 
developed—in the classical, non-discretized setting—in Nagumo’s famous article 
[18] as part of the existence proof for analytic Cauchy problems. Here, we shall 
rather use Nirenberg’s [19] version of these estimates. For an overview over the his- 
tory of analytic Cauchy problems and the related estimates, see the beautiful article 
of Walter [23]. 

Note that the convergence proof here is more direct than the one in [17]. While 
the latter was based on purely discrete considerations, the current proof uses semi- 
discrete techniques: a-somewhat artificial-extension of the discrete functions to con- 
tinuous domains allows to formulate estimates more easily. The main simplification, 
however, is that we separate the proofs for existence of a classical solution and its 
approximation by discrete solutions. 


The paper is organized as follows. In Sect.2 we formulate the Gauss-Codazzi- 
system for smooth isothermic surfaces in the framework of analytic Cauchy prob- 
lems and prove unique local solvability of the Bjórling problem by the Cauchy- 
Kowalevskaya theorem. In Sect.3 we derive an analogous system of difference 
equations for discrete isothermic surfaces. For appropriate initial conditions, the 
convergence of the discrete solutions to the corresponding smooth ones is proven in 
Sect. 4. Then, in Sect. 5 we explain how to discretize the Bjórling initial data appropri- 
ately, and prove convergence of the discrete surfaces to the respective smooth one. 
Finally, in Sect. 6, the convergence result is extended to Christoffel and Darboux 
transformations. 


2 Smooth Isothermic Surfaces 


We start by summarizing basic properties of smooth isothermic surfaces and proving 
our first result on the local solvability of the Bjórling problem. 
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Fig.2 Relation between the 
coordinates (x, y) and (£, n) 


2.1 Coordinates and Domains 


For concise statements and proofs, we need to work with two different coordinate 
systems (£, 7)) and (x, y) on R? simultaneously. These coordinates are related to each 


other by 
x—y x+y 
£s pope 


& x=q1+6, yet (1) 
see Fig. 2. Accordingly, the partial derivatives transform as follows: 
Og = ôx — Oy, Oy = Oy + Oy. 

Observe in particular that 

8? + OF = 2(02 + 05). (2) 
It will be convenient to consider (£, 7) as the “basic” coordinates and (x, y) as the 
auxiliary ones. More precisely: in the rare cases that we need to specify explicitly the 
arguments of a function g : 2 — R defined on a domain 2 C R?, then we shall write 
g(€, 7) for the value of g at the point with coordinates x = 7 + £ and y = r — €. 

For further reference, define for r > h > 0 the domains 


Q(r|h) = (€,m e R^; (E+ inl <r, =h «mx h}. 


In the (x, y)-coordinates, 42 (r |h) is a axes-parallel square of side length 2r, centered 
at the origin, that is cut off at the top-right and bottom-left corners. 


2.2 Definition and Equations 


By abuse of notation, we use the term “(parametrized) surface" for a smooth and 
non-degenerate map F : 2(r|h) — IR?. Here non-degeneracy means that the vector 
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fields Fy, and F, are linearly independent. Every such surface comes with a smooth 
normal map N : Q(r|h) — S?, given by 


u F; x Fy 
|F x Fl 


Definition 1 F : 2(r|h) — R? is a (parametrized) isothermic surface, if 


(1) F is conformal, i.e., there exists a conformal factor u : 2 (r|h) — R such that 
LEM? = F? m 6, (Fe, Fy) = 0, (3) 


(2) F parametrizes along curvature lines, i.e., the normal map N : Q(r|h) > S? 
satisfies 


(Fry, N) = 0. (4) 
The quantities £, 1: 2(r|h) — Rin 
—(Ny, Fe) = ett, —(Ny, Fy) = e'l 


are the (scaled) principal curvatures. 


Remark 1 The genuine principal curvature functions are given by e "E and e "I. 
The quantities € and [ are better suited for the calculations below. 


The next result is classical. 


Lemma 1 Assume that an isothermic surface F : Q(r\h) — R? is given. Then the 
conformal factor u and the scaled curvatures €, { satisfy the Gauss-Codazzi equations 


= (Ux, Fuy) —- 85, h = buy, by = uy. (5) 


Conversely, if functions u, €, 1: X2(r|h) — R satisfy the system (5), then there exists 
an isothermic surface F : €2(r|h) — R that has u as its conformal factor and has 
scaled curvatures €, |. Moreover, F is uniquely determined up to Euclidean motions. 


We briefly recall the proof, since we shall need some of the calculations later. 


Proof (Sketch) For a given isothermic surface F : Q(r|h) > R2, introduce the 
adapted frame 


y := (e " F,, e" F, N) : Q(r|h) > SOB) 
and define the transition matrices U, V : Q (r|h) — so(3) implicitly by 


V,—wU, W=WV. (6) 
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Using the defining properties of the isothermic parametrization, one easily obtains 
the following explicit expressions for U and V: 


0 u,-—t 0 —u, 0 
U-|[-u,00], V2[|u, 0 -I (7) 
t 00 0 [ 0 


The compatibility condition U, — V, — UV — VU implies the equations in (5). 
Conversely, if u, €, [satisfy (5), then the matrix functions U, V : Q(r|h) — so(3) 
defined by (7) satisfy compatibility condition U, — V, = UV — VU. Consequently, 
one can define a further matrix function V = (V, Uo, U^) : £2(r|h) > SO(3) as 
solution to the system (6). Clearly, the solution V is uniquely determined by its 


value V (0) € SO(3) at (x, y) = 0. The particular form of U and V imply that 
ð, (e^ V5) = Oy (e^ VA), 
which further implies the existence of a map F : (2(r) — IR? such that 
O.F —e"V, and O,F =e". (8) 
The map F is non-degenerate, and it is uniquely determined by its value F(0) € IR? 
at (x, y) = 0. Clearly W is an adapted frame for the surface defined by F, whose 
normal vector field is given by V^. It follows directly from (8) that F is conformal (3). 


The property (4) is a further direct consequence of (6) and the special form of U and 
V from (7). 


A different form of the Gauss-Codazzi equations (5) is needed in the following. 
Remind the relation between the coordinates (x, y) and (£, ) by x = ņ + € and 
ynmn-&£€inSect.2.l. Introduce auxiliary functions v, w : €2(r|h) > R by 


1 1 
v= Hg, W= Id. 


2 2 


Further recall (2). Then the Gauss-Codazzi system (5) attains the form 


Vn = We, (9) 
Wy = —Vve — EL, (10) 
ty = lw — v), (11) 


[, = &(w + v). (12) 
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2.3 Local Solution of the Bjórling Problem 


The following result implies local solvability of (the restricted version of) the Björling 
problem for isothermic surfaces, with real analytic data. To see the equivalence to 
Problem 2 stated in the introduction, observe that the conformal parametrization 
F of an isothermic surface and our coordinates in (1) are such that the images of 
{x = const} and of {y = const} are mapped to curvature lines under F, whereas the 
tangent to each curve € + F(€, 17) is always at an angle of 7/4 to both curvature 
directions. 


Theorem 1 Let an analytic and regular curve f : (—r,r) — R? and an analytic 
normal unit vector field n : (—r,r) — S? be given, that is (f', n) = 0. Then, for some 
h > Owithh < r, there exists a unique analytic isothermic surface F : €2(r|h) > IR? 
such that F and its normal vector field N satisfy 


F(6,0 = fE, N(E,0) =n(€) forall e (=r, r). (13) 


Remark 2 The original Björling problem consists in finding a minimal surface in IR? 
that touches a given curve along prescribed tangent planes. See [5] for an extension 
to constant mean curvature surfaces. Our problem is a bit different since (13) implies 
in addition that the tangential vector to the data curve is everywhere at angle 7/4 
with the directions of principal curvature, see (14). Such additional restrictions are 
expected to guarantee unique solvability of the Bjórling problem in the much larger 
class of isothermic surfaces. 


Proof (of Theorem 1) If there exists an isothermic surface F : Q(r|h) > R? with 
the properties (13), then 


FE) = Fe(E, 0) = Fy(E, 0) — Fy (E, 0) (14) 
at every € € (—r,r), and in particular 
FOU? = IEE, OM? + LES GL OI? — (Fe(E, 0), Fy(E, 0)) = 222769. 
It follows that f and n determine both the conformal factor u and the adapted frame 
W=(e“F,,e “Fy, N):X2(r|h) > SOQ) uniquely on 7 = 0; denote the corre- 


sponding functions by u? : (—r, r) > R and V? : (—r, r) > SO(3), respectively. 
Next, introduce functions v?, w^, €, [9 : (—r,r) > R by 


0. 249 p 
(u?) 229949, (Y = wf -2w® 0 L). (15) 
p =f o 


The line {7 = 0} = {x + y = 0] is obviously non-characteristic for the system of 
equations (9)-(12). Hence, the Cauchy-Kowalevskaya theorem applies in this sit- 
uation. For some sufficiently small A > 0, there exists a unique analytic solution 
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v, w, €, E: Q(r|h) > R to (9)-(12) with the initial conditions v9, w®, t9, (? at n= 0. 
Since (9) is a compatibility condition for the linear system 


Hg =2V, Uy = 2w, 


there exists a unique analytic solution u : Q(r|h) > R with u = u? for 7 = 0. The 
triple (u, €, D satisfies (5). Lemma 1 guarantees the existence of a unique isothermic 
surface F : Q2(r|h) — R? with u as conformal factor, with scaled principle curva- 
tures € and [, and with the normalizations 


F(0) = f(0), N(0) =n), F.(0 — F,(0) = f'(0). (16) 


Analyticity of F is clear from its construction in the proof. To see that F attains 
the initial data (13), first observe that an adapted frame ¥ necessarily satisfies V; = 
V, — V, = Y(U — V), and so v = V? on 1) = 0, thanks to (7) and (15), (16). In 
particular, we have that V4(£, 0) = N(£). And further, Fe = V, — v» = y? — v? 
implies F = f on  — 0. 

Concerning uniqueness: f and V? determine the initial data (v9, w, €°, (9) for (9)— 
(12)—and hence also its solution (v, w, £, )—uniquely. Invoking again Lemma 1, it 
follows that F with the normalization (16) is unique as well. 


3 Discrete Isothermic Surfaces 


Throughout this section, we assume that some (small) parameter e > Ois given, which 
quantifies the average mesh width of the considered discrete isothermic surfaces. We 
introduce the abbreviation 


w= V1 — e?z? (17) 


for arbitrary quantities z, assuming that |ez| < 1. 


3.1 Coordinates and Domains 


Recall that we are working with the two coordinate systems from (1) simultaneously, 
(€, 7) being the “basic” coordinates and (x, y) being the “auxiliary” ones. Introduce 
the associated shift-operators Tx, Ty, Tg, Ty by 


r€ M= E+ n+ 2), rE m= E+ 5.0) 
T,(£, n= €-s.0+ $), FalE; n= n. 
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By slight abuse of notation, we shall use the same symbols for the associated contra- 
variant shifts of functions f : 2(r|h) > R, i.e., Tx f :— f o Tx etc. The associated 
central difference quotient operators are defined by 


1 1 

& f = sf rz f). bef = cef rp) 
1 1 

bf = ofr ó,f = <Onf = Tu P) 


Itis a notorious inconvenience in discrete differential geometry that the various quan- 
tities which are derived from discrete geometric objects are associated to different 
natural domains of definition. To account for that, we need to single out specific 
subdomains inside our basic domain £2 (r|h): let 


QU (rn) = Q(r|h)nr,2(r|h) n TZ Q(r|h), 


be the natural domain of definition for 6, f, when f is defined on 2 (r |h). Likewise, 
we define 2"1*(r|h). The domain 


QU = 2 ELS NU 
(r|h) (r 7! z) 


is such that the mixed difference quotient ôx ôy f is well-defined there; notice that d¢ f 
and ó f are well-defined on 42^ (r |A). In the same spirit, we introduce R=! (r |h) 
as domain for 20, f etc. For each point Ç € 2 (r|h), we say that the four points 
TeC, TGs eG, and aC form an elementary e-square. 


3.2 Definition of Discrete Isothermic Surfaces 


In this section, we give a variant of the definition for discrete isothermic surfaces 
from [3], which is well-suited for the passage to the continuum limit. First, we need 
auxiliary notation. 

Definition 2 Four points pi,...,p4 € R? form a (non-degenerate) conformal 
square iff they lie on a circle, but no three of them are on a line, they are cycli- 
cally ordered,” and their mutual distances are related by 


lpi — Pall: p3 — pall = llpi — pall: p2 — pail. (18) 


Remark 3 The name refers to the fact that pj, ..., p4 form a (non-degenerate) con- 
formal square if and only if there is a Mébius transformation of IR? which takes these 
points to the corners of the unit square, (0, 0, 0), (1, 0, 0), (1, 1,0) and (0, 1, 0), 


?Cyclic ordering means that walking around the circle either clockwise or anti-clockwise, one 
passes pi, p2, p3 and p4 in that order, see Fig.3 (left). 
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Fig. 3 Conformal squares pa 
and the association of 
quantities to lattice points 


P4 p2 


Pı 


respectively. Notice that the non-degeneracy condition is important for the equiva- 
lence, since certain point configurations on a straight line can be Möbius transformed 
into the unit square as well. 

Alternatively, one could define conformal squares by saying that pı to p4 have 
cross-ratio equal to minus one, either in the sense of quaternions, see for example [15], 
or after identification of these points with complex numbers in their common plane. 
Again, non-degeneracy is important for equivalence of the definitions. 


The following is an easy exercise in elementary geometry. 


Lemma 2 For any given three points pi, p2, pa € R? (with ordering) that are not 
collinear (and in particular pairwise distinct), there exists precisely one fourth 
point p4 € R? that completes the conformal square. Moreover, the coordinates of 
pa depend analytically on those of pi, p» and ps. 


We are now going to state the main definition, namely the one for discrete isother- 
mic surfaces. Originally [3], discrete surfaces have been introduced as particular 
immersed lattices in IR?. Having the continuous limit in mind, we give a slightly 
different definition, which describes a continuous immersion in R?, corresponding 
to a two-parameter family of lattices. 


Definition 3 A map F*: Q(r|h) > R? is called (the parametrization of) a e- 


discrete isothermic surface, if elementary e-squares are mapped to conformal squares 
n m3 
in R^. 


Remark 4. Since no continuity is required for F* : 2(r|h) — IR?, one can think of 
it—at this point—for instance as the piecewise constant extension of a map F“ : 
A‘(r|h) — I? that is only defined on a suitable lattice A‘(r|h) C €2(r|h), e.g. on 


E 


Arh) = Em e ei: $T e z) , 


Alternatively, one can say that F* : Q(r|h) > R? is a discrete isothermic surface, 
if and only if the four vectors 


TyÔx F“, TydyF*, Le ad Pp 
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always lie in one common plane and satisfy 
| 7,5. F*| | r;! o. Fol] = 7.5) F*| re dy F*Il. (19) 


Note that this identity is a discrete replacement for the relation || F, ||? = || F. y I? on 
smooth conformally parametrized surfaces. 


3.3 The Discrete Bjórling Problem 


We introduce the analog of the Björling problem for e-discrete isothermic surfaces. 
In contrast to its continuous counterpart, its solution is immediate. First, we need 
some more notation to formulate conditions on the data. 


Definition 4 A function f* : (r|h) — R? is said to be non-degenerate if neither 
any of the point triples 


[re SS, epa Te f*) (&, n), 
nor any of the point triples 
i fE, Taf“, Tef) E, n’) 


are collinear, where (£, n), (€’, n) € Q(r|h) are arbitrary points such that these 
respective values of f“ are defined. If collinearities occur, then f‘ is called degen- 
erate. 


Definition 5 We call a function f* : 2(r|5) > R? Björling data for the construc- 
tion of an e-discrete isothermic surface if it is non-degenerate. 


Proposition 1 Leth and e > Owithr > h > 5 and Björling data f* be given. Then, 
there exists some maximal h € (5, h] and a unique c-discrete isothermic surface F* : 
Q(r|h) — R? such that F = fo on €2(r| 5) Here maximal has to be understood 


as follows: either h = h, or the restriction of F* to Q(r|h — 5) is degenerate. 


Proof The proof is a direct application of Lemma 2: from the data f* given on 
€2(r| a one directly calculates the values of F* on §2(r|e). These are then extended 
to 2 (r|35) in the next step, and so on. The procedure works as long as no degeneracies 
occur. 
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3.4 Discrete Quantities and Basic Relations 


Let some discrete isothermic surface F* : 2(r|h) > R? be given. Below, we intro- 
duce quantities that play an analogous role for F* as u, €, [ etc. do for F. Figure3 
(right) indicates, on which lattices these respective quantities live. 

Define the discrete conformal factors û : RV (r|h) > R and à : RD (r|h) > 
IR, respectively, by 


e? = 5. F°], e = dF Il. 


Thanks to the property (19) of discrete isothermic surfaces, these seemingly different 
quantities are related to each other by the identity 


T +T} 


that holds on (2! (r |h). We may thus unambiguously define the discrete derivatives 
v, w : (29 (r|h) — R of the conformal factor by 


siy E iA -1y 
T, —T,À | T, uU-TLU T6 —T, ü rJ —T, 
v= — —— , W= == —, (20) 
€ € € € 


Next, define the discrete unit tangent vectors a : RF! (r|h) > S? and b : X2 (r|h) 
— S°, respectively, by 


a-e*óé,F, b= e "5, F". 


Since conformal squares are planar, there is a natural notion of normal field N : 
Q%l(r|h) — S?, namely 


u T,Ó, F* x T,O,F* 
(|y F* x r;5, Fl 


With the help of the discrete orthonormal frame (a, b, N), we introduce the discrete 
scaled principal curvatures € : (2k (r|h) — R and I : RED (r|h) — R, respec- 
tively, by 

e= (TI'N X T:N, b), deisxNsxxrMa. (21) 


Note that e£ and el are equal to sin “(rN T,N) and to sin L(ry'N, T, N), respec- 
tively, with the signs chosen to maintain consistency with the continuous quantities. 

Finally, to facilitate the calculations below, we need two more discrete functions 
V, w: QE (r|h) > R, given by 
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E (Ty F", T718, F6) (or PVP) 
ev — - - — P 
lr, F“ lrx" ð F*l l| ry Ox Fell 7x55 F*] (22) 
- (T 0, F‘, r,Ó, F$) (rl, F*, T718, F$) 
€w - = = 


[ry 62 F*lllrz, Fl Iry 8x F [|x 8, F 


The equalities follow since opposite angles in a conformal square sum up to 7. The 
two pairs (v, w) and (v, w) are just different representations of the same geometric 
information. 


Lemma 3 There is a one-to-one correspondence between the pairs (v, w) and (v, Ww) 
of functions. Specifically, recalling the * -notation introduced in (17), 


aaa pop 


" vw : WV 
sinh(ev) = e—— and sinh(ew) = e——. (23) 
v* w* 


Moreover, the pair (v, w) uniquely determines the pair (V, w), and vice versa. 


Proof 'This is a general statement about four geometric quantities defined for con- 
formal squares. It thus suffices to consider a single conformal square with vertices 


1 xe c c —] pe 
LEM F‘, py = reF', p3 = TF‘, p4 = T; F*. 
The respective four real numbers v, w, V, w are given by 


ev _ llp2— pill _ lips — pall Qe lps — Pall _ lips — Pall 
lp1— pall — ipa — pal lpz— pill  lipa— pill 
ev = cos(Z p1 papa) = —cos(Zpapapi), ew = cos(Z p2 p3 p4) = — cos(Z papi po). 


Observe that 


lps — pall? + Ip — pall? — 2(p3 — pa. p1—p2) = pa — pall? 
+ lipi — pall? — 2(p3 — pa, p — pa) 


since both expressions are equal to || p3 — p; ||?. Divide by || p3 — p;l|? and use the 
definitions of v, w, V, w to obtain, after simplification, that 


1H e?" — eveT” = e? (1 p e? + Dede), Q4) 
The analogous considerations with || p4 — p» ||? in place of || ps — pill? give (24) with 
w in place of v, and with the roles of w and v exchanged. Clearly, these equations are 


uniquely solvable for (v, w) in terms of (v, w): 


ev = tanh(ev) cosh(ew), ew = tanh(ew) cosh(ev). (25) 


Constructing Solutions to the Bjórling Problem for Isothermic Surfaces ... 323 


Note that in particular 


evw = sinh(ev) sinh(ew). (26) 


To derive (23) from here, take the square of the equations in (25), and express cosh? 
and tanh? in terms of sinh? only. Then use (26) to eliminate sinh? (ew) from the first 
equation and sinh? (ev) from the second one. This yields 


sinh2(ev) = ( y. sinh? (ew) = (my. 
y* w* 
Now take the square root, bearing in mind that v, v have the same sign, and w, w 
have the same sign by (25). 
Finally, to calculate v from a given (v, w) using the first relation in (23), it suffices 
to invert the (strictly increasing) function v  v/v*. Then, knowing v and w, the 


value of w can be obtained from the second relation in (23). 


Recall that all discrete quantities defined above depend on the parameter e. To stress 
this fact, we will in the following use the superscript c. 

For later reference, we draw some first consequences of the definitions above. 
Specifically, we summarize the relations between the geometric quantities (a, b‘, 
ú‘, ù“), and, of course, to F“ itself, to the more abstract quantities (v€, w€, €, [*) that 
satisfy the Gauss-Codazzi system (31)-(34). These relations can be seen as a discrete 
analog of the frame equations (6) and (7). 


Lemma 4 On (2'*»**(r|h), one has 


dy F° = exp(á^)a^, ô, F“ = exp(i*)b', (27) 

dy — wt—v, Aù =w Hys, (28) 
(Q^ Le se) caue LLEON E 

ô, € id € JE bt = d —1 E 29 

A Fou | + [|= |s j id 
W) se selloa I | 09* M 

ôb = | > € — yf atl — 1 bf. 30 

, rx y | T; a+ E | Ti (30) 


Proof The two equations in (28) are obtained by rearranging the identities in (20). 
For the derivation of (29), one makes the ansatz 


€ =l £ —lpe 
Tya = HaT, d + UT, bt. 
Such a representation of r,a* must exist since elementary squares are mapped to 


(flat) quadrilaterals by F*. The coefficients jj, and up can be determined by solving 
the system of equations 
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1 = |[rya*|l^ = uz + ug — 2epapsW^, E0 = (yaf, T, b^) = —epaW + us. 


The analogous ansatz—with the roles of a‘ and b“ interchanged—leads to (30). 


3.5 Discrete Gauss-Codazzi System 


This section is devoted to derive a discrete version of the Gauss-Codazzi equa- 
tions (9)-(12). The following definition is needed to classify the difference between 
the continuous and the discrete system. 


Definition 6 A family (A.)..o of real functions on respective domains D. C R” 
is called asymptotically analytic on C" if the following is true. For every M > 0, 
there is an €(M) > 0 such that each h, with 0 < e < e(M) extends from D, to a 
complex-analytic function he: D'y — C on the n-dimensional complex multi-disc 


n 


PH fz = noo Zn) € C” nl < M foreach j = 1,..., n}. 


And the extensions he are bounded on D'y, uniformly in 0 < e < e(M). 


The prototypical example for a family (A.)..o that is asymptotically analytic on 
C is given by h.(z) = 1/z* = (1 — e*z”)~'/”. It is further easily seen that also the 
functions ge = €? (h. — 1) form such a family; this is a very strong way of saying 
that A, = 1 + (ee). 


Proposition 2 There are four families (hi e)e>0, .... (ha )eso of asymptotically 
analytic functions on C? for which the following is true: let any e-discrete isothermic 
surface F* : Q2(r\h) — IR? be given, and define the functions v*, w‘, €, (© accord- 
ingly. Then the following system of discrete equations is satisfied on RQ! (r|h): 


nv = dew’, (31) 
ó,w* = dev’ — (rj €), 6) + h$ (789), (32) 
byt = (r;' I); wt — re) + CASO) (33) 
dx = (rt), w + Tv‘) + eh (r6), (34) 


where the h' are evaluated on 


TO = (Tev’, TW’, Te ly, T; Ws (m ye, T, Lw, T} Lge T- HER 
Remark 5 Equations (31)-(34) are explicit in y-direction in the sense that they 
express the “unknown” quantities T;v*, Tw‘, Ty% and 7,[° in terms of the "given" 
eight quantities summarized in 76°. 


Constructing Solutions to the Bjórling Problem for Isothermic Surfaces ... 325 


Fig. 4 Four elementary 
squares with discrete 
quantities for the Cauchy 
problem 


The rest of this section is devoted to the proof of Proposition 2. Since e > 0 is 
fixed in the derivation of (31)-(34), we shall omit the superscript e on the occurring 
quantities. 

For the derivation of (31)-(34), one can obviously work locally: it suffices to fix 
some point in 2'*»¥!«(r|h) and to consider the eight values of v, w on the midpoints 
of the four elementary squares incident to that vertex, and the four values of £, [ on 
the respective connecting edges. 

The setup is visualized in Fig. 4. The “unknown” quantities vi, w, and €,, l} are 
marked by o, the “given” quantities vo, wo, vr, wr, vg, Wr and £o, [o are marked by e. 
To facilitate the calculations, we also assume that values for ao, bo, io, ŭo, No, NL, 
Ng are given; and then obtain the values of a4, b4, û4, ù+, N+, see Fig.4 right. 
Naturally, the final formulas for v}, w, and €,,[, will be independent of these 
quantities. 


3.5.1 Derivation of Equation (31) 


Compare the following two alternative ways to calculate a, the logarithmic length 
of the edge separating the right and the top plaquettes, from io, the logarithmic length 
of the edge between the plaquettes at bottom and left: 


clo „EWL „EV+ 


co „Evo ee e 


e e et" n = et = 


holds by property (20) of the functions v and w. Take the logarithm to obtain (31). 


3.5.2 Derivation of Equation (32) 


First recall that by Lemma 3, there is a one-to-one correspondence between (v, w) 
and (v, w), so we can assume that values for (vo, Wo), (Vr, WL), (Vg, WR) are given 
as well. Using that Ns is the normalized cross product a, x bo, it is elementary to 
derive the following representation of a4: 
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a} = €Vgbo + Vh (bo x Ng). 
Taking the scalar product with No, one obtains 
(ax, No) = Vh (bo, Ng x No) = eVpko. 
Hence a, can be expanded in the basis ao, bo and No as follows: 


a} = [i409 + Hpbo + EVR to No 


(35) 


(36) 


with some real coefficients ju, and up to be determined. Calculating the square norm 


on both sides gives 
1 = pi, us + 2eioua uu + € (95), 
and the scalar product with bo yields 
EVR = €Wofla + Hob. 


Use (38) to eliminate up from (37), then solve for jig. This gives 


Tk pk ~k px 

vot y 

RYO ~ RO ~ 
lacs Ub = EVR — EW. 

Wo D 


On the other hand, starting from 
b, = Apbo + ado + evr. lo No 


instead of (36), one obtains by analogous calculations that 


yt [t Vk p* 
p= LS, M = ey, — eH. 
Wo Wo 
Since ew, = — (a4, b4), it eventually follows that 
VK Tk ek pk Vk pk V Ope 
vr vs vil Vee 
L"R*0'0 ~ L'0~ R*0- Ck Dok 
Wt = — SS VR + VL — €VgVr tolo 
(Wo) Wo Wo 


Dti * oap* (* Vk vy e p 
VhVLis — VgVr lo - VRVr ol -2 


2- ~ ~ 
+ € Wo (Gaz + 


= 0 z 
Wo (Wo)? 


0 


(37) 


(38) 


(39) 


(40) 


s). (41) 


Next, recall that one may consider (v, w) as a function of (v, w). More precisely, 
by (23), one has that v and w approximate Y and ov, respectively, to order €), in the 


sense that the family of functions 
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(9, w) (w — 9), €?(w — $)) 


1 vi 1 py“ 
= (>| 'arsinh (> | — $|, 5| 'arsinh (en ) -w 
e y* e we 


is asymptotically analytic on C?, see Definition 6. Observe further that €?(1 — v*) 
etc. are asymptotically analytic as well. With this, it is straight-forward to conclude 
(32) from (41). 


3.5.3 Derivation of Equation (33) 
In analogy to (35), one obtains by elementary considerations the following represen- 
tation of a., : 
a. = —eWw b4 + Wy (b4 x Ni). 
Using the definition (21) of €, it then follows that 


(a4, Nj) = w (b4, N, x Ny) = ew ty. 


On the other hand, the computation (36)-(39) implies that 


(a... NL) = up (bo, NL) + eVgto(No, Nz) 


Hb 
^x 
Wo " 
= — ES b, , No) + to 


L 


bo, ao X by) s EVR [oto 


= —C (Wig — Veh Wo) lo + Veliko. 
In combination, this yields 
wt, = Valpto + eO RtgWwo — WoVR)lo. 


We can now substitute (41) to express the unknown w, in terms of the known 
quantities only. Using once again that €?(1 — W*) etc. are asymptotically analytic 
according to Definition 6, we arrive at (33). 

The derivation of Eq. (34) is analogous. 


4 The Abstract Convergence Result 


In this section, we analyze the convergence of solutions to the classical Gauss- 
Codazzi system (9)-(12) by solutions to the discrete system (31)-(34). This is the 
core part of the convergence proof, from which our main result will be easily deduced 
in the next section. 
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4.1 Domains 


A key concept in the proof is to work with analytic extensions of the quantities v, w, € 
and [ defined in Sect. 3.4. The analytic setting forces us to introduce yet another class 
of domains, and corresponding spaces of real analytic functions. In the following, we 
assume that r > 0 and p > O are fixed parameters (which will be frequently omitted 
in notations), while  € (0, p) and e > 0 may vary, with the restriction that e < A. 
For each domain €2 (r|A), introduce its analytic fattening 2; (r|h) as follows: 


Q;(r|h) = (€, e Cx R; Ae, m e AIA) s.t. |E — EI+ Im/h < 1}. 
On these domains, we introduce the function class 
C^ (Q(r|h)) := (f£ : G5(r|h) > C; f C. m) is real analytic, for each n}. 


Notice that we require analyticity with respect to €, but not even continuity 
with respect to 7. Next, introduce semi-norms |.|,, for functions f € C* (2 (r|h)), 
depending on parameters 7) € [—h, h] and p € [0, p] with p/p + |n|/h < 1 as fol- 
lows: 


[Fln = sup {IFE Ml; € € C st. 3(£, m) € Q(r|h) with |E — E'l < p). 


These semi-norms are perfectly suited to apply Cauchy estimates; indeed, one easily 
proves with the Cauchy integral formula that 


1 
lac f], = pp pamm , (42) 


provided that p’ > p. The semi-norms are now combined into a genuine norm ||: ||; 
on C? (2 (r|h)) as follows: 


Im | e 
Il f£ Il; = sup A(N, p) IF lap ; h + p < 1 , (43) 
where the positive weight A is given by 
Inl/ h 
Am, p) = 1— zs (44) 
| — p/p 


This norm makes C^ (Q(r|h)) a Banach space. 
There is another semi-norm { . } „g that will be of importance below: for each 
ô € [0, 1], let 


lu] 


p 
{F} = SUP | Fae ; Pu dedi 
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By definition (44) of the weight A, the following estimate is immediate: 


{fhs S9 MM (45) 


provided that ô > 0. 
Replacing £2 (r |h) by (2 Ul (rh) above yields s definitions for analytically fattened 
domains oF T GR) with respective spaces C^ (2 (rh) , semi-norms ce and 


{ [xy]e 


[xy]e 
po , and norms ||, etc. 


4.0 Statement of the Approximation Result 


Recall that r > 0 and p > 0 are fixed parameters. 


Definition 7 An analytic solution 0 = (v, w, £, 1) of the classical Gauss-Codazzi 
system on 2; (r|h) consists of four functions v, w, €, L € CY (2 (r Ih)) that are globally 
bounded on Q(r|h), are continuously differentiable with respect to 7, and satisfy 
Eqs. (9)-(12) on £25(r |). 

An analytic solution 0* = (v*, w‘, €,*) of the e-discrete Gauss-Codazzi 
system on 2;(r|h) consists of four functions v‘, w° € C^ (Q0) (rh), te 
C" (QU (r|n)), ec? (QU (r|n)) that satisfy Eqs. (31)-(34) on Qr rn), 


A suitable norm to measure the deviation of an e-discrete solution 0* to a classical 
solution 0 on the same domain £25(r|A) is given by the norms of the differences of 
the four components, 


[19° — Alin = max (Iv — vll? , w° — wil?" pee — ep, pe — up). 


Proposition 3 Let an analytic solution 0 to the Gauss-Codazzi system on 2; (r|h) 
be given, and consider a family (9°) 50 of (a priori not necessarily analytic) solutions 
0* = (v*, w*, €*, [) to the e-discrete Gauss-Codazzi equations on €2 (r|h*). Then there 
are numbers A, B > 0 and € > 0 such that the following is true for all e € (0, €): if 
0* possesses sufficient regularity to admit £-analytic complex extensions for 1) near 
zero such that 


IO — Olle < Ae, (46) 


then 0* as a whole extends to an analytic solution 0* of the e-discrete Gauss-Codazzi 
system on £25(r|h)*, and 


[18 — O° \\Inc < Be. (47) 
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Remark 6 The formulation of the proposition suggests that the height / of the domain 
on which convergence takes place is small. However, this is misleading in general. 
As it turns out in the proof, the limitation for h is mostly determined by the value 
of p. In many examples of interest, p is large compared to the region of interest 
(determined by h and r), and consequently, one has h = h above, i.e., convergence 
takes place on the entire domain of definition of 0. 


The rest of this section is devoted to the proof of Proposition 3. 


4.3 Consistency 


We start with an evaluation of the difference between the classical and the e-discrete 
Gauss-Codazzi equations. Here, we need yet another measure for the deviation of 0* 
from 8: 


(e = 0), = mas (b = ff, (we ez (€ = e {EP 


This semi-norm is similar to |||9* — @|||,. For further reference, we note that 


1 
{(0° — Opa < zur — es. (48) 


thanks to (45), provided that ô > 0. Furthermore, we denote for abbreviation the 
difference between corresponding discrete and continuous quantities by A,i.e. Avo = 
vf — v etc. 


Lemma 5 Let an analytic solution 0 to the classical Gauss-Codazzi system and 
an analytic solution 0* to the e-discrete Gauss-Codazzi system be given, both on 
€25(r|h). Define the residuals 81,..., 84 € C^ (REE hy) by 


ô Av’ = de AWS + egi (49) 
bn Aw’ = —dgAv’ + 75 Er, AE + 7,1 A T Er 685 (50) 
by AE = (r; 1) (7, Aw" — re Av‘) + (TZ Al) (1, !w — Tev) + e85 (51) 


5, AF = (T, €) (r Aw’ + Tz! Av‘) + (rj AE) (r5 'w + rev) + eg. (52) 
Then the gj are uniformly bounded with respect to e « € on their respective domains: 
[1 € G on QE (r|h), for each j — 1, .... 4, (53) 


with a suitable constant G that depends on 0, and 0* only via [to — 0), o Dut is 
independent of e. i 
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Proof By analyticity of 6 it is clear that the central difference quotients obey 
dev = Oev + egre, OV = Ov + egi, etc. 


with functions g; g, 8; ,,... € C^ (QU (p|I)) that are bounded uniformly w.r.t. 
c. The classical Gauss-Codazzi system (9)-(12) thus implies that 
Onv = dew + egi, 
nw = —dev — (ry €) T; ! D + egi, 
byt = (rZ DC w — Tev) + €853, 
ôl = m, 6r, w + T;'v) + egi. 
where each of the functions gi is bounded on QM] (r|h), with an e-independent 


bound. Taking the difference between each equation of this system and the respective 
equation of the e-discrete Gauss-Codazzi equation (31)-(34) yields (49)-(52), with 


gj = h5(r0*) — gj. 


Since the h‘ are asymptotically analytic on C8, it follows that the modulus of h^ (r09) 
is uniformly controlled on R=] (r5) by the supremum of the modulus of (0*)'s 
components. 


44 Stability 


Stability is shown inductively. More precisely, we prove for each n = 1,2, ... with 
n5 < h that 


10° — Ollas < Be. (54) 


In fact, there is nothing to show for n = 1. For n = 2, the claim (54) is a consequence 
of estimate (46) on the initial data. Now assume that (54) has been shown for some 
n > 2. We are going to extend the estimate to n + 1. 

Estimate on Av‘. We begin by proving the estimate for the v-component of A6*. 
Since v“ is defined on RL?! (r|h), the step n — n + 1 requires to estimate the values 
of Av“ C, 7*) for n* € ((n — 1)5, n5]. Choose such an 77*, and define accordingly £ 
such that rjj :— 7* — £e € (—5, 5]; in fact, 2€ = n if n is even, and n = 2£ + 1l ifn 
is odd. For 0 < k < 24, introduce 


* * € 
"m =n- QL- iss (55) 
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non-integer values of k are admitted. (55) is consistent with the definition of rj, and 
moreover, n* = 73,. Using the evolution equation (49), we obtain 


£ 


Av'C, 1") = Av Cm) S (rsAv — 7; Av) M1) 
k=1 


£ £ 
= Av, 1) + EX Aw Gn +E > BC th). 60) 


k=1 k=1 


Next, pick a p* > 0 such that 


E dbi ud (57) 
p h 
We estimate: 
D 
Av [ER < jav Ek + 2» [isaw | + o> Bile ce 
=: (D + (ID + diii (58) 


We consider the terms (I) — (III) separately. First, thanks to our hypothesis (46) on 
the initial conditions, we find that 


(D = lAv I. SAV UP < Ae. 


Second, recalling the definition of ||-| |, and using a Cauchy estimate (42), we 


obtain for given p5, , > p*—yet to be determined— 


|Aw «|x»de 


£ 
y Ti 
wE <e Dk iP 
<e> lê mat = > — p 


=I * kel Pk- — p 


£ 
1 ; 
<e Awe. 
(5i (py. — 9) AD, _) is 


We make the particular choice 


a =e" law 


— 
3 
E 
+ 
Ty 
* 
— 


IS 
2k-1 = = 
2 h p 
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which yields that 


" " P 
* x_P Mk- P 
Px- ~ P= 5 1 h =J? 
p 
De Pa 1 Ta p 
* * _ h Doo h p 
Api Di) = 1-a  —quiEm S 
TUE Tua 


And so we obtain 


an «2 pp. E 53 ja ea _ E Aws]? 
p h^ BIN ES h p "(OC 


To estimate the sum above, define q : (5, 7°) — R by 


xN 
n p 

m[i---—].. 
p(n) ( n z) 


Since vy is a convex function, Jensen’s inequality implies that 


x 1 x 
J pm) dn > G5, — m el =—>— / ndn | = ec... 
DE Mk — 2-2 Js 


Hence the sum is bounded from above by the respective integral, 


E 
P Z) Aa n 

€ ud 2 pem 

»(- ;) «f 6i 


p 
p 
(-$-5) zw 
<h 
T ~ A(n*, p) 0 — p*/p) 


The last term (III) is estimated with the help of the bound (53). However, there is a 
subtlety: a priori, the constant G there is controlled in terms of {ac — 0), HT but the 
induction estimate (54) is not sufficient to provide such a uniform bound, due to the 
weight A. Fortunately, a close inspection of the terms in (III) reveals in combination 


with (57) that we only need bounds on 185 lno where p/p < 1 — n*/h — 5/h. It 


is easily deduced from Lemma 5 that an e-uniform estimate on [te — OH ; with 


ô := p/h5 > 0 suffices in this case, and the latter is obtained by combining (54) 
with (48). Enlarging G if necessary, we arrive at 


24 
am < 2 > G = (e£)eG < Ghe. 
k=1 
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After multiplication of (58) by A(7*, p*) < 1, we arrive at 


2hi+7*/h— p*/p 


A(n*, p*) | Av Oo < Ae + Awb?! + Ghe 


me p l-pp 
4h 
< (^ poe BE ch) €, (59) 
p 


where we have used the induction hypothesis (54) for estimation of || Aw* Ee 


, and 
the relation (57) for estimation of the quotient. We have just proven inequality (59) 
for every 7* € ((n — Lys ot 5b and for every p* > 0 that satisfies (57). Taking the 


supremum with respect to ise quantities yields 
[xy]e 4h 
\| Av latns S A+—B+Gh (60) 
p 


Estimate on Aw‘. For estimation of the w-component, let n* € ((n — 1)5, n5] be 
given as before, and define rj; as in (55). In analogy to (56), we have 


£ £ 
Aw C, n“) = Aw C, n) + E > Av Com HE S BC. HV 
k=1 k=1 
£ £ 
Fey (rz! rz AD) n oe (5 Ate NG nh p. 
k=1 k=1 


Taking the |- Eee 1 norm on both sides, multiplying by A(7*, p*) < 1, and estimating 
the first couple of terms as above, we find that 


Es 4h 
A(n*, p*) |Aw* |e < iig Bee € 


£ 
3 (HE AQ, AEE S p + tee AQ, niae.) 


x i up? 
4h t 
< (a+ Sorcerer (etn, jasi TOLL | At | e). 
p = j^ x3? 
(61) 
On the one hand, the analytic solution 0 is bounded on 2; (r Ih), and so 


lene” < © := sup |0. (62) 
25(r|h) 
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On the other hand, since T), 3—3 Í n* — xe, and because of (57), we have that 


"T NETTE 
"y: P = 1 — p*/p SAX 


and therefore, using the induction hypothesis (54), 


I Att Eze 


E. = Ie P + Aei os < sup [4 + Do AEN 

ud ii ar Q25(r|h) A, s. p *) 
eon" 264 s. x) 
E: (39/(4h) — 3 


The remaining terms ae and Ate? in (61) can be estimated directly 


by (54). Substitution of these ‘partial estimates into (61), and recalling that fe < h, 
leads to 


A(n*, p [Avie < (4 + E +204 =P Bh+ cn) B (64) 

Estimate on At . Finally, let us estimate A€‘(-, 7*) at some 7* € ((n — 3)§, (n — 
2l. For the estimates below, let in addition a £* € C be given such that (£*, 7*) € 
A! Doyle ey |). We need to usea slightly different normalization for the rj in (55): write 
qj lm 1 + m5 for suitable 7* 1€ (—1. 4] and a (uniquely determined) m € N. 
Now define 


l e€ 


lie 
k =E —-kct--. ný =n*—(m-—k+ >); 
& — € Qn 55 nk =n" — (m 55 
note that €* = £5 ,,, and n* = n% ,. With these notations: 


m—1 
At (£*, n) = At (E 1, Jj) + >, [TAE _ Y. AB (£t, "np 
7 k=0 


m—1 


= AEE mM) +e DUE Lom (Aw (EE ne) — Av Gras mo) 


k=0 
m—1 m—1 

+e >) AUG Lm) (weno - veran) + € $ BEE np. 
k=0 | 7 k=0 


It is straight-forward to verify that all the terms on the right-hand side are well-defined 
for the given arguments. For a given p* that satisfies (57), we apply the semi-norm 


HE to both sides and estimate further, using the triangle inequality: 
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m-—1 


|A& E < < (Age [xxy]e a P3 I", e 1» (law de + jai) 


n*, p* l; p ppt Tk-1+P Nk» p 
m-—1 m— 
[xxy]e [xy]e [xy]e 2 ~e |[xyle 
c» lari, "T + PE) +e 2 gok. (65) 
k=0 2 


On the one hand, we have that 


Lle 4 pyb < 


APP Ts p* 


< sup Iw| + _sup lv] x 20, 
Arih) Q;r|h) 


with the bound © from (62). And on the other hand, arguing like in (63) on grounds 
of nýa <n*— ze for all k = 0,...,m — 1, we have the estimate 
€ Lene [xxy]e € gie 4 
Ilse Au EX iw e FIAT pO Tum 
Substitute this into (65) and multiply by A(7*, p*) to obtain 
XXYIE 1 
lA€ Ines x (4 +4 le + jm Bh + ci) €. (66) 


Estimate on AU. This is completely analogous to the estimate for At above. 

Summarizing the results in (60), (64) and (66), we obtain (54) with n+ 1 in 
place of n, for an arbitrary choice of B > A, and any corresponding h > 0 that is 
sufficiently small to make the coefficients in front of e€ in (60), (64) and (66) smaller 
than B. Notice that the implied smallness condition on A is independent of e. 


5 The Continuous Limit of Discrete Isothermic Surfaces 


We are finally in the position to formulate and prove our main approximation result. 


5.1 From Björling Data to Cauchy Data and Back 


Given analytic Björling data (f, n) in the sense of Theorem 1, first compute the 
associated frame W°, the conformal factor u°, and the derived quantities y0, w®, £0. (0 
as functions on (—r, r) as detailed in the proof there. We claim that, for any sufficiently 
small e > 0, associated Björling data f° : €2(r|5) > IR? for construction of an e- 
discrete isothermic surface can be prescribed such that the following are true: 


Constructing Solutions to the Bjórling Problem for Isothermic Surfaces ... 337 


(1) The initial surface piece and its tangent vectors are approximated to first order 
in €, 


FEM = fO+ GO, 
6, f(E, M) = exp (YO) + Eo, 
dy f (E, N) = exp (ENPI E) + C(O, (67) 


where the (e) indicate e-smallness that is uniform in (£, 77) on the domains 
N (r|$) for f*, and 2V (r|5) for 0, f*, and RDI (r|5) for J, f*, respectively. 
(2) The derived quantities (v^, w‘, &*, (*) satisfy 


v(£,n) = VVE, w(£,m we, EEM = (5, En = P), 
(68) 


at each point (€,7) in Q!*(rle) for v‘, w, in QU (re) for €, and in 
QLD] (e) for l, respectively. 


Notice that the data (v*, w‘, &*, [*) are €-analytic quantities; ironically, one cannot 
even expect continuity of the respective data f“ in general. 

For later reference, we briefly sketch one possible construction of such data f°. We 
start by defining f“ on point triples in the strip —34 < € < 3$: let (£, n) € Q(r|5) 
bea point with — 2 < € < 1. We distinguish two cases. If 0 < 7 < 5, then we define 
f (6, m — 5) = f (0), and there is a unique way to assign data f“ at the two points 
(E — 5, n) and (E + 5,7) such that for the vectors 


P € . € lrer Enay OE 
a= -(f'E*5.m- f€n- 5). b--(f' 571) I(EN 3) 


the following is true: 

(1) a is parallel to y? (0), and b is orthogonal to n (0), 
CEO ea 

lallllbll 

(3) llall = exp (u°(O) + 5v? (£)) and |ibl| = exp (u? (0) — 5v°(E)). 


If instead —5 < 7 < 0, then we define f*(€, + 5) = f (0), and we assign data f* 
at (€ + 5,7) and at (£ — 5,77) with the respective adaptations for the conditions on 
the vectors. 

Up to here, there has been a certain degree of freedom in the choice of the f°. From 
now on, there is a unique way to extend the already prescribed f* to all of €2 (r| 5) such 
that (68)—and, incidentally, also (67)—holds. We briefly indicate how to proceed 
in the next step; the further steps are then made inductively in the same way. Let 
(E, n) be a point with 31 < & < 51, and with —5 < 7 < 0. Note that f* is already 
defined at the following points: (£ — €, n), (£ — 5, + 5) and (€ — 35, n + 5). Let 
us introduce the vectors 


lizi PNE: , i b I5 ao nE n ; 
a =“ (& jn z) f*(€ — € n)). cU (E PUR 5) FE — € n). 
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Then, there is a unique choice for f*(£, n) such that the new vector 


1 : € € : 
c= -(f Jus FE n) 


satisfies the following conditions: 


(1) the sin-value of the angle between the planes spanned by (a, b) and by (b, c), 
respectively, equals to et? (€ — 35); 


(ac) gy, € 
jae 7 9 $72 


(3) lell = llbll expo vo (€ — 5)). 

By continuing this construction in an inductive manner, we enlarge the domain of 
definition with respect to € by 5 in both directions in each step, until f* is defined 
on all of 2 (r | 3)- It is obvious from the construction that (68) holds. The verification 
of (67) is a tedious but straight-forward exercise in elementary geometry that we leave 
to the interested reader. An important point is that the aforementioned construction 
only uses data that can be obtained very directly from the Björling data ( f, n). Indeed, 
the calculation of u?, v? and (v?, w®, €°, (°) from (f, n) only involves differentiation 
and inversion of matrices. In particular, all operations are local. 


Definition 8 Assume that analytic Björling data ( f, n) and discrete data f* : 2(r|5) 
are given such that (67) and (68) are satisfied. The maximal e-discrete isothermic 
surface F* : 2(r|h,) thatis obtained from f‘ as Björling data—see Proposition 1—is 
referred to as grown from ( f, n). 


5.2 Main Result 


The central approximation result is the following. 


Theorem 2 Let analytic Björling data (f,n) on (—r,r) be given, and let F : 
Q(r|h) — R? be the corresponding real-analytic isothermic surface. Further, let 
F* : Q(r|h°) — R? be the family of e-discrete isothermic surfaces that are grown 
from (f, n). 

Then, there are some h > 0 and C > 0, such that for all sufficiently small € > 0, 
we have that h: > h, and 


IEE, mM — FE MI x Ce là. F En) — F6, ml < Ce, 
ly F E, n) — F(& ml x Ce, — (69) 


for all (€, n) € RH! (r |n). 


Theorem 2 above gives an answer to the question of how to approximate the unique 
isothermic surface F that is determined by given Björling data by a family of e- 
isothermic surfaces F*. Our construction of the surface F* is completely explicit, 
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CC 


Fig. 5 A part of a sphere in different degrees of discretization 


(Cum ~> 


Fig. 6 Examples of discrete isothermic surfaces: torus (/eft), hyperbolic paraboloid (right) 


and it requires no a priori knowledge about F. The plots in Figs.5 and 6 illustrate 
that our construction can be used to generate pictures of the surfaces F* with just a 
few lines of code. 


Remark 7 Note that if the discrete isothermic surfaces F* converge to a smooth 
isothermic surface F, then also the discrete Christoffel and Darboux transforms of 
F* converge to the corresponding smooth Christoffel and Darboux transforms of F. 
This will be proven in Sect. 6. 


Proof (of Theorem 2) Since F is real-analytic on (rih), the derived quantities 
u, v, w and £, [ are real-analytic there as well, and can be extended to functions in 
C” (2 (r|h)), for a suitable choice of the “fattening parameter" p > 0, after dimin- 
ishing h > 0 if necessary. The extensions satisfy the Gauss-Codazzi system (9)-(12) 
on the complexified domain. 

Next, consider the e-discrete isothermic surfaces F*: Q(r|h.) — R that are 
grown from the Björling data (f, n). Define the associated quantities v*, w‘, €€, [°. 
Thanks to (68), these are real analytic functions on 2'!*(rle), and they extend 
complex-analytically w.r.t. € to d V (r|e). Since the quadruple (v, w*, €*, (^) sat- 
isfies the discrete Gauss-Codazzi equations (31)-(34), the £-analyticity is prop- 
agated from the initial strip to the maximal domain of existence, i.e., v^, w^ € 
C" (QU! (r|h.)) etc. 

Moreover, again thanks to (68), the differences Av‘, Af and AI‘ are of order 
© (c) on the initial strip: 


Ave EX" < Ae, ARE < Ac, AP" < Ae, 
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with a suitable e-independent constant A. For the remaining differences Aw‘, it 
follows via Lemma 3 on the equivalence of (v^, w*) and (v5, w*) that they satisfy the 
same estimate (enlarging A if necessary): 


|| Aw’ ||P!" < Ae. 


We are thus in the situation to apply Proposition 3. From the estimate (47), it follows 
in particular that 


v=vt+@(©), w=wt+Go), t-—t--60(e)9 , *-l-46(e. (70) 


Here and below, we use the slightly ambiguous notation (c) to express that the 
discrete quantities approximate the associated continuous ones uniformly on their 
respective (real) domains 2 (rhe) or REE (r he), RIE (r|h.), with a maximal 
error of order e. 

Next, we conclude from (70) that also 


a =a+ (e), b =b4+ 06, ù =u+ 0e), ù= u+ (e). (71) 
Indeed, it follows directly from the definition of these quantities that (71) implies 
ôx F* = exp(á*)at* = exp (u + €) (a + €) = exp(u)a + (c) = Ox F + Go), 


and, likewise, 0, F* = 0,F + Ô (e), which, eventually, implies further that also 
F* = F + 0 (6), thanks to F*(£,9) = F(0) for —3 < € < 1 and -5 << 5 by 
construction. Therefore, our claim (69) is a consequence of (71). 

We only sketch the proof of (71), that is little more than a repeated application of 
the Gronwall lemma. For further technical details, we refer the reader to [2], where 
the relevant estimates have been carried out in a very similar situation, see the proof 
of Theorem 5.4 therein. 

First of all, the claim (71) holds on the strip 2"!*(r|e) thanks to (67). Now 
compare the frame equations (6) & (7) with their discrete analogs from (28)-(30): 


Oxu=wtyv and rù 2 wt +v‘, 
Oyu=w—v and dy — wt — vf, 


yb = (w — v)(Tyla-- (c) and xb = (wf — v6 + 6(e)T; laf + OOTY, 


ya = (w — (T, lb -- 6()) and dya® = (w* — v* + OOTI D + OT; laf. 


Subtract the respective equations, recall (70), and use a standard Gronwall argument 
to conclude that the validity of (71) extends from the "initial strip" to the entire 
domain R= (r4), 

A posteriori, we conclude that h. th as e } 0. where h > O is the constant 
obtained in the proof of Proposition 3. Indeed, thanks to the uniform closeness of 
the discrete tangent vectors 6, F“, 0, F* to their continuous counterparts 0, F, 0) F— 
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which are orthogonal with non-vanishing length—it easily follows that there cannot 
occur any degeneracies in F at any h* < h. O 


6 Transformations 


Isothermic surfaces have an exceptionally rich transformation theory. For the defi- 
nition of discrete isothermic surfaces used in this paper this transformation theory 
carries over to the discrete setup. 

We consider two important transformations, namely the Christoffel transformation 
and Darboux transformation. Their analogs for discrete isothermic surfaces may for 
example be found in [3, 4, 14—16]. It is a natural question whether the convergence 
results of Theorem 2 can be generalized to imply the convergence of the transformed 
surfaces. 


6.1 Christoffel Transformation 


We briefly remind the classical definition of the Christoffel transformation. The 
included existence claim was first proved by Christoffel [10]. 


Definition 9 Let F : 2(r|h) — IR? be an isothermic surface. Then the R?-valued 
one-form d F* defined by 


. R F, 


Fr=—,7 PFc- i 
SFI? í IF? 


* 


is closed. The surface F* : 2(r|h) — R?, defined (up to translation) by integration 
of this one-form, is isothermic and is called dual to the surface F or Christoffel 
transform of the surface F. 


Given any isothermic surface F and its dual F*, straightforward calculation leads 
to the following relations between corresponding quantities. 


F* = e?" Fy, F? - —e “Fy, N* = —N, 


u* = —u, y* = —y, w* = —w, t --t, PS. 


The discrete case is nearly the same, see for example [3]. 
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Definition 10 Let F* : 2(r|h) — IR? be a discrete isothermic surface. Then the 
IR?-valued discrete one-form ó(F*)* defined by 


SLF“ à,F. 


F* €__ (F* em ll 
à. (F*) (PY = — i rz: 


E T 


is closed. The surface (F*)* : 2(r|h) > R?, defined (upto translation) by integration 
of this discrete one-form, is a discrete isothermic surface and is called dual to F* or 
Christoffel transform of F*. 


Corollary 1 Under the assumptions of Theorem 2 not only the discrete isothermic 
surface itself converges to the corresponding smooth isothermic surface, but also the 
discrete Christoffel transforms converge to the corresponding Christoffel transforms 
of the smooth isothermic surface. 


Proof Recall the definitions of the discrete quantities in Sect. 3.4. We immediately 
deduce the following relations for a discrete isothermic surface F‘ and its dual (F*)*. 
For better reading we omit the superscript e. 


a* =a, b =-b, ü'—-—ü, w=-u, N*--N, 


=-) wWw=-w, vw=-y, w=-w, e* = —t, FS 


Now the proof follows directly from the corresponding proofs in Sects. 4 and 5. 


6.2 Darboux Transformation 


The Darboux transformation for isothermic surfaces was introduced by Darboux [12]. 
It is a special case of a Ribaucour transformation and is closely connected to Möbius 
geometry as well as to the integrable system approach to isothermic surfaces, see for 
example [15]. 


Definition 11 Let F : 2(r|h) — R? be an isothermic surface. Then the isothermic 
surface F* : Q(r|h) — IR? is called a Darboux transform of F if 


TEA mA (F Ft—F F*—F ) 
*  C\lFxl? j ? F+- FI Ft - FI]? 
Z tat ( (F F*—F F*—F ) 
» CIF, i ” F+- F| F+- FI 


where C € R, C £0, is a constant which is called parameter of the Darboux trans- 
formation. 


In the discrete case the definition of the Darboux transformation may be interpreted as 
“discrete Ribaucour transformation” using intersecting instead of touching spheres. 
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In particular, recall the definition of the cross-ratio q (pi. po. p3, p4) of four coplanar 
points pi, ... , p4. After identification of their common plane with the complex plane 
C the cross-ratio may be calculated by the formula 


q(pis P2, P3. Pa) = (i — p2)(P2 — p3 (qs — popa — Pr)! 
The following definition first appeared in [16], see also [4, 15]. 


Definition 12 Let F* : 2(r|h) — R? be a discrete isothermic surface. Then the dis- 
crete isothermic surface (F^)* : 2(r|h) — R? is called a discrete Darboux trans- 
form of F* if the following conditions are satisfied. 


(i) The four points p uet. TES, pol py T, (F*)* lie in a common plane and 
the same is true for 7; ! F*, ry F‘, T; (F*Y5, r(F*)*. 


1 
i) q(r; F‘, r,F*, r, (F^, v;  (F^)*) = — and 


1 
qr, F*, T,F',T,(FY, 1 l(p*)*) = —-, where y € R, y Æ 0 is a constant 


which is called parameter of the Darboux transformation. 


Note that given any discrete isothermic surface, a discrete Darboux transform may 
be obtained by prescribing the value of (F*)* at one point and using the conditions 
of the definition to successively build a new surface which is also discrete isothermic 
(as long as the surface does not degenerate). 

In order to obtain convergence of the discrete Darboux transform to the corre- 
sponding continuous one, we choose 7 = C/e?. 


Corollary 2 Under the assumptions of Theorem 2 not only the discrete isothermic 
surface itself converges to the corresponding smooth isothermic surface, but also 
the discrete Darboux transforms (with ^; = C/€)) converge to the corresponding 
Darboux transforms (with parameter C ) of the smooth isothermic surface. 


Proof Assume that the discrete isothermic surface itself converges to the corre- 
sponding smooth isothermic surface with errors of order (c) as in the proofs of 
Theorem 2. Now start with (F*)*(0, 0) = F* (0, 0) and build the discrete Darboux 
transform successively using the above definition. Denote the distance between cor- 
responding points by d* = (F+) — F“. 

In order to relate corresponding discrete and smooth quantities, we first use the 
simple equivalence 

(p2 — pi)(pa— p3) 1 "—PP— (pa — Pi) — (P2 p) 


= — = | , (Pa=Pr) 
(p3 — p2)(Pi- pa) q Lu pn 


(72) 
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Then we use the fact that in our case (p2 — pi) = (e€) and q = C/&. Thus we 
obtain that 


(pa—pi) 2 

(pa — pi) -—e PE íLU[ Qr (Qo-r0Y, 4,2 

p3 — pa Sous (pa— pi) +e COP) : + O(e^). 
€ 


C(p2—pi) 


Now we identify 


(po — pi) 
€ 


(ps ai p») = TxdŚ, (p4 mi pı) = rd — 6, F° 


and easily deduce by straightforward identifications of complex numbers and vectors 
that 
T.d* — T7 !d" ( 
€ Clb: FI? 
= F} — F; + (©. 


Ir, ta h Sx F* + 27; !d* (7 !d*, ôx F*)) — ôx F* + (c) 


Analogously, we obtain 
ryd* —T,'d° 1 

€ = curat 

= F} — FE, 


|r; ! d*| 8y F* — 2r! d* (ry! d*, by F*)) — &,F* + O(6) 


Thus starting with (F*)*(0, 0) = F*(0, 0) and building the discrete Darboux 
transform successively using the above definition, in each step we add an error of 
order C (c?) to the difference d = F^ — F of the Darboux pair. Therefore we obtain 
(F*)* = F* + O (e) as claimed. 


Remark 8 Using the definitions of continuous and discrete Darboux transformations, 


corresponding formulas for at, bt, at, i^, N*, vt, wt, vt, wt, €*, * may be 
deduced, which also converge under the assumptions of Theorem 2. 
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On the Lagrangian Structure of Integrable 
Hierarchies 


Yuri B. Suris and Mats Vermeeren 


Abstract We develop the concept of pluri-Lagrangian structures for integrable hier- 
archies. This is a continuous counterpart of the pluri-Lagrangian (or Lagrangian mul- 
tiform) theory of integrable lattice systems. We derive the multi-time Euler Lagrange 
equations in their full generality for hierarchies of two-dimensional systems, and con- 
struct a pluri-Lagrangian formulation of the potential Korteweg-de Vries hierarchy. 


1 Introduction 


In this paper, our departure point are two developments which have taken place in 
the field of discrete integrable systems in recent years. 


e Firstly, multi-dimensional consistency of lattice systems has been proposed as a 
notion of integrability [8, 15]. In retrospect, this notion can be seen as a discrete 
counterpart of the well-known fact that integrable systems never appear alone but 
are organized into integrable hierarchies. Based on the notion of multi-dimensional 
consistency, a classification of two-dimensional integrable lattice systems (the so 
called ABS list) was given in [1]. Moreover, for all equations of the ABS list, 
considered as equations on Z?, a variational interpretation was found in [1]. 

e Secondly, the idea of the multi-dimensional consistency was blended with the vari- 
ational formulation in [13], where it was shown that solutions of any ABS equation 
on any quad surface X in Z™ are critical points of a certain action functional f md 
obtained by integration of a suitable discrete Lagrangian two-form &. Moreover, 
it was observed in [13] that the critical value of the action remains invariant under 
local changes of the underlying quad-surface, or, in other words, that the 2-form 
Z is closed on solutions of quad-equations, and it was suggested to consider this 
as a defining feature of integrability. However, later research [10] revealed that 
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Z is closed not only on solutions of (non-variational) quad-equations, but also 
on general solutions of the corresponding Euler-Lagrange equations. Therefore, at 
least for discrete systems, the closedness condition is implicitly contained in the 
variational formulation. 


A general theory of multi-time one-dimensional Lagrangian systems, both discrete 
and continuous, has been developed in [20]. A first attempt to formulate the theory for 
continuous two-dimensional systems was made in [21]. For such systems, a solution 
is a critical point of the action functional f s Z on any two-dimensional surface S in 
R”, where .Z is a suitable differential two-form. The treatment in [21] was restricted 
to second order Lagrangians, i.e. to two-forms .Z? that only depend on the second jet 
bundle. In the present work we will extend this to Lagrangians of any order. 

As argued in [10], the unconventional idea to consider the action on arbitrary 
two-dimensional surfaces in the multi-dimensional space of independent variables 
has significant precursors. These include: 


e Theory of pluriharmonic functions and, more generally, of pluriharmonic maps 
[11, 17, 19]. By definition, a pluriharmonic function of several complex variables 
f: C" — R minimizes the Dirichlet functional Er = Js ICf o D), dz ^ dz 
along any holomorphic curve in its domain I" : C > C. Differential equations 
governing pluriharmonic functions, 


E O0 forall ij-l N 
z or a 1g = lee N, 
ðziðZj , 


are heavily overdetermined. Therefore it is not surprising that pluriharmonic func- 
tions (and maps) belong to the theory of integrable systems. 
This motivates the term pluri-Lagrangian systems, which was proposed in [9, 10]. 

e Baxter’s Z-invariance of solvable models of statistical mechanics [3, 4]. This 
concept is based on invariance of the partition functions of solvable models under 
elementary local transformations of the underlying planar graphs. It is well known 
(see, e.g., [7]) that one can identify planar graphs underlying these models with 
quad-surfaces in Z^. On the other hand, the classical mechanical analogue of 
the partition function is the action functional. This suggests the relation of Z- 
invariance to the concept of closedness of the Lagrangian 2-form, at least at the 
heuristic level. This relation has been made mathematically precise for a number 
of models, through the quasiclassical limit [5, 6]. 

e The classical notion of variational symmetry, going back to the seminal work of 
E. Noether [16], has been shown to be directly related to the closedness of the 
Lagrangian form in the multi-time [21]. 


The main goal of this paper is two-fold: to derive the Euler Lagrange equations 
for two-dimensional pluri-Lagrangian problems of arbitrary order, and to state the 
(potential) KdV hierarchy as a pluri-Lagrangian system. We will also discuss the 
closedness of the Lagrangian two-form, which turns out to be related to the Hamil- 
tonian theory of integrable hierarchies. 


On the Lagrangian Structure of Integrable Hierarchies 349 


Note that the influential monograph [12], according to the foreword, is “about 
hierarchies of integrable equations rather than about individual equations”. However, 
its Lagrangian part (Chaps. 19, 20) only deals with individual equations. The reason 
for this is apparently the absence of the concept of pluri-Lagrangian systems. We hope 
that this paper opens up the way for a variational approach to integrable hierarchies. 


2 Pluri-Lagrangian Systems 


2.1 Definition 


We place our discussion in the formalism of the variational bicomplex as presented 
in [12, Chap. 19] (and summarized, for the reader’s convenience, in Appendix A). 
Slightly different versions of this theory can be found in [18] and in [2]. 

Consider a vector bundle X : RY — R and its nth jet bundle J"X. Let .Z € 
©) (.]" X) be a smooth horizontal d-form. In other words, Z is a d-form on RY 
whose coefficients depend on a function u : RY — R and its partial derivatives up 
to order n. We call R” the multi-time, u the field, and -Z the Lagrangian d-form. 
We will use coordinates (t, ..., ty) on R”. Recall that in the standard calculus of 
variations the Lagrangian is a volume form, so that d — N. 


Definition 2.1 We say that the field u solves the pluri-Lagrangian problem for Z if 
u is a critical point of the action f. s Z simultaneously for all d-dimensional surfaces 
S in R”. The equations describing this condition are called the multi-time Euler- 
Lagrange equations. We say that they form a pluri-Lagrangian system and that Z 
is a pluri-Lagrangian structure for these equations. 


To discuss critical points of a pluri-Lagrangian problem, consider the vertical 
derivative 5£ of the (0,d)-form -Z in the variational bicomplex, and a variation 
Y. Note that we consider variations 7/ as vertical vector fields; such a restriction is 
justified by our interest, in the present paper, in autonomous systems only. Besides, 
in the context of discrete systems only vertical vector fields seem to possess a natural 
analogs. The criticality condition of the action, ô f şs 7 =, is described by the 
equation 


n 8.2 — 0, (1) 


S 


which has to be satisfied for any variation Y on S that vanishes at the boundary 
9S. Recall that pr X is the nth jet prolongation of the vertical vector field 7/, and 
that | stands for the contraction. One fundamental property of critical points can be 
established right from the outset. 


Proposition 2.2 The exterior derivative dL of the Lagrangian is constant on crit- 
ical points u. 
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Proof Consider a critical point u and a small (d + 1)-dimensional ball B. Because 
S :— 0B has no boundary, Eq.(1) is satisfied for any variation “. Using Stokes’ 
theorem and the properties that dd + dé = 0 and ty, y d + d tpr y = 0 (Propositions 
A.l and A.4 in Appendix A), we find that 


o= f wv dL = | durè == f inv a2) | oos. 
OB B B B 


Since this holds for any ball B it follows that tpr y 6(d-) = 0 for any variation 7" 
of a critical point u. Therefore, 8 (4-2) = 0, so that d.Z? is constant on critical points 
u. Note that here we silently assume that the space of critical points is connected. It 
would be difficult to justify this property in any generality, but it is usually clear in 
applications, where the critical points are solutions of certain well-posed systems of 
partial differential equations. O 


We will take a closer look at the property d” = const in Sect. 6, when we discuss 
the link with Hamiltonian theory. It will be shown that vanishing of this constant, 
i.e., closedness of -Z on critical points, is related to integrability of the multi-time 
Euler-Lagrange equations. 


2.2 Approximation by Stepped Surfaces 


For computations, we will use the multi-index notation for partial derivatives. For 
any multi-index J = (i4, ..., iy) we set 


ally 


Hp ET 
(0tj)" ... (Oty)'N 


where |Z| = i; + ... + iy. The notations 7k and [k® will represent the multi-indices 
(4, ... ig +1,...iy) and (ii, ..., ig o 05... iy) respectively. When convenient we 
will also use the notations 71, and 7t? for these multi-indices. We will write k ¢ I 
if iy = 0 and k € I if i, > 0. We will denote by D; or D, the total derivative with 
respect to coordinate direction f;, 


ð 
D; := D; := upi— 
MULT 


and by D; := n rie D the corresponding higher order derivatives. 

Our main general result is the derivation of the multi-time Euler-Lagrange equa- 
tions for two-dimensional surfaces (d — 2). That will allow us to study the KdV 
hierarchy as a pluri-Lagrangian system. However, it is instructive to first derive the 
multi-time Euler-Lagrange equations for curves (d — 1). 
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The key technical result used to derive multi-time Euler-Lagrange equations is 
the observation that it suffices to consider a very specific type of surface. 


Definition 2.3 A stepped d-surface is a d-surface that is a finite union of coordinate 
d-surfaces. A coordinate d-surface of the direction (i4, ..., ig) is a d-surface lying 
in an affine d-plane ((tj, ..., ty) | t; — cj for j Aij,..., ig}. 


Lemma 2.4 Ifthe action is stationary on any stepped surface, then it is stationary 
on any smooth surface. 


The proof of this Lemma can be found in appendix B. 


2.3 Multi-time Euler-Lagrange Equations for Curves 


Theorem 2.5 Consider a Lagrangian 1-form Z = pub Lj dt;. The multi-time 
Euler-Lagrange equations for curves are: 


ôi Lj 


=0 VI Zi, (2) 
óuJ 
ôi Li à;Lj 

= VI, (3) 
óuji bur; 


where i and j are distinct, and the following notation is used for the variational 
derivative corresponding to the coordinate direction i: 


ôi Lj OL OL; OL; OL; 
= cpm = D; +D? 
Ou; a-0 Qu [je Qu; Our; dur 


Remark 2.6 In the special case that - only depends on the first jet bundle, system 
(2)-(3) reduces to the equations found in [20]: 


ôi Lj OL; 9L; 


=0 — Di = 0, 
ôu id Qu Qui 
ôi Lj OL; TP 
=0 e =0 for i Z j, 
ôU j Ou; 
ójL;j 48;L; OL; OL; . i 
= =— for iZzj. 
Ou; ôu j Qui Ou; 


Proof (of Theorem 2.5) According to Lemma 2.4, it is sufficient to look at a general 
L-shaped curve S = S; U S;, where S; is a line segment of the coordinate direction 
i and S; is a line segment of the coordinate direction j. Denote the cusp by p := 
Sj N Sj. We orient the curve such that S; induces the positive orientation on the 
point p and 5; the negative orientation. There are four cases, depending on how 
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t; | ti | ti 
(+1, +1) (4-1, -1) (—1, +1) (—1, —1) 


Fig. 1 The four L-shaped curves with their values of (ej, €j) 


the L-shape is rotated. They are depicted in Fig. 1. To each case we associate a pair 
(£j, 6j) €{-1, 1 }°, where the positive value is taken if the respective piece of curve 
is oriented in the coordinate direction, and negative if it is oriented opposite to the 
coordinate direction. 

The variation of the action is 


] ev =e: f (lpr y 9L;) dt; +E; | (py Lj) dt; 
S Sj 


[rh su] > a iw O^ dt. 


Note that these sums are actually finite. Indeed, since & depends on the nth jet 
bundle all terms with |Z| :— i1 + ... + iy > n vanish. 

Now we expand the sum in the first of the integrals and perform integration by 
parts. 


ĉi (pr y SLi) dti 


=e | D (si^ ui) È Ti suna e: supp +.. Jus 
S UTE) 


! Iži 
aL; aL; aLi 
=a | X D. opt cip ces +... buy” ar 
v Ou Oui Qu yj2 Ou jj3 
aL L; 
+ HG "ILLE des „n pss ug (^) 
47)? 
aL; aL; aL; 
+ — 8 j2(V) — “(V)buzi(V) +D? — Bu) +...) 
Ou jj3 UTE Qujijà p 


Using the language of variational derivatives, this reads 


ei f tn» ôLi ) dt; = = s[ X 
Si 


! Iži 
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px 
[rt ET 
Si [gj 
The other piece, 5;, contributes 


SL; 
= | ip y OL; at; Sa pe LUE dr; — x Lui) 
Sj Ij 


Si pj 


óu, (9) +5 “bun Qc. 3 


Pp 


Ji 


P 


P 


where the minus sign comes from the fact that S; induces negative orientation on the 
point p. Summing the two contributions, we find 


[orizz | X52 [X Zur (^) dt; 


Si rži VETT 
> T our (Y) — 2 buy (X 
+ (s ur”) ur, ur( >) 


Now require that the variation (4) of the action is zero for any variation 7". If we 
consider variations that vanish on 5;, then we find for every multi-index / which 
does not contain i that 


(4) 


p 


ôi Li B 
buy B 


Given this equation, and its analogue for the index j, only the last term remains in 
the right hand side of Eq. (4). Considering variations around the cusp p we find for 
every multi-index J that 

ôi Li ô j L j 

óu li óu Ij i 


It is clear these equations combined are also sufficient for the action to be critical. 0 


2.4 Multi-time Euler-Lagrange Equations 
for Two-Dimensional Surfaces 


The two-dimensional case (d = 2) covers many known integrable hierarchies, includ- 
ing the potential KdV hierarchy which we will discuss in detail later on. We consider 
a Lagrangian two-form 2 = >°,_, Lij dt; ^ dt; and we will use the notational con- 
vention Lj; = — Lij. 


i<j 
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Theorem 2.7 The multi-time Euler-Lagrange equations for two-dimensional sur- 
faces are 


hys "m 
BH und VI Zi, j, ©) 
Ou; 
ógLij Six Lie 

jLü _ SL VI Zi, (6) 
óujj Óu pk 
ójLij | OjLjk ds ÔkiLki _ VI (7) 
Óujij SUT jk Óu rii 


where i, j and k are distinct, and the following notation is used for the variational 
derivative corresponding to the coordinate directions i, j: 


6;;Lij OLi; 

H ee x eine? D? D, EL 
I o, B-0 Ugie jP 

Remark 2.8 In the special case that - only depends on the second jet bundle, this 

system reduces to the equations stated in [21]. 


Before proceeding with the proof of Theorem 2.7, we introduce some terminol- 
ogy and prove a lemma. A two-dimensional stepped surface consisting of q flat 
pieces intersecting at some point p is called a q-flower around p, the flat pieces are 
called its petals. If the action is stationary on every q-flower, it is stationary on any 
stepped surface. By Lemma 2.4 the action will then be stationary on any surface. 
The following Lemma shows that it is sufficient to consider 3-flowers. 


Lemma 2.9 Jf the action is stationary on every 3-flower, then it is stationary on 
every q-flower for any q > 3. 

Proof Let F be a q-flower. Denote its petals corresponding to coordinate directions 
(ti. ti). (tin, t5)... (i, . ti) by $12, $23, ..., Sgi respectively. Consider the 3-flower 
Fi53 = S12 U S23 U $31, where S3, is a petal in the coordinate direction (fj,, ti) such 
that F}23 is a flower around the same point as F. Similarly, define F134, ... , Fig—1q- 
Then (for any integrand) 


ff +f 
Fiz Fi34 Fig-iq 
eo 
Si2 S23 S31 ME S34 Sai Siq-1 Sq-1q Sg 


Here, $51, 532, ... are the petals S12, S55, ... but with opposite orientation (see Fig. 2). 
Therefore all terms where the index of S contains 1 cancel, except for the first and 
last, leaving 


f ment la e e efe 
Fs Fiq-1q Siz 23 S34 Sq-1q Sg F 
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Fig. 2. Two 3-flowers 
composed to form a 4-flower. 
The common petal does not 
contribute to the integral 
because it occurs twice with 
opposite orientation 


By assumption the action is stationary on every 3-flower, so 


[mvs = ybi es f ly êZ = 0. 
F Fs 


Fiq-1q 


Proof (of Theorem 2.7) Consider a 3-flower S = Sij U Sj, U Szi around the point 
p = Sij Sj N Su. Denote its interior edges by 


0S; = Sij N Skis 0S; = SiR Sij, a Sk = Ski N Sg. 


On 0S;, ƏS; and 0S; we choose the orientations that induce negative orientation 
on p. We consider the case where these orientations correspond to the coordinate 
directions, as in Fig. 3. The cases where one or more of these orientations are opposite 
to the corresponding coordinate direction (see Fig. 4) can be treated analogously and 
yield the same result. 


Fig. 3 A 3-flower. Different D» 
petals induce the opposite 
orientation on the common Sij 
boundary 
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Fig. 4 Three of the other 3-flowers. The orientations of the interior edges do not all correspond to 
the coordinate direction 


We choose the orientation on the petals in such a way that the orientations of 0S;, 
95; and 0S; are induced by S;;, Sj, and Sp; respectively. Then the orientations of 
0S;, 0S; and ð Sp are the opposite of those induced by Ski, S;; and Sj, respectively 
(see Fig. 3). 

We will calculate 


[ows ôL = lor Y ZEJI lpr Y s+ | lpr Y L (8) 
s Sij Sj Su 


and require it to be zero for any variation VY which vanishes on the (outer) boundary 
of S. This will give us the multi-time Euler-Lagrange equations. 
For the first term of Eq. (8) we find 


9L;; 
E sem ff J Su, (7^) dt; ^ dt; 
f P á = ður 1 j 


ij 


JA 
a > J ÔU jj» jn (V) dt; ^ dt;. 
S, 


ðu 
uU 2.2. ri^ ju 


First we perform integration by parts with respect to t; as many times as possible. 


f ipy 8. = » Sc DD) = Pu ja aon ^ dt; 


Sij Sij Iži,j X,uz0 


=f 5 5 Se 1)" DF Lij Bu pan ju (X) dt. 


ðu 
98; Tzi, jà ,u207x=0 li> je 


Next integrate by parts with respect to t; as many times as possible. 


] eig n 353 ye DE DF Li 8u, (Y^) dt; ^ dt; (9) 


A ou 
Sij Sij Igi,j A,u>=0 ri^ je 
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zi Y Y SE I" DF 5 u Suja-nju(V)dt; — (10) 
i^ je 


a8; Ti, j 4,4>0 7=0 


-f A x $c D DIAS Lij i Adti. (11) 


aS; Igi,j A,u>=0 p=0 


The signs of (10) and (11) are due to the choice of orientations (see Fig. 3). We can 
rewrite the integral (9) as 


f yc 3j S sy 1 (7^ dt; ^ dt;. 
Sij 


Iži, j 


The last integral (11) takes a similar form if we replace the index u by B = u — p — 1. 


-f 5> S'e penn Ei no (V) dti 


88i Igi,j A4,u=0 p=0 


aL 
-- | > >) Cp? Di Ds s Fay urn O^) df 


98; Izi, j B,A,p>0 


-J E E ebro 


5 Igi,j pz0 


To write the other boundary integral (10) in this form we first perform integration by 
parts. 


LERA montero 
Ajk 


Si Iži, j A,u=0 x —0 


=- f Z> Se t^ D7 D a as Surp- (Y) dt; 
Up ju 


as; Iži, j à, u20 1—0 


À—1 p-1 ƏLi; 
F 2- > "- Dé ee Óupp-a- geo) 


Iži, j A,u=0 7=0 p=0 


P 


Then we replace A by æ = 4 — a — | and in the last term u by B =u — p — 1. 


2! >, )»32 1)” Drs Lu "d m lV) dt; 


Si 13i,j4,>07= 0 


aL 
=- f 2: 5 (iD? D7 Di F — —À Suri (Y^) dt; 
as 


j Igi, j e, 2:0 Tiere jn 
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+> > (- nto pr pe Ps gau, jo) 


un 
U p joan ;B+p+1 
Tdi, j o, B, p 0 Iit gite 


py Lij bij Lij 
--{ > 2 Lsu NaS NC C TH bun) 


ôu 1 1 
Sj Igi,j a>0 a Igi,j a, B>=0 Den jer 


p 


p 


Putting everything together we find 


Ji lp y ô? = 2 i 2154 bu (Y) dt, ^ dt; — ‘| 2 a PT (V dt; 
S, 


ij Sii rgj,j 98i rzi 


5L; 
bij "nda V)d ( 5 ») 
-f 2; oI) dt; + 2 uj (f^) 


as; T 


Pp 


Expressions for the integrals over S; and Sx; are found by cyclic permutation of the 
indices. Finally we obtain 


| lp y êZ = Pu = Sur (Y^) dt; ^ dt; 


Sij 2 j 


by Li re 
= f C "Su ur) LM E qusc) dt; 
35; uj TH Óu py 


Iži 


(= DE in) 
1 


+ cyclic permutations in i, j, k. 


P 
(12) 


From this we can read off the multi-time Euler-Lagrange equations. 0 


3 Pluri-Lagrangian Structure of the Sine-Gordon Equation 


We borrow our first example of a pluri-Lagrangian system from [21]. 
The Sine-Gordon equation u,, = sin u is the Euler-Lagrange equation for 


1 


L= xl — cosu. 
Consider the vector field o i. with 


1 3 
Q = Uxxx + AUX 


2 
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and its prolongation D, := »^, 9; Pu Itis known that D, is a variational symmetry 
for the sine-Gordon equation [18, p. 336]. In particular, we have that 


D; L =D, N +D, M (13) 
with 
1 1 1 
M= -> x F Lu , 
29s — gla t gts 
N= — ( in u) 
== , — U? COSU — uxx(uy, — sinu). 
7 Puy at Uu — Uxx(Uxy u 


Now we introduce a new independent variable z corresponding to the “flow” 
of the generalized vector field Dg, i.e. u, = y. Consider simultaneous solutions of 
the Euler-Lagrange equation i = 0 and of the flow u, = q as functions of three 
independent variables x, y, z. Then Eq. (13) expresses the closedness of the two-form 


L=Ldx ^dy — MdzAdx—Ndy ^ dz. 


The fact that dZ = 0 on solutions is consistent with Proposition 2.2. Hence 7 is a 
reasonable candidate for a Lagrangian two-form. 


Theorem 3.1 The multi-time Euler-Lagrange equations for the Lagrangian two- 


form 
LZ = Ly dx Ady + Lis dx ^A dz + Lz dy ^ dz 


with the components 


Li = zuy — cosu, (14) 

Liz = uds Las d : (15) 
2"^^ g*"2** 

Lo = - uyu + jud COS U + ux (uy — sinu), (16) 


consist of the sine-Gordon equation 


Uxy = Sin 4, 
the modified KdV equation 
1 
Uz = Uxxx + Pus 


and corollaries thereof. On solutions of either of these equations the two-form Z is 
closed. 
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Proof Let us calculate the multi-time Euler-Lagrange Eqs. (5)-(7) one by one: 


..— O12L12 : 
e The equation z0yllds...... trt tenen Uxy = Sin u. 
. O12L42 
For any a > 0 the equation = 0 yields 0 = 0. 
Sisk i 
e The equation Bs O yields i iere Ux; = Su Ux + uyxxx- 
| 613L13 
For any o > 0 the equation = 0 yields 0 = 0. 
: Uya 
L 
e The equation S esl) yields ...................... uy; = iul sinu + Uyy COS U 
693L 
The equation RA O yields nossen ena enn EEEE Uyxx = Uy COS U. 
Ux 
693L 
The equation 255-0 yields iiis t RR RR etis Uxy = sinu 
Uxx 
F | ô23 L23 . 
or any o > 2, the equation = 0 yields 0 = 0. 
Uxa 
ôi3L 693L 
e The equation = Ce yields i etis Uz = Uuyxx + jui. 
BnLi  ônL 
The equation IE eee yields uy. = Uxx. 
Óuxx ÓU yy 
613L ó»3L 
For any other 7 the equation DD ^ 2 yields 0 = 0. 
Ux uly 
ônL ôi3 L 
e The equation ju, E = yields tuy = iu. 
ôL ôi3L 
For any nonempty 7, the equation SEM ae ee yields 0 = 0. 
bury Our, 
ôL 693L 
e The equation A = n= ields uy = ju, 
ôL 693L 
For any nonempty 7, the equation sect yields 0 = 0. 
Ux uiz 
ôL 693L 613L 
e For any / the equation qp e p e ue 0 yields 0 = 0. 
ÓU xy Óu]y; ÔU Izy 


It remains to notice that all nontrivial equations in this list are corollaries of the 
equations uyy = sin u and u; = uy, + iui. derived by differentiation. 
The closedness of .Z? can be verified by direct calculation: 


1 
D; Li — Dy Lia + Di Ln = z ty -Fuyzuy) + uz sinu 
1 1 1 


— Züy;Mx — 


2 
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1 1 l, 
— Zzüx;Uy — zUiUyy + uxUxy COSU — 2" 


2 2 


+ Uxxx (uy — sinu) + uxx (Uxxy — Ux COSU) 


1 
3 . 
L-— («. — <u, — sss) (uy, — sin u). 


sinu 


2 
o 


Remark 3.2 The Sine-Gordon equation and the modified KdV equation are the sim- 
plest equations of their respective hierarchies. Furthermore, those hierarchies can be 
seen as the positive and negative parts of one single hierarchy that is infinite in both 
directions [14, Sect. 3c and 5k]. It seems likely that this whole hierarchy possesses 
a pluri-Lagrangian structure. 


4 The KdV Hierarchy 


Our second and the main example of a pluri-Lagrangian system will be the (potential) 
KdV hierarchy. This section gives an overview of the relevant known facts about 
KdV, mainly following Dickey [12, Sect. 3.7]. The next section will present its pluri- 
Lagrangian structure. 

One way to introduce the Korteweg-de Vries (KdV) hierarchy is to consider a 


formal power series 
oo 
-2k-1 
R= > TZ ; 
k=0 


with the coefficients rg = r,[u] being polynomials of u and its partial derivatives 
with respect to x, satisfying the equation 


Rexx + 4uR, + 2u,R — ZR, = 0. (17) 


Multiplying this equation by R and integrating with respect to x we find 
Td log 
RR, — ri TZ u— z R^ = C(z), (18) 


where C(z) = pem cyz ^ is a formal power series in z ?, with coefficients c being 


constants. Different choices of C(z) correspond to different normalizations of the 
KdV hierarchy. We take C(z) = $, le. Co = i and c; = O for k > 0. The first few 
coefficients of the power series R — roz ! riz? rz 5+... are 


1 
ro = 7 ri =u, 12 = Uxx + 3u’, F3 = Uxxxx + 10uus, + 5u? + 101. 


The Korteweg-de Vries hierarchy is defined as follows. 
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Definition 4.1 e The KdV hierarchy is the family of equations 
Uy = GCry[u]s. 


e Write gx[v] :— rg[vx]. The potential KdV (PKdV) hierarchy is the family of equa- 
tions 
Vy = gi|[v]. 


e The differentiated potential KdV (DPKdV) hierarchy is the family of equations 
Ven = (GilvDs- 
The right-hand sides of first few PKdV equations are 
gI = Vr, 82 = Vi FIV, 83 = Vas + MOV eva + 5v2, + 102. 


Remark 4.2 The first KdV and PKdV equations, u;, = ux, resp. vi, = Vx, allow us 
to identify x with fy. 


Proposition 4.3 The differential polynomials ry[u] satisfy 


Ore 


— = (4k — 2) ret, 
ou 


ô . ; on 
where s- is shorthand notation for 57. 


A proof of this statement can be found in [12, 3.7.11—3.7.14]. 


Corollary 4.4 Set h,[v] :— ign [v], then the differential polynomials gy and hx 


satisfy 
gk oh, 
Bh = (4k — 2) gı and = gr. 
vy àv, 


Before we proceed, let us formulate a simple Lemma. 


Lemma 4.5 For any multi-index I and for any differential polynomial f [v] we have: 


v (24) = 2 Bo 


OVix Ov, ov; 


Proof By direct calculation: 


ô f) ð 0 
».( L) =».( f D, f +D? f - 
OV] x OVIx OV x2 * OV7x3 
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ó 
=D, of D? of +D? EN] f 
OVIx ^ OVI ^ OVIx3 Ov, ov] 


We can now find Lagrangians for the the DPKdV equations. 


Proposition 4.6 The DPKdV equations are Lagrangian, with the Lagrange func- 
tions 


1 
Lly] = 2 x Vt — hiv]. 


Proof Since hy = "e 8x41 does not depend on v directly, it follows from Lemma 
4.5 and Corollary 4.4 that 


óL, ohy ohy 
Sv = — Vix àv = —Vnx + D, àv. 


= —Vnx + (8k)x- 


5 Pluri-Lagrangian Structure of PKdV Hierarchy 


Since the individual KdV and PKdV equations are evolutionary (not variational), it 
seems not very plausible that they could have a pluri-Lagrangian structure. However, 
it turns out that the PKdV hierarchy as a whole is pluri-Lagrangian. Let us stress that 
this structure is only visible if one considers several PKdV equations simultaneously 
and not individually. We consider a finite-dimensional multi-time R” parametrized 
by ti, f2,..., ty supporting the first N flows of the PKdV hierarchy. Recall that the 
first PKdV equation reads v; = vx, which allows us to identify ¢ with x. 

The formulation of the main result involves certain differential polynomials intro- 
duced in the following statement. 


Lemma 5.1 e There exist differential polynomials b;;[v] depending on v and vys, 
a > 0, such that 
Dx (gi)gj = Dx (bij). (19) 


e These polynomials satisfy 
bij + bji = 8i8;- (20) 


e The differential polynomials a;;[v] (depending on v,« and Vrat, Æ > 0) defined by 


Oh; Oh; à1hj 


aij :— Mau. "MESI Ty m (21) 
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satisfy 
Dj (hi) + D.(gi)vi, = Dx (ij). (22) 


Proof The existence of polynomials b;; is shown in [12, 3.7.9]. Since 
D, (bij F bji) = D, (gi)gj t 8i D. (gj) = Di(8igj). 


and since neither b;; + bj; nor g;g; contain constant terms, Eq. (20) follows. The last 
claim is a straightforward calculation using Lemma 4.5: 


à1hi by hj dy hj 
Ds (ig) = Dr wg rut 
91hj ôihi yh; 
= Vxtj 5 Xxtj Vex xxxtj m 
+v, D hi yy D àihi tva D dy hj 
fj X » C: DU xxtj Dx Tress 
ihi bhi 1hj 
T ô xxt ÓVxx Mey ÓVxxx 
à1hj oh; à1hj " oh 54h; " ah 
Vtj Vxtj Vxt; Vxxt; M 
tj àv tj 5 xtj àv, xtj vy Xxtj 8v, Xxtj Vex 
dy hi 
=D; hi — vj- 7 Py hi + Dx Bias 
0 


Now we are in a position to give a pluri-Lagrangian formulation of the PKdV 
hierarchy. 


Theorem 5.2 The multi-time Euler-Lagrange equations for the Lagrangian two- 
form Z = 20 Lij dt; ^ dt;, with coefficients given by 


1 
Lii = Lj = 2 xVt = h; (23) 
and 
1 1 20.4 
Lij := 508i — vagi) + (aij — aji) — 5 ii —bj) for j>i>1 (24) 
are the first N — 1 nontrivial PKdV equations 


Vh = 82, Vh = 83, sae Viy = 8N, 


and equations that follow from these by differentiation. 
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5.1 Variational Symmetries and the Pluri-Lagrangian Form 


Before proving Theorem 5.2, let us give an heuristic derivation of expression (24) for 
L;;. The ansatz is that different flows of the PKdV hierarchy should be variational 
symmetries of each other. (We are grateful to V. Adler who proposed this derivation 
to us in a private communication.) 

Fix two distinct integers i, j € (2, 3, ..., N}. Consider the the ith DPKdV equa- 
tion, which is nothing but the conventional two-dimensional variational system gen- 
erated in the (x, ¢;)-plane by the Lagrange function 


1 
Lily] = g= hi[v]. 


Consider the evolutionary equation v;, = g;[v], i.e., the jth PKdV equation, and the 
corresponding generalized vector field 


ð 
D, := ys 85, 
TZj 


We want to show that D,, is a variational symmetry of L;. For this end, we look for 
Li; such that 


Dg, (Lii) - Di (L) + De (Li) = 0. (25) 
Here, ie is the Lagrangian defined by (23) but with v;; replaced by g;: 


1 
LE? = VpS hj. 


1j 2 
We have: 
pi (11?) = vices + Zvi —Dilh), 
Dy) = 5) 50) — De (hi. 
Upon using (22) and (19), and introducing the polynomial 


(gp. " à1h Lu LT ) ôihi + 
jo 00s 8v, xs &j)xx EAE 


obtained from a;; through the replacement of v;, by gj, we find: 


, 1 1 
D; (LEP) - Dg Ga) = zw8; — 2 («vs — Di (hj) + De, Qu) 
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1 : 
Vrx&j z xvi (a ji)x + (gj)xvi; 4 (a) — (8))x8j 


1 
2 


= Y ndi t ein (aii aj) (2gi))x8j 
9. ite. 2 i ij " J 


1 ,) 
= zrg) + (af? — an) — Ou): 


We denote the antiderivative with respect to x of this quantity by 


The analogous calculation with coordinates x and f; yields 


1 
D (L1) — Dj (LW) = 3082. + (a; - at?) 4j. 
We denote its antiderivative by 


1 
iL = ~ 5 Mi 8i + (a; = ai) + bji. 

Now we look for a differential polynomial L;;[v] depending on the partial deriv- 
atives of v with respect to x, t; and t; that reduces to i. and to Es ) after the substi- 


tutions v,, = gj and v, = gi, respectively. It turns out that there is a one-parameter 
family of such functions, given by 


1 1 1 
Lij = cvvi + (aij — aji) + (5 = e) vngj — G + c) vr gi + 5 ji — bij) t cgigj 
for c € R. Checking this is a straightforward calculation using Eq. (20). Our theory 
does not depend in any essential way on the choice of L;; within this family. For 
aesthetic reasons we chose c — 0, which gives us Eq. (24). 


Remark 5.3 We could also take .Z? to be the c-linear part of the form we have just 
obtained, i.e. Z = y EPSEC, — gi)(vi; — gj) dt; ^ dt;. One can think of this as 
choosing c = oo. Such a two-form -Z can be considered for any family of evolu- 
tionary equations v, = g;[v]. However, due to the vanishing components Zi, this 
form .Z/ has no relation to the classical variational formulation of the individual 
differential equations vy, = (g;)x- 


Eventually, Eq. (25) leads to the following closedness property. 


Proposition 5.4 The two-form Z = ba Lij dt; ^ dtj, with coefficients given by 
(23) and (24), is closed as soon as v solves all but one of the PKdV equations 
Vip = 82, ..., Viy = N- 
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Proof We use the notation 
dL = Do Mix dt, Adt; ^d, Mj, = Dy Lij — Dj Lik + Dj Lin — Q6 
i<j<k 
We start by showing that M, j, = Dy Li; — Dj Lik + Dy Lj, vanishes as soon as 


either v; = gj or v;, = gx is satisfied. Indeed, we have: 


Mi jx = Dz Li; — Dj Lik + Dy Ljk 
1 1 1 


= 2 "tjt Yx sp 2 "tj Yat D; hj 2 


Vr Vx — 7, Vu Vat, + Dj hy 


1 
a (Vig + vi; Dx gx — vx 8; — Vn Dx gj) 


1 
+ Dh; + v, Dx gj - Dj hy — vi D, ge — z (8k Dx 8; — 8; Dx 8x) 


1 
= 5( t; Vx, — Vr Vxt; + Vi; 8k — Vi; Dx gk 
— Vy gj + Vi Dx gj — gx Dx gj + gj Dx s) 
1 1 
x (v, — gj) Dx (v — gx) — 5 (v — gx) Dx (vi, — gj). (27) 


For the case i, j, k > 1, we assume without loss of generality that v, = g; and vj; = 
gj are satisfied. We do not assume that v,, = gą holds, and correspondingly we do 
not make any identification involving v; , v,;, .... Using Eq. (27), we find: 
Dy Mij = D; (Dx Lij — Dj Lik + Di Lk) 
— D; (D; Lij = D; Lii) = Dj (D; Lik = D; Li) + D; (D; Liz = Di Lij) 
=0. 


Since these polynomials do not contain constant terms, it follows that 
D, Li; — D; Li - D; Lir = 0. 
0 


Remark 5.5 Assuming that the statement of Theorem 5.2 holds true, one can easily 
prove a somewhat weaker claim than Proposition 5.4, namely that the two-form 7 is 
closed on simultaneous solutions of all the PKdV equations. Indeed, by Proposition 
2.2, df is constant on solutions of the multi-time Euler-Lagrange equations v; = gi. 
Vanishing of this constant follows from the fact that d- = 0 on the trivial solution 
v=0. 
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5.2 The Multi-time Euler-Lagrange Equations 
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Proof (of Theorem 5.2) We check all multi-time Euler-Lagrange Eqs. (5)-(7) indi- 
vidually. If N > 3, we fix k > j >i > 1.If N = 3, we take j = 3,i = 2, and in the 
following ignore all equations containing k. We use the convention L ;; = —Li;, etc. 


Equations (7) 


e The equations 
óuLij 4 bij Lij ES àjjLj 


=0 
OVI xt OVI 2; OV 
and 
ójjLij " 5 ja L jx E Oni Lii = 
Ovi; ÔVIt ty OVI nt; 
are trivial because all terms vanish. 
Equations (6) 
e The equation 
óyLi Si Lii 
ôv — vi, 
yields 
1 ójhj 1 ójjdij 
Vr, = -gi 
2" aye —2" gu 
1 bij ôihi bh; = ôihi 
= 5 ; Vt:x Vt: xx 
29 wA ues Mia O eae 
d ôihi 
=e Bye 
This simplifies to the PKdV equation 
Vi = 8i 
e Fora > 0, the equation 
óuLu — ôijLji 
OVyat! ~ OVE, xa 
yields 
ôiihi bij ôihi 2: à1hj y ôihi i 
= : Vt: x — T Vus 
dman We NI Bv, IS is UM 


+...) 


(28) 
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ôihi 


> , 
OVyo+1 


which is trivial. 
e Similarly, the equation 


ôV DUM 
yields PKdV equation 
vn = gj, (29) 
and for a > 0, the equation 
ÔVya+1 OV 4, xo 


is trivial. 
e All equations of the form 
DU SHOE ngn ad 4a (gr) 


ÔVxI INI ÔVxI ôV I 


where / contains any t; (l > 1) are trivial because each term is zero. 


e The equations 
óuLui — Ala 


xél 

ÓVr;, vr ed 
ang 6;;L SiL 
ij Lij ikLik 

— (t; € I) 
vr, ÓVIg, 


are easily seen to be trivial as well. 


Equations (5) 
. Ohi; . ; 
e By construction, the equations = 0 fori > 1 are the equations 
v 
Vet, = D, 8i- (30) 


bj Laii 


For / containing any tj, l > 1,1 Æ i, the equations = 0 are trivial. 


Vt 
e The last family of equations we discuss as a lemma because its calculation is far 
from trivial. 


bij Lij 
Vye 


Lemma 5.6 The equations 


= 0 are corollaries of the PKdV equations. 
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Proof (of Lemma 5.6) From Eq. (24) we see that the variational derivative of L;; 
contains only three nonzero terms, 


ÓjLj OL; oLj; ALi; 
Eu n a. j Dj i). (31) 
ÓVya QVya OVyor, OVyar, 


óijLij 
In particular, the equation 


= 0 yields D; g; — Dj gi = 0, that is, the com- 
patibility condition of the flows — = gj and v,, = gj. To determine the first term on 
the right hand side of Eq. (31) for an arbitrary œ > 0, we use an indirect method. 
Assume that the dimension of multi-time N is at least 4 and fix k > 1 distinct from 
i and j. Let v be a solution of all PKdV equations except v, = gx. By Proposition 
5.4 we have 


OLij 
1 3v. d = D; Lij =D; Lik — Di Li. (32) 
I 
I 


ab 
Since — does not contain any derivatives with respect to t,, we can determine 


d by locis at the terms in the right hand side of Eq. (32) containing v,«;,. These 
are 


p; (- ee ev DE aes) 

gore TOME Ug 

-»(- i mL CT mes). 
i QË "k um Yxtk g 


Now we expand the brackets. By again throwing out all terms that do not contain 
any vy«;,, and those that cancel modulo v, = g; or y; = gj, We get 


àihi àih; àihj 
— Vh, D; 8v, + Ven D; àv + vu Dj BVexx SE xs 
àihj oh; à1h j 
+ Vi D; ( ati) — Vrt D; (22) — Vuxt, Dj (222) v 
Comparing this to Eq. (32), we find that 
9Lij bh; Oh; 
= — D; D; ; 
QVya (25 TU SVya+1 


On the other hand we have 


OLi; 0Li; àhj ôihi 
D; 7 Dj J = D; pP Dj : ; 
QVyo, OVyor, OVya+! OVyat! 
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so Equation (31) implies that us = 0 for any a. 
Vya 


ô23 L23 


Since = 0 does not depend on the dimension N > 3, the result for N > 4 


Vya 
implies the claim for N = 3.0 


This concludes the proof of Theorem 5.2. 0 


6 Relation to Hamiltonian Formalism 


In this last section, we briefly discuss the connection between the closedness of .Z 
and the involutivity of the corresponding Hamiltonians. 

In Proposition 2.2 we saw that d is constant on solutions. For the one- 
dimensional case (d = 1) with & depending on the first jet bundle only, it has 
been shown in [20] that this is equivalent to the commutativity of the corresponding 
Hamiltonian flows. If the constant is zero then the Hamiltonians are in involution. 
Now we will prove a similar result for the two-dimensional case. 

We will use a Poisson bracket on formal integrals, i.e. equivalence classes of 
functions modulo x-derivatives [12, Chap. 1—2]. In this section, the integral sign f 
will always denote an equivalence class, not an integration operator. The Poisson 
bracket due to Gardner-Zakharov-Faddeev is defined by 


x) à1G 


Ur Jo} = f (p.57 p 


Using integration by parts, we see that this bracket is anti-symmetric. Less obvious 
is the fact that it satisfies the Jacobi identity [18, Chap. 7]. As we did when studying 
the KdV hierarchy, we introduce a potential v that satisfies v, = u, and we identify 
the space-coordinate x with the first coordinate t; of multi-time. We can now re-write 
the Poisson bracket as 


ài FX ôG 6, F êG 
UF fo} = [ (b ; ); - [F< (33) 


óv, J óv, 


for functions F and G that depend on the x-derivatives of v but not on v itself. 
Assume that the coefficients L,; of the Lagrangian two-from .Z' are given by 


1 
Lij = aaa —hj, 


where A; is a differential polynomial in v,, Vxx, .... This is the case for the PKdV 
hierarchy. The Lı; are Lagrangians of the equations 


Vu; = Dy gj or u, = Dy gj, 
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where gj :— AM hence 5 = — D, g;. It turns out that the formal integral fh; 
is the Hamilton functional for the equation u;, = D, g; with respect to the Poisson 
bracket (33). Formally: 


oth; 
{[hj.uQ)} = (fj. fust- ») = ] e y» 2D. gj), 


where ó denotes the Dirac delta. 


Theorem 6.1 [fd = 0 on solutions, then the Hamiltonians are in involution, 


[As fh = 0. 
Proof Recall notation (26). We have 
JM = [ (D Lp 7 Dj Lu Diu) 
= f (=D; Lu +D: Li) 
1 


1 1 1 
= J (3r T Ve Maty +D; hk + 2 xat + VeVi T Di Ly) 


1 
= / (5e, = Vt; Vs.) = D, Lij + Dj m) 


Using Eq. (21) (which, as opposed to Eq. (19), is independent of the form of h; and 
gi), the evolution equations v;, = g;, and integration by parts, we find that 


1 
[Mi = J (Oav — vuv) — Dx ajk + Vy Dy 8j + Dy akj — Vij D.) 


1 
= J (-36 D, gr — 8r Dx gj) - Dx ajr + Ds ay) 


= f aD 
B e 8h, 

ôv ôv; 
= Uh. fh}. 


Hence if d- = 0 on solutions of the evolution equations v;, = g j, then the Hamilton 
functionals are in involution. O 
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7 Conclusion 


We have formulated the pluri-Lagrangian theory of integrable hierarchies, and pro- 
pose it as a definition of integrability. The motivation for this definition comes from 
the discrete case [10, 13, 20] and the fact that we have established a relation with the 
Hamiltonian side of the theory. For the Hamiltonians to be in involution, we need the 
additional fact that the Lagrangian two-form is closed. However, we believe that the 
essential part of the theory is inherently contained in the pluri-Lagrangian formalism. 

Since the KdV hierarchy is one of the most important examples of an integrable 
hierarchy, our construction of a pluri-Lagrangian structure for the PKdV hierarchy 
is an additional indication that the existence of a pluri-Lagrangian structure is a 
reasonable definition of integrability. 

It is remarkable that multi-time Euler-Lagrange equations are capable of produc- 
ing evolutionary equations. This is a striking difference from the discrete case, where 
the evolution equations (quad equations) imply the multi-time Euler-Lagrange equa- 
tions (corner equations), but are themselves not variational [10]. 
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A. A very short introduction to the variational bicomplex 


Here we introduce the variational bicomplex and derive the basic results that we 
use in the text. We follow Dickey, who provides a more complete discussion in 
[12, Chap. 19]. Another good source on a (subtly different) variational bicomplex is 
Anderson’s unfinished manuscript [2]. For ease of notation we restrict to real fields 
u : RN — R, rather than vector-valued fields. 

The space of (p, q)-forms </”” consists of all formal sums 


c^ = S f dur, A... A buy, ^ dtj ^... ^ dtj,, 
where f is a polynomial in u and partial derivatives of u of arbitrary order with 


respect to any coordinates. The vertical one-forms ôu; are dual to the vector fields 
a The action of the derivative D; on «^4 is 


D; oP = V (D; f) un ^... ^ Bur, ^ dt; ^... ^ tj, 


+ funi A... ^ duy, Adti A... ^ drj, 
+... + fduy, A... Auri A dt ^... A dti. 


The integral of w” over an q-dimensional manifold is the (p, 0)-form defined by 
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fort =f 12^.) nim, 


We call (0, g)-forms horizontal and (p, 0)-forms vertical. The horizontal exterior 
derivative d : APD — of (P4*U and the vertical exterior derivative 8 : A PD > 
of P * 4) are defined by the anti-derivation property 


(a) d (p^ Kit) = da?" Re 4 (=1)7 +4 on Ades e 


5 [orn ^ abt) E bop" jupes E (—=1)P +1 akha Auot 


and by the way they act on (0, 0)-, (1, 0)-, and (0, 1)-forms: 


9f of 9f 
(b df — 2P, fdt; = 2. (3 + 2; suy Ju; ôf = 2; aut 
(c) dàuj) = — S ôurj ^ drj, (uj) = 0, 
J 
(d) d(dr;) 2 0, (drj) =0, 8(duy) = —d(8uj) = M Suz; ^ dtj. 
j 


Properties (a)-(d) determine the action of d and ô on any form. The corresponding 
mapping diagram is known as the variational bicomplex. 


te 43 ts ts 


AWD SGD SS Gr Sy colin) 
^5 ^5 ^5 ^5 


ADS GOV KL S gr) S gyn) 


The following claims follow immediately from the definitions. 
Proposition A.1 We have d? = 6? = 0 and dé + 6d = 0. 


Remark A.2 This implies that d + 8 : o/* — o/**+!, where c/* :— (Jf o of 6-9, is 
an exterior derivative as well. 


Proposition A.3 We have Dj ô = 6 Dj. 


Proposition A.4 For a differential polynomial h, define the corresponding vertical 
generalized vector field by 0, :— 5; hy ae We have dta, + 13, d = 0. 


Proof It suffices to show this for (0,0)-forms (polynomials f in u and partial deriva- 
tives of u), for (0,1)-forms dt;, and for (1,0)-forms du;. For (0,0)-forms, both terms 
of the claimed identity are zero: 


(in 7) eo. s m (Xr; ra) =0 
J 
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Likewise for (0,1)-forms: 
d( ts, rj) — 0, 15, (ddt;) = 0. 


For (1,0)-forms we find: 


la, (dóu;) = la, (- 93077 ^a) = — hi dt; = —dh; = -d( n, bur). 
j 


j 


B. Proof of Lemma 2.4 


Assume that the action is stationary on all d-dimensional stepped surfaces in R”. Let 
S be a smooth d-dimensional surface in R”. Partition the space R” into hypercubes 
C; of edge length £. We can choose this partitioning in such a way that the surface S 
does not contain the center of any of the hypercubes. Denote SN := S N Cj. 

We give each hypercube its own coordinate system [—1, 1]" — C; and identify 
the hypercube with its coordinates. In each punctured hypercube [—1, 1]" \ {0} we 
define a family of balloon maps 


ax 
L——— dfxllmax <a 
BN: N \ {0} > [-1, 11" V (0) : x e 4 [4 Ilmax 
x if |x [max > a 
fora € [0, 1]. Here, ||x||max := max(|xı], . . . |x|) denotes the maximum norm with 


respect to the local coordinates. The idea is that from the center of each hypercube, 
we inflate a square balloon which pushes the curve away from the center, until it lies 
on the boundary of the hypercube. 

Indeed, the deformed surface S d: BN cs j= BAN (S N C;) lies on the bound- 
ary of the hypercube, i.e. within the (N — 1)-faces of the hypercube. We want it to lie 
within the d-faces of the hypercube, which would imply that it is a stepped surface. 
To achieve this, we introduce a balloon map 


QX 
; Tn if IX ll max <Q 
44M : [-1, 1]! NV {0} > [71, 147? {0}: x e. 4 [lll max 


x if ||x||max 2 o 


in each of the (N — 1)-faces C i of the hypercube C;, which pushes the surface into 
the (N — 2)-faces. We denote the surface we obtain this way by S; N-? Tf the surface 
happens to contain the center of a (N — 1)-face, we can slightly perturb the surface 
without affecting the argument. By iterating this procedure, using balloon maps Bel 
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in each k-face cj (N > k 2 d + 1), we obtain a surface S? that lies in the d-faces 
(Figs. 5 and 6). 
Consider the (d + 1)-dimensional surface 


N 
m:= |] U U nob 


k=d+1 j: gi isa a €[0,1] 
k -face of C; 


that is swept out by the consecutive application of the balloon maps to S nd = SNC;. 
Assuming that £ is small compared to the curvature of S, the (d + 1)-dimensional 
volume of each of the [ J, 4 ij D (Sk N C7) is of the order &4*!. The number of 
such volumes making up M; only depends on the dimensions N and d, not on e, so 
the (d + 1)-dimensional volume |M;| of M; is of the order |M;| = O(e4*). 

Now consider a variation ⁄ with compact support and restrict the surface S to 
this support. Denote by S:= U; sé the stepped surface obtained from S by repeated 
application of balloon maps in all the hypercubes, and by M := UJ; Mi the (d + 1)- 
dimensional surface swept out by these balloon maps. The bounary of M consists 
of S, s. and a small strip of area ? (£) connecting the boundaries of S and E (the 
dotted line in Fig. 5). The number of hypercubes intersecting S is of order £77, so 
IM| = € (s) G(e4*!) = C(e). It follows that 


IEEE = " inv 8L| + O16) 
S S aM 
= |j d (ip; y 22 + 60(8)—0 
M 


as € — 0. By assumption, Selo êZ = 0 for all £, so the action on S will be 
stationary as well. O 


Fig.5 Balloon maps in nine adjacent squares deforming a curve in R?. From left to right: a = 0.2, 
a = 0.7 anda = 1 


On the Lagrangian Structure of Integrable Hierarchies 377 


Fig. 6 The second and last iteration for a curve in RÌ. From left to right: a = 0.1, œ = 0.6 and 
a=1 
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On the Variational Interpretation 
of the Discrete KP Equation 


Raphael Boll, Matteo Petrera and Yuri B. Suris 


Abstract We study the variational structure of the discrete Kadomtsev-Petviashvili 
(dKP) equation by means of its pluri-Lagrangian formulation. We consider the dKP 
equation and its variational formulation on the cubic lattice Z as well as on the root 
lattice Q (Axy). We prove that, on a lattice of dimension at least four, the corresponding 
Euler-Lagrange equations are equivalent to the dKP equation. 


1 Introduction 


We developed the theory of pluri-Lagrangian problems (integrable systems of varia- 
tional origin) in recent papers [2—6, 15, 16], influenced by the fundamental insight of 
[11—13, 17]. Inthe present paper, we consider the pluri-Lagrangian formulation of the 
discrete bilinear Kadomtsev-Petviashvili (AKP) equation on three-dimensional lat- 
tices and its consistent extension to higher dimensional lattices. This equation belongs 
to integrable octahedron-type equations which were classified in [1]. A Lagrangian 
formulation of this equation was given in [13]. There, the authors consider a discrete 
3-form on the lattice Z? together with the corresponding Euler-Lagrange equations 
which are shown to be satisfied on solutions of the dKP equation. They also show 
that this 3-form is closed on solutions of the dKP equation, namely, the so-called 
4D closure relation is satisfied. The main goal of the present paper is to provide a 
more precise understanding of the findings in that paper. More concretely: 


e Intheframework of the pluri-Lagrangian formulation, we construct the elementary 
building blocks of Euler-Lagrange equations, which, in the present situation, are 
the so-called 4D corner equations. 
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e In the two-dimensional case, as noticed in [4], the corresponding 3D corner equa- 
tions build a consistent system. Its solutions are more general then the solutions 
of the underlying hyperbolic system of quad-equations. On the contrary, in the 
present three-dimensional situation, the system of 4D corner equations is not con- 
sistent in the usual sense (i.e., it does not allow to determine general solutions 
with the maximal number of initial data). However, this system turns out to be 
equivalent, in a sense which we are going to explain later, to the corresponding 
hyperbolic system, namely the dKP equation. 

e We provide a rigorous consideration of the branches of the logarithm functions 
involved in the Euler-Lagrange equations. This leads to the following more precise 
result: the system of 4D corner equations is equivalent, and thus provides a varia- 
tional formulation, to two different hyperbolic equations, namely the dKP equation 
itself and its version obtained under inversion x +> x^! of all fields which will be 
denoted by dKP. 


One can consider the dKP equation on the cubic lattice Z? and its higher dimen- 
sional analogues ZN, but, as discussed in [1, 8, 9] another natural setting the dKP 
equation (and related octahedron-type equations) is the three-dimensional root lattice 


Q(A3) := (ni, nj, ny, ng) : ni +nj t ni +n =O}. 


Also in this setting, the dKP equation can be extended in a consistent way to the 
higher dimensional lattices Q(Ay) with N > 3. 

Both lattices have their advantages and disadvantages. The cubic lattice Z™ , on the 
one hand, is more manageable and easier to visualize. Its cell structure is very simple: 
for every dimension N, all N-dimensional elementary cells are N -dimensional cubes. 
On the other hand, it is less natural to consider dKP on the lattice Z?, because this 
equation depends on the variables assigned to six out of eight vertices of a (three- 
dimensional) cube. 

The root lattice Q(A y), in contrast, has a more complicated cell structure, because 
the number of different N-dimensional elementary cells increases with the dimen- 
sion N. For instance, for N — 3 there are two types of elementary cells octahedra 
and tetrahedra. Moreover, especially in higher dimensions, a visualization of the ele- 
mentary cells is difficult, if not impossible. However, this lattice is more natural for 
the consideration of dKP from the combinatorial point of view, because this equation 
depends on variables which can be assigned to the six vertices of an octahedron, one 
of the elementary cells of the lattice. Furthermore, the four-dimensional elementary 
cells are combinatorially smaller (they contain only 10 vertices, as compared with 
16 vertices of a four-dimensional cube) and possess higher symmetry than the cubic 
ones. Since they support the equations which serve as variational analogue of the 
dKP equation, this leads to a simpler situation. 

We will see that a four-dimensional cube is combinatorially equivalent to the sum 
of four elementary cells of the root lattice Q(A4). Therefore, several results in the 
cubic case can be seen as direct consequences of results of the more fundamental 
Q(An)-case. 


On the Variational Interpretation of the Discrete KP Equation 381 


Let us start with some concrete definitions valid for an arbitrary N-dimensional 
lattice Z. 


Definition 1.1 (Discrete 3-form) A discrete 3-form on X is a real-valued function 
Z of oriented 3-cells o depending on some field x : 2 — IR, such that .Z changes 
the sign by changing the orientation of c. 


For instance, in Q(Ay), the 3-cells are tetrahedra and octahedra, and, in Z^, the 
3-cells are 3D cubes. 


Definition 1.2 (3-dimensional pluri-Lagrangian problem) Let Z be a discrete 3- 
form on 2 depending on x : 2 — R. 


e To an arbitrary 3-manifold X C 2’, i.e., a union of oriented 3-cells which forms 
an oriented three-dimensional topological manifold, there corresponds the action 
functional, which assigns to x | yx), i.e., to the fields in the set of the vertices V (X) 
of X, the number 


Sz := w qu). 


cex 


e We say that the field x : V(X) > R is a critical point of Sy, if at any interior 
point 1 € V(X), we have 


ƏSs — 
ax(n) - E (b 


Equation (1) are called discrete Euler-Lagrange equations for the action S. 

e We say that the field x : 2 — IR solves the pluri-Lagrangian problem for the 
Lagrangian 3-form X if, for any 3-manifold X C X , the restriction x|v(x; isa 
critical point of the corresponding action Sz. 


In the present paper, we focus on the variational formulation of the dKP equation on 
Q(Ax) and Z”. Let us formulate the main results of the paper. 

On the lattice Q(Ay), we consider discrete 3-forms vanishing on all tetrahe- 
dra. One can show (see Corollary 2.5) that, for an arbitrary interior vertex of any 
3-manifold in Q(Ay), the Euler-Lagrange equations follow from certain elemen- 
tary building blocks. These so-called 4D corner equations are the Euler-Lagrange 
equations for elementary 4-cells of Q(Ay) different from 4-simplices, so-called 
4-ambo-simplices. Such a 4-ambo-simplex has ten vertices. Therefore, the crucial 
issue is the study of the system consisting of the corresponding ten corner equations. 
In our case, each corner equation depends on all ten fields at the vertices of the 4- 
ambo-simplex. Therefore, one could call this system consistent if any two equations 
are functionally dependent. It turns out that this is not the case. We will prove the 
following statement: 


Theorem 1.3 Every solution of the system of ten corner equations for a 4-ambo- 
simplex in Q(Ay) satisfies either the system of five dKP equations or the system of 
five dKP equations on the five octahedral facets of the 4-ambo-simplex. 
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Thus, one can prescribe arbitrary initial values at seven vertices of a 4-ambo-simplex. 
We will also prove the following theorem: 


Theorem 1.4 The discrete 3-form Z is closed on any solution of the system of 
corner equations. 


In [4, 15], it was shown that in dimensions 1 and 2 the analogues of the property 
formulated in Theorem 1.4 are related to more traditional integrability attributes. 

For the case of the cubic lattice Z^, the situation is similar: one can show (see 
Corollary 4.2) that, for an arbitrary interior vertex of any 3-manifold in Z?, the Euler- 
Lagrange equations follow from certain elementary building blocks. These so-called 
4D corner equations are the Euler-Lagrange equations for elementary 4D cubes in 
Z^. A 4D cube has sixteen vertices, but in our case the action on a 4D cube turns out 
to beindependent of the fields on two of the vertices. Therefore, the crucial issue is the 
study of the system consisting of the corresponding fourteen corner equations. Six of 
the fourteen corner equations depend each on thirteen of the fourteen fields. There do 
not exist pairs of such equations which are independent of one and the same field. All 
other equations depend each on ten of the fourteen fields. Therefore, one could call 
this system consistent if it would have the minimal possible rank 2 (assign twelve 
fields arbitrarily and use two of the six corner equations—depending on thirteen 
fields—to determine the remaining two fields, then all twelve remaining equations 
should be satisfied automatically). It turns out that the system of the fourteen corner 
equations is not consistent in this sense. We will prove the following analogue of 
Theorem 1.3: 


Theorem 1.5 Every solution of the system of fourteen corner equations for a 
4D cube in ZN satisfies either the system of eight dKP equations or the system 
of eight dKP equations on the eight cubic facets of the 4D cube. 


Thus, one can prescribe arbitrary initial values at nine vertices of a 4D cube. Corre- 
spondingly, we will also prove the following statement: 


Theorem 1.6 The discrete 3-form Z is closed on any solution of the system of 
corner equations. 


The paper is organized as follows: we start with the root lattice Q(Ay), thus con- 
sidering the combinatorial issues and some general properties of pluri-Lagrangian 
systems. Then we introduce the dKP equation and its pluri-Lagrangian structure. In 
the second part of the paper the present similar considerations for the cubic lattice Z”. 


2 The Root Lattice Q(Ay) 


We consider the root lattice 


Q(Ax) := [n := (no, mi, ..., ny) € ZT : ng E ni +...+nn m 0), 
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where N > 3. The three-dimensional sub-lattices Q(A3) are given by 
Q(A3) :— ((ni, nj, ny, Ne) : ni +nj +g + n, = const}. 
We consider fields x : Q(Ay) — R, and use the shorthand notations 
Xx; = x(n — ei), x — x(n), and x; =x(n+e;), 


where e; is the unit vector in the ith coordinate direction. Furthermore, the shift 
functions 7; and 7; are defined by 


Tix, :— xijg and Trxy = xig 


for a multiindex o. For simplicity, we sometimes abuse notations by identifying 
lattice points n with the corresponding fields x (n). 

We now give a very brief introduction to the Delaunay cell structure of the n- 
dimensional root lattice Q (Ay) [7, 14]. Here, we restrict ourselves to a very elemen- 
tary description which is appropriate to our purposes and follow the considerations 
in [1]. For each N there are N sorts of N-cells of Q(Ay) denoted by P(k, N) with 
k=1,...,N: 

e Two sorts of 2-cells: 

P (1,2) : black triangles|ijk] :— (xi, xj, xx}; 

P (2, 2) : white triangles[ijk] :— (xij, xix, Xj}; 
e Three sorts of 3-cells: 

P (1,3) : black tetrahedra| i jk£ | :— (xi, xj, xy, xe}; 

P(2,3): octahedra[i j k£] = {xij, Xiks Xil, Xjk, X je, Xkey; 

P (3, 3) : white tetrahedra[i]k£] :— {Xijk, Xije, Xikes Xjkehs 
e Four sorts of 4-cells: 

P (1, 4) : black 4-simplices|i jk£m | :— (xi, xj, Xk, Xt; Xm}; 

P (2, 4) : black 4-ambo-simplices |i jk£m | :— {xap : a, B € (i, j,k, £, mJ, o A By; 

P (3,4) : white 4-ambo-simplices[i kém] :— (xogy : o, B, y € (i, j, k, £, m], 

at Bey +a; 


P(4, 4) : white 4-simplices[i jk£m] :— {Xijke, Xijkms Xijems Xikems X jktm]- 


The facets of 3-cells and 4-cells can be found in Appendix 1. 

In the present paper we will consider objects on oriented manifolds. We say that 
a black triangle [ijk] and white triangle [ijk] are positively oriented if i < j < k 
(see Fig. 1). Any permutation of two indices changes the orientation to the opposite 
one. 

When we use the bracket notation, we always write the letters in brackets in 
increasing order, so, e.g., in writing |;jk| we assume that i < j < k and avoid the 
notation | jik] or |ikj | for the negatively oriented triangle —|ijk]. 

There is a simple recipe to derive the orientation of facets of an N-cell: On every 
index in the brackets we put alternately a “+” or a “—” starting with a “+” on the 
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Fig. 1 Orientation of (a) x (b) x Xik 
triangles: a the black triangle 
Lijk]; b the white triangle 
[ijk] 
xi Xj Xi 


last index. Then we get each of its facets by deleting one index and putting the 
corresponding sign in front of the bracket. For instance, the black 4-ambo-simplex 


+-+-+ 
Lijk&êm] 


has the five octahedral facets [ijk£], —[i jkm], [ij £m], —[ik£m], and [jk£m]. 
The following two definitions are valid for arbitrary N-dimensional lattices 2”. 


Definition 2.1 (Adjacent N-cell) Given an N-cell c, another N-cell o is called 
adjacent to o if c and o share a common (N — 1)-cell. The orientation of this 
(N — 1)-cell in o must be opposite to its orientation in c. 


The latter property guarantees that the orientations of the adjacent N-cells agree. 


Definition 2.2 (Flower) A 3-manifold in 2 with exactly one interior vertex x is 
called a flower with center x. The flower at an interior vertex x of a given 3-manifold 
is the flower with center x which lies completely in the 3-manifold. 


As a consequence, in Q(Ay), in each flower every tetrahedron has exactly three 
adjacent 3-cells and every octahedron has exactly four adjacent 3-cells. 

Examples for open 3-manifolds in Q(Ay) are the three-dimensional sub-lattices 
Q(A3). Here, the flower at an interior vertex consists of eight tetrahedra (four black 
and four white ones) and six octahedra. 

Examples of closed 3-manifolds in Q(Ay) are the set of facets of a 4-ambo- 
simplex (consisting of five tetrahedra) and the set of facets of a 4-ambo-simplex 
(consisting of five tetrahedra and five octahedra). 

The elementary building blocks of 3-manifolds are so-called 4D corners: 


Definition 2.3 (4D corner) A 4D corner with center x is a 3-manifold consisting 
of all facets of a 4-cell adjacent to x. 


In Q(Ay), there are two different types of 4D corners: a corner on a 4-simplex 
(consisting of a four tetrahedra) and a corner on a 4-ambo-simplex (consisting of 
two tetrahedra and three octahedra), see Appendix 2 for details. 

The following combinatorial statement will be proven in Appendix 3: 


Theorem 2.4 The flower at any interior vertex of any 3-manifold in Q(Ayw) can be 
represented as a sum of 4D corners in Q(Ay 42). 
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Let -Z be a discrete 3-form on Q(Ay). The exterior derivative d¥ is a discrete 
4-form whose value at any 4-cell in Q(Ay) is the action functional of # on the 3- 
manifold consisting of the facets of the 4-cell. For our purposes, we consider discrete 
3-forms .Z? vanishing on all tetrahedra. In particular, we have 


d.Z(|ijktm]) 2 0 and d.Z(Vijktm]) 2 0 


since a 4-simplices only contain tetrahedra. The exterior derivative on a black 4- 
ambo-simplex |ijk£m | is given by 


giikim = dZ(ijktm]) (2) 
= Lijk) + L(lijkm)) + LCijem)) + Likem) + LC ktmp. 


The exterior derivative on a white 4-ambo-simplex [i jk£m] is given by 


Sikem .— d V(ijktm]) 
= L£(Tmlijke]) + 2(-Telijkm]) cji] + 2(—-T,;[ikem]) 
+ LT [jkem)). 
(3) 


Accordingly, the Euler-Lagrange equations on black 4-ambo-simplices |ijk£m | 
are 


ggiikun agiikem gg kin g gii kem g siken 
— = U, = = 0, = = VU, = = U, = = 0, 
0xij OXik OXie OXim OX jk 
agiiken agiikem agiiken agiiken agiiken 
=—=0, -2—=0, =— =0, =— =0, =— =0. 
OX je OX jm OXke OXkm IXem 
(4) 
and the Euler-Lagrange equations on white 4-ambo-simplices [ijk€m] are 
a giikem g giiken ggiktn ggiktn ggiktn 
i 0, i 0, — y mi a —= 0, 
OXi jk OXije OXijm OXike OXikm 
g siikem g siikem g siikem g Sijktm g Sijktm 
OXitm f Oxjee OX jem — Axjem | «= 0Xum — 
(5) 


The last two systems are called corner equations. 
The following statement is an immediate consequence of Theorem 2.4: 


Theorem 2.5 For discrete every 3-form on Q(Ay) and every 3-manifold in Q(Ay) 
all corresponding Euler-Lagrange equations can be written as a sum of corner 
equations. 
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3 The dKP Equation on Q(Ay) 


We will now introduce the dKP equation on the root lattice Q(A3). Every oriented 
octahedron [ijk£] (i < j < k < €)in Q(A3) supports the equation 


XijXke — XikX je + XigX je = O. (6) 


We can extend this system in a consistent way (see [1]) to the four-dimensional 
root lattice Q(A4) and higher-dimensional analogues, such that the five octahedral 
facets [/jk£], [jk£m], —[ik£m], [ijm£], and —[ijkm] of the black 4-ambo-simplex 
Lijk£m | support the equations 


XijXke — XikX je + Xiex jk = 0, 

XjkXtm — XjeXkm +X jmXke = O, 

Xk£Xim — XkmXie + XikXtm = O, (7) 
XemXij — XitXjm + XjtXim = 0, 


XimX jk — XjmXik + XkmXij = 0 


and the five octahedral facets T,[ijk£], T;[jk¢m], —Tjlikém], T,[ij€m], and 
—T;|ijkm] of the white 4-ambo-simplex [ijk£m] support the equations 


XijmXkem — XikmX jtm + XitmX jkm = 0, 
XijkXitm — XijtXikm + XijmXike = 0, 
XjktXijm — XjknXijt + XijkX jem = 0, (8) 
XkemXijk — XiktXjkm +X jeXikm = 0, 
XitmXjkt — XjtmXikt + XktmXijt = O. 
In both systems one can derive one equation from another by cyclic permutations of 


indices (ijk€m). 
We propose the following discrete 3-form .Z? defined on oriented octahedra [i k£]: 


1 ijXk ikXj itXj 
P (ijkl) := = (4(=*) F A24) a: a(-22£)) 209) 
2 XikX je XitX jk XijXkt 


1 * log |1 — x| 
A(z) := A(z) — A) and A(z):— -f — dx. (10) 
0 


X 


where 


The discrete 3-form (9) has its motivation in [13]. Indeed, in [13], the authors consider 
a similar discrete 3-form on the cubic lattice Z. One can also consider our 3-form 
on the cubic lattice Z". Then one would assign to each 3D cube the 3-form at its 
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inscribed octahedron. This 3-form differs from their one by an additive constant and 
a slightly different definition of the function A(z): they use the function 


Li(z):— -f E= i (11) 
0 


X 


instead of A(z). Our choice of A(z) allows us for a more precise consideration of the 
branches of the occurring logarithm. 

Observe that the expression (9) only changes its sign under the cyclic permutation 
of indices (ijk£m). This follows from A(z) = —A(z-!). As a consequence, the 
exterior derivatives su Hn and SK" defined in (2) and (3), respectively, are invariant 
under the cyclic permutation of indices (ij k£m). Therefore, one can obtain all corner 
equations in (4) and (5) by (iterated) cyclic permutation (ijk£m) from 


PULS g giitm 9 siikem g guktm 
= = 0, = =0, and = 0, =0 
xij OXik OX jk OXije 


Let us study separately the corner equations on black and white 4-ambo-simplices. 
The corner equations which live on the black 4-ambo-simplex |ijk£m | are given by 


astm — ag([ijkt]) A aL (—[ijkm]) dL (i j£m]) 


=0 
0xij 0xij OXij OX; 
and 
asim — aL (lijke]) | à.Z(—[ijkm] dL (—[ikém]) 
= + + =0. 
OXik OXik OXik OXik 
Explicitly, they read 
1 1 
—log|E;|-0 and —-log|E;,| = 0, (12) 
Xij Xik 
where 
oes XijXke + XitXjk — XijXkm — XikXjm — XijXtm + XimXjt 
LE XijXkt — XikXjt — XijXkm + XimXjk — XijXtm — XitXjm 
and 
Es: XikXjt — XijXkt — XikXjm — XimXjk = XikXtm — XitXkm 
ik c= : : 


XikXjp — XitXjk — XikXjm — XijXkm — XikXtm + XimXkt 


For every corner equation (12) there are two classes of solutions, because any solution 
can either solve E;; = —1 or E;; = 1. Hereafter, we only consider solutions, where 
all fields x;; are non-zero (we call such solutions non-singular). 
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Theorem 3.1 Every solution of the system (4) solves either the system 


B--—1l, Ex =—l, Ex=—l1, E;j-—-—1, Ejg--—l, 


(13) 
Ej, — —l, Ejim = —1, Ej =—1, Emm —-—1, Eg -—-—1 


or the system 


Ej —1l Ex =1, Eie=1, Eim=1, Ej =1, 


(14) 
Ej, =1, E jm zl, Exe = 1, Ekm = 1, Etm = 1. 


Furthermore, the system (13) is equivalent to the system (7) (that is dKP on the 
corresponding black 4-ambo-simplex). The system (14) is equivalent to the system 


XikXitXjkXjt — XijXitXjkXkt o XijXikXjeXke = 0, 

XjtX jmXkXkm — XjkXjmXktXtm + X jkXjtXknXün = 0, 

XkmXikXtmXit — XktXikXinXim + XktXknXitXim = 0, (15) 
XitXjtXimXjm — XimXjtXimXij + XtmXitXjmXij = 0, 


X imXkm-XijXik — XimXkmXijX jk 3E XimX jmXikX jk = 0, 


which is the system (T) after the transformation x +> x^! of fields (that is dKP~ on 
the corresponding black 4-ambo-simplex). 


Proof Consider a solution x of (4) that solves Ej; = —1 and Ej, = —1. We set 

djj = X(mXij — XieX jm + XjeXim, (16) 

jk = XktXim — XkmXit + XikXem; (17) 
and 

Ajk += X jkXtm — XjtXkm + X jmXkt, (18) 
and use these equations to substitute x;;, Xiz and xj, in Ej; = —1 and Ej, = —1. 


Writing down the result in polynomial form, we get 
d (aij + XitXjm — XimXjeeij = 0 
and 
X2, (jk + X jtXkm — XjmXke)e jk = 0, 
where e;; and ej, are certain polynomials. Since for every solutions of (4) all fields 


are non-zero this leads us to ej; = 0 and ej, = 0. Computing the difference of the 
latter two equations we get 
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ij XkeXkm (dij + XitX jm — XimX je) — A jkXitXim (je + XjtXkm — XjmXke) = 0 
and, with the use of (16) and (18), 
Xen (ij XijXktXkm — GjkX jkXitXim) = 0, 


which depends on seven independent fields, i.e., no subset of six fields belong to one 
octahedron. Then comparing coefficients leads to a;; = aj, = 0. Substituting 


XitX jm — XimXjt 
Xij = aae Lic le and Xjk = 
Xtm Xem 


XjtXkm — XjmXkt 


into £;; = —1 and solving the resulting equation with respect to x;;, we get 


XitXkm — XimXkt 


Xik — 
Xem 
Substituting x;;, Xiz and xj, in E;, by using the last three equations, we get Eig = —1. 
Analogously, one can prove that, for a solution x of (4) which solves E;; = —1 
and £j, = —1, we have Ej, = —1, and fora solution x of (4) which solves Ej, = —1 
and E;, = —1, we have Eze = —1. Therefore, for every solution x of (4) and for 


every white triangle {x,, xg, xy) on the black 4-ambo-simplex |ijk£m| we proved 
the following: if Ey = —1 and Eg = —1 then E, = — 1, too. 

On the other hand, one can easily see that x solves E;; = lor Ej, = 1 if and only 
if x^! solves E; j = —lor Ej, = —1, respectively. Therefore, we also know that, if 
E, = l and Eg = 1 then E, = 1, too. 

Summarizing, we proved that every solution x of (4) solves either (13) and then 
also (7) or (14) and then also (15). 

Consider a non-singular solution x of the system (7). Then 


XijXkt + XitXjk — XijXkm — XikXjm — XijXtm + XimXjt 


Ej; = 
J 

XijXkt — XikX je — XijXkm + XimXjk — XijXtm — XieX jm 

20 XikXjt —XimXjk — XitXjm ——— 1 
—Xi£Xjk = XikX jm —XimX jt 
and 
E XikXjt — XijXkt XikX jm — XimXjk = XikXtm — XitXkm 
ik — : j 


XikXje — XitXjk XikXjm — XijXkm — XikXtm + XimXkt 


— XitXjk — XijXkm XimXke | 1 
XijXkt XimXjk —XieXkm 


This proves the equivalence of (13) and (7) and also the equivalence of (14) 
and (15) since x solves E;; = —1 or (7) if and only if x7! solves Ejj = 1 or (15), 
respectively. 
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We will present the closure relation which can be seen as a criterion of integrability: 


Theorem 3.2 (Closure relation) There holds: 
2 
siiken + LN —0 
m 4 


on all solutions of (13) and (14), respectively. Therefore, one can redefine the 3-form 
Z as 
. 2 


Akt = ike] + T 


in order to get i ud = 0 on all solutions of (13) and (14), respectively. 


Proof The set of solutions .7* of (13), as well as the set of solutions ~ (14), 
is a connected seven-dimensional algebraic manifold which can be parametrized 
by the set of variables [xi;, Xik, Xit, Xim, Xjk, Xjt; X jm}. We want to show that the 
directional derivatives of S'/*"" along tangent vectors of .7* vanish. It is easy to see 
that the stronger property grad" = 0 on Z+, where we S'/"^" is considered as a 
function of ten variables x;;, is a consequence of (13), respectively (14). Therefore, 
the function S‘/* is constant on J=. 

To determine the value of $'/*^" on solutions of (13), we consider the constant 
solution of (7) 


Xij = Xjk = Xke = Xem = Xim = A, 


(19) 


Xik = Xjp = Xkm = Xit = X jim = —l, 


where 


(Indeed, for this point every equation from (7) looks like a? — 1 — a = 0.) Therefore, 
this point satisfies (13), because (7) and (13) are equivalent. 

Consider the dilogarithm as defined in (11) and suppose that z > 1. According 
to [10], we derive: 


2 


1 TN l1, 5, T , 
Liz(z) = —Li((z )— 5 log“ z+ ge iz logz 


and 


Re Liz (z) -ReLi;(ze/?) = 


1 n log(1 — 2x cos 0 + x?) 
2 dx 
0 


1 f*log(1 — x)? * log|1 — 
= ri og(1 — x) T" n og | xl ae zd 
2 Jo x 0 x 


X 
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where A(z) is the same function as in (9). Therefore, we have 


Li»(z), gx, 
M21. 1,5, 
—Li»(z doo 5108 z+ EX zx 


By using the following special values [10] 


Lij(s?) = 7 —log!(-a),  Lig(—a) = T — log?(—a), 
Lij(a) = —2; + 4 log?(-a), Lin(a~!) = -È — log?(—a). 


a straightforward computation gives 


L Mijke) =2(—[lijkm)) = -2 ijtm) = L(—[ikem]) = ZZ jkem]p 
2 


=" (A(@?) + A(=a7!) + AG yea 
2 20 


and 


sim — g(Djke]) + L(—-[ijkm]) + Z(ij£m]) + L(—-[ikem]) + Y(Ljkem}]) 


This is, because the expression for .Z'([;j k£]) (see (9)) changes the sign under the 
cyclic permutation of indices (ijk£) and the solution is invariant under cyclic per- 
mutation of indices (ijk€m). 

Let us now consider the second branch of solutions: one can easily see that 


=1 
Xij = Xjk = Xkt = Xtm = Xin S54 , 


(20) 


Xik = Xjp = Xim = Xie =Xjm = —1 


with 


is a solution of (14) and (15), because (19) is a solution of (13) and (7). Therefore, 
on the solution (20) as well as on all other solutions of (14), we have 


gükMm _ 


where we used A(z) = A(z) — A(z7!), and, therefore, A(z~!) = — A(z). 
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Analogously, we get similar results for the white 4-ambo-simplex [ijk£m]. Here, 
the corner equations are: 


98" — a L(TLijem)) , 9C Tikemp | 34 (iL jkeml) 


OX: jk OX: jk OX; jk OX: jk 
and 
g Stikem u dL (— T, [ij km]) 4 dL (—T,[ikém]) 4 dL (T; [jk£m]) 20 
OXije OXije IXije OXije 
Explicitly, they read 
log|E;j| =0 and log | Eij;| = 0, (21) 
Xijk Xijt 
where 
E.: XijkXkem F XikmXjke — XijkX jem — XijtXjkm — XijkXitm + XijmXikt 
ijk = 3 : 
XijkXktm — XikeXjkm = XijkXjtm + XijmXjkt — XijkXitm — XijtXikm 
and 
TE XijtXküm — XiktX jtm. — XijtXjkm — XijmXjkt — XijtXikm — XijkXiem 
ijt = ` : 


XijtXktm + XiemX jee XijpeXjkm — XijkXjtm XijeXikm — XijmXikt 
The analogue of Theorem 3.1 reads: 
Theorem 3.3 Every solution of the system (5) solves either the system 


Ejg,— 1, Ejr—-—1, Ejg&--1, Exe=—l, Eitn = —1, 


(22) 
Eig =—|, Ejxe = —1, Ej = —1, Ejim — —1, Exem = —1 


or the system 


Eijk = 1, Eije = 1, Eijm = 1, Eike = 1, Eikm = l, 


(23) 
Eiem =1, Epm=l, Ejim=1, Ejem=1, Exemn = 1. 


Furthermore the system (22) is equivalent to the system (8) (that is dKP on the 
corresponding white 4-ambo-simplex). The system (23) is equivalent to the system 
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XikmXitmX jkmX jem — XijmXitmX jkmXkem T XijmXikmX jłmXkłťłm = 0, 
XijtXijmXiktXikm — XijkXijmXiktXitm + XijkXijtXiktXitm = 0, 

XjkmXijkX jtmXijt — XjkCXijkX jtmXijm + X jkeX jkmX jtnXijm = 0, (24) 
XiktX jktXikmX jkm — XktmXjktXikmXijk + Xk£mXiktXikmXijk = 0, 
X j£mXktmXijtXikt — XitmXktmXijtXjkt + XitmXjtmXijtXjke = 0, 

which is the system (8) after the transformation x +> x^! of fields (that is dKP~ on 

the corresponding white 4-ambo-simplex). 


The analogue of Theorem 3.2 reads: 


Theorem 3.4 (Closure relation) There holds: 
2 
— c 
Süktn +2 =0 
4 


on all solutions of (22) and (23), respectively. Therefore, one can redefine the 3-form 
-Z as 


»" 2 


Akt) = ike] + T 


in order to get Sikem — 0 on all solutions of (22) and (23), respectively. 


4 The Cubic Lattice Z 


We will now consider the relation between the elementary cells of the root lattice 
Q(Ax) and the cubic lattice Z". The points of Q(Ay) and of Z” are in a one-to-one 
correspondence via 


s N 
Pj:Q(AN)— Z, x(no,..., hi-1 Mi, Ni41,.-.,NN) > Xx(n0, ..- Mi-1, Midd, +++, NN). 


In the present paper, we will always apply P; with i < j,k, @,... 
We denote by 


{JKC} :— x, xj, Xk, Xe, Xjk, Xje, Xke, Xjke] 


the oriented 3D cubes of Z™. We say that the 3D cube { jk€} is positively oriented if 
j < k < £. Any permutation of two indices changes the orientation to the opposite 
one. Also in this case, we always write the letters in the brackets in increasing order, 
SO, e.g., in writing {jk€} we assume that j < k < £ and avoid the notation (kj£) or 
(J4k] for the negatively oriented 3D cube —{ jk£}. 
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Fig. 2 Three adjacent 3-cells of the lattice Q(Ay): a black tetrahedron — 7; [ij k£|, b octahedron 
[ijk], c white tetrahedron — 7; [ijk]. The sum d of these 3-cells corresponds to a 3D cube e 


The object in Q(Ay) which corresponds to the 3D cube {jk£} is the sum of three 
adjacent 3-cells, namely 


e the black tetrahedron — 7; |ijk£| (see Fig. 2a), 
e the octahedron [ij k4] (see Fig. 2b), 
e and the white tetrahedron — T7; [ijk4] (see Fig. 2c). 


It contains sixteen triangles and to every quadrilateral face of { jkl} there corresponds 
a pair of these triangles containing one black and one white triangle. Here, the map 
P; reads as follows: 


Xj E X, Xie Xj, Xjpt Xj, and xpo e Xj. 
As a four-dimensional elementary cell of ZN , we consider an oriented 4D cube 
j = (Xj. Aks Xm, X jks Xj£s X jm; , ms» Xm» Xjk£s X jkm: X j£m:; ms» Xjkümj- 
kém) {X, Xj, Xk, Xt. Xm, X jks Xjts X jm» Xkl, Xkm, Xem, Xjkts Xjkms X jtm» Xktms Xjktm] 


The 4D cube {jk€m} corresponds to the sum of four 4-cells in Q(A y): 


e the black 4-simplex — T; | ijk£m |, 
e the black 4-ambo-simplex |ijk£m |, 
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Xikim Xnijkim 


Xm Xijlm 


aa, Tus 


Xpkm 


Xim X im 


Fig.3 The sum of the black 4-simplex — 7; | i jk£m |. the adjacent black 4-ambo-simplex |j k£m |, 
the adjacent white 4-ambo-simplex —7;[ijk£m], and the adjacent white 4-simplex 7; T; [ij kém] 
corresponds to the 4D cube {jk&m} 


e the white 4-ambo-simplex —7;[ijk@m], and 
e the white 4-simplex T; T; [ijk£m] 


(see Fig. 3). It contains sixteen tetrahedra (eight black and eight white ones) and eight 
octahedra. Here, the map P; reads as follows: 


Xii > X, Xij Xj, Xjk © Xjk,  Xrjket © Xjkt, and Xnjktm > Xjktm- 


Also in the cubic case there is an easy recipe to obtain the orientation of the facets 
of an (oriented) 4D cube: on every index between the brackets we put alternately 
a “+” and a “—” starting with a “+” on the last index. Then we get each facet by 
deleting one index and putting the corresponding sign in front of the bracket. For 
instance., the 4D cube 

= =t 
(jktm) 


has the eight 3D facets: (jk£), —{jkm}, {jm}, —(k£m) and the opposite ones 
~Ty{ ike}, Te{ jkm}, — Tu jm), and T;(k£m). 

As a consequence of Definition 2.2, in each flower in ZN, every 3D cube has 
exactly four adjacent 3D cubes. 

We will now prove the analogue of Theorem 2.5. This proof is easier than the one 
for Q(Ay), because of the simpler combinatorial structure. 


396 R. Boll et al. 


Theorem 4.1 The flower at any interior vertex of any 3-manifold in Z" can be 


represented as a sum of 4D corners in ZN*", 


Proof Set M := N + 1 and consider the flower of an interior vertex x of an arbitrary 
3-manifold in Z^. Over each 3D corner { jk€} (petal) of the flower, we can build 
a 4D corner adjacent to x on the 4D cube {jkl M}. Then the vertical 3D cubes 
coming from two successive petals of the flower carry opposite orientations, so that 
all vertical squares cancel away from the sum of the 4D corners. 


Let £ be a discrete 3-form on Z^. The exterior derivative d£ is a discrete 4-form 
whose value at any 4D cube in Z" is the action functional of £ on the 3-manifold 
consisting of the facets of the 4D cube: 


Si i-qg(jktm)) = £(jkt)) + Lkm} + £n) + £C (Km) 
t £C T,íUKE)) + £O km) + £C Tim) + £XCnjkem]). 


Accordingly, the Euler-Lagrange equations on the 4D cube (jk£mj are given by 


a giketen 

Ox =u 
g sikem aa a sikem E a giketen e as ikem m 

Ox; OX, ' Ox; "Dn l 
g gikem _ a giketen = g giketen - as ikem a ggiktm e ag ikem _ 

OX jx " Oxj " Bx ' xpe 'o xim ' Xem ; 
a sikem E a ikem m a gikem -" as ikem m 

OX jke ” OX jkm ” OX jem ' OXkem , 
ay Q5) 
OX jkem 


They are called corner equations. 
The following statement is an immediate consequence of Theorem 4.1: 


Theorem 4.2 For every discrete 3-form on ZN and every 3-manifold in ZN all cor- 
responding Euler-Lagrange equations can be written as a sum of corner equations. 


5 The dKP Equation on ZY 


On the 3D cube {jkl} in Z? (j < k < £) we put the equation 
XjXkp — XkXjg + XeXjk = 0. (26) 


We can extend this system in a consistent way (see [1]) to the four-dimensional cubic 
lattice Z^ and its higher-dimensional analogues, such that the eight facets (jk£], 
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—{jkm}, {jem}, —(k£m), —Tn{ ike}, Tå jkm}, —T{ j £m), T; (k£m) of a 4D cube 
{jk€m} carry the equations 


XjXyp — XX je + Xex je = 0, X jmXkem — XkmX jem + XemX jkm = 0, 

XjXkn — XkXjm + XmXjk =O, — XjkXktm = XktXjkm + XkmXjkt = O, (27) 
XjXem — XtXjm + XnXjt =O, — XjtXktm — XkeX jem + XemX jee = O, 

XkXem = XeXkm + XmXk =O, XjkXjtm — XjtXjkm +X jmXjke = O. 


Note that, in the four equations in the left column, the fields with one index always 
appear with increasing order of indices. The equations in the right column are shifted 
copies of the ones in the left column. One can derive the system (27) from the system 
of dKP equations (7) on the black 4-ambo-simplex |ijk£m | and the system of dKP 
equations (8) on the white 4-ambo-simplex T; [ijkm4], by removing the equations 
on the octahedra [j k£m] and [jkm£], respectively, from both systems and applying 
the transformation P; to the fields in the remaining eight equations. 
We propose the discrete 3-form £ defined as 


L:= (Pi). Z, 


where X is the discrete 3-form on the root lattice Q(Ay) (see (9)). Therefore, £ 
evaluated at the 3D cube { jk¢} reads as 


LJKE) = (CP) XP; C7 T; Lijkt] + [jkt] — T; Hjk£)) 
= (P«CZ (T; Like ]) +2 Mijke) — -Z-T [ijkt])) = (OD Z kt). 
——-—— a 
=0 =0 


For this discrete 3-form, there are no corner equations on the 4D cube {jkém} 
centered at x and xjxem since S/ ktm does not depend on these two variables. The 
remaining corner equations from (25) are given by 


as" OLJK) , 3&C- (km) | ae(jtm] LCT; {kem)) 


Ox j Ox j Ox; Ox j Ox j 
=0 
OL ([ijk£ dL (—[i jk aL ([ij € 1 
=e). ( Giedy de aa s UN 
Xij OX; xij Xj 
asikém ILAK " aL(—{jkm}) M 9g C— T. 4m)) " 8£(Tj(ktm]) 
OX jk OX jk OX jk OX jk OX jk 
OL ([ijk£ aL (—[i jk dL (—T; T,[ij € 
=(P) ( 1 DEN ( E mi) CT; Teen] 
Xjk OX jk OX jk 
eet) 
OX jk 
1 Ê; 
=— log al = 0, 
Xjk jk 
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asskim — oe(jkt)) 4 2ST etikm}) | £C Temp dL (Tj (ktm) 


OX jke OX ike OX ike OX ike OX ike 
—— 
=0 
AL (TT elijkm)) | 3.Z(—T;TyHijém]) IL; T;[ikem]) 
=(Pi)x + + 
ƏXT jke ƏXT jke OX; jke 
1 

=—— log|——| = 0, (28) 

Xjkt jk 

where 


j = (Pi) Eig, Gy = (PiE je, Ey := (Pi) „Eiz, and Fixe := (Pi) E jke. 


Hereafter, we only consider solutions, where all fields are non-zero (we call these 
solutions non-singular). As in the case of the root lattice Q (A y) every corner equation 
has two classes of solutions. 


Theorem 5.1 Every solution of the system (25) solves either the system 


&j2-l p=], m=], u=], m=], Em -l, 


ój = l, & =-], Eim = —1, Exe = -1, Em = —1, Em = —1, 
Eke 


I 
| 
un 
s 
= 
3 
I 
| 
A 
s 
B 
3 
| 
un 
& 
t 
3 
| 
| 
= 
P" 
N 
Mo 
x 


or the system 


6; — 1, & — 1, é& = , Em = 1, 
& ix = 1, Ey =, e; =1, Ey =l, Eim = 1, e =1, 


lm ~_ 


Ex =1, =l, Gm m Ge = 1, Gm = 1, bm = 1, 


Eje =l, Ejim =l, Ejem =l,  Sxem = 1. (30) 


Furthermore the system (29) is equivalent to the system (27) (this is dKP on the 
corresponding 4D cube). The system (30) is equivalent to the system 


XXX jRX je — XjXpXjkXkc + XjXkXjeXke = 0, 

XXX jkX pm = XjXmXjkXkm + XjXkXjmXkm = 0, 

XeXmX jeX jm — XjXmX jeXem + XjXtXjmXtm = 0, 

XeXmXkeXkm — XkXmXkeXem + XkXtXkmXtm = 0, (31) 
XkmXemX jkmX jém — X jmXtm-X jkmXkem + X jmXkmX jemXkem = 0, 
XKeXemX jkeX jem — X jeXemX jkeXkem + XjtXktXjtmXktm = 0, 
XKeXkmX jeeX jkm — X jkXkmX jeeXkem +X jeXkeX jkmXkem = 0, 


X j£X jmX jkeX jkm — XjkXjmXjktXjtm F XjRX jeX jkmX jem = 0, 
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which is the system (27) after the transformation x +> x^! of fields (this is dKP~ on 
the corresponding 4D cube). 


Proof Let x be a solution of the system (25) such that £; = —1 and é& = —1. Then 
we know from the proof of Theorem 3.1 that 


6; — —1, é = —1, é& = —1, Em = —1, 
é =l; Ey = l, é =-l, Ex =l, Cum = —1, Em = —1 


ek jm 


and that the latter system is equivalent to 


XjXkt — XX je + XoXjy =Ù, 

XjXkm — XkX jm E XmXjk = 0, 
XjX¢m = XtXjm + XmX je = O, 
XkXtm — XeXkm F XmXkt = 0, 


XjkXem — XjtXkm + XjmXkt = 0. 


On the other hand, if we consider a solution x of (25) such that & = 1 and & = 1, 
we know from the proof of Theorem 3.1 that 


& — 1, & =1, &=1, Em = 1, 
ég-l Ee=1, m=l, $,—1 Se =1, m=! 


jm 


and that the latter system is equivalent to 


XpXtXjkXjp — XjXeXjkXke + Xj XkXjtXke = 0, 

XXX jkX jm — XjXmXjkXkm + XjXkXjmXkm = 0, 
XeXmX jeX jm — XjXmXjtXim + XjXtXjmXtm = O, 
XeXmXkeXkm — XkXmXktXtm + XkXtXknXtn = 0, 


XjtX jimXktXkm — XjkXjmXktXtm + X jkXjeXkmXem = 0. 


Now, let x be a solution of the system (25) such that &;,, = —1 and @jxm = —1. 
Then we know from the proof of Theorem 3.3 that 


k=l, Ee = 1, Eim = 1, Gua =1, m = 1, bm = 1, 
Eine =1, Eikm =), Ejem = 1, Ekem =1 


and that the latter system is equivalent to 
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XemX jkm — XkmX jtm F XjmXkłm = 0, 
XkmX jkt — XkeX jkm + XjkXkem = 0, 
XemX jkt — XktXjtm + XjeXkem = O, 
X jmX jke — XjtXjkm + XjkXjtm = O, 


XjkXem — XjtXkm + XjmXkt = 0. 


On the other hand, if we consider a solution x of (25) such that & = 1 and & = 1, 
we know from the proof of Theorem 3.3 that 


Eig = 1, Exe =1, Eim = 1, Exe =1, dis =1, Eim = 1, 
Eine = 1, Eikm =1, Ejem = 1, ktm =1 


and that the latter system is equivalent to 


XkmXtmX jkmX jem — X jmXtmX jkmXkem zr X imXkm-X jemXktm = 0, 
XktXtmX jktX jtm — XjtXtnXjktXktm + X jeXkex jemXkem = 0, 
XkeXkmXjktX jk — X jkXkmXjktXktm + XjkXktX jkmXkem = O, 
Xj£X jmXjktX jkm — XjkXjmXjktX jtm + XjkXjtXjkmXjtm = 0, 


XjtXjmXktXkm — XjkX jmXktXtm + XjkXjtXkmXtm = 0. 
Since a solution x of (25) cannot solve 
XjkXtm — XjtXkm + XjmXkt = 0 


and 
XjtXjmXktXkm — XjkX jmXktXtm + XjkXjtXkmXtm = 0 


at the same time, this proves the theorem. 


Theorem 5.2 (Closure relation) There holds S/* = 0 on all solutions of (25). 


Proof Let x be a solution of (29) or (30). Then 


SIRO" = qe( jkt)) = (P). (d.Z (ijkem]) + d.Z(—[ijktm])) = S — sik 
x? z? 
= TT Tut 0 


due to Theorems 3.2 and 3.4 since every solution of (29) solves (13) and (22) after 
the transformation P; of variables and every solution of (30) solves (14) and (23) 
after the transformation P; of variables. 
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6 Conclusion 


The fact that the three-dimensional (hyperbolic) dKP equation is, in a sense, equiva- 
lent to the Euler-Lagrange equations of the corresponding action is rather surprising 
since for the two-dimensional (hyperbolic) quad-equations an analogous statement 
is not true (see [4, 6] for more details). On the other hand, in the continuous situa- 
tion there is an example of a 2-form whose Euler-Lagrange equations are equivalent 
to the set of equations consisting of the (hyperbolic) sine-Gordon equation and the 
(evolutionary) modified Korteweg-de Vries equation (see [16] for more details). So, 
the general picture remains unclear. 

In particular, the variational formulation for the other equations of octahedron 
type in the classification of [1] is still an open problem. 


Acknowledgments This research was supported by the DFG Collaborative Research Center TRR 
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Appendix 1: Facets of N-Cells of the Root Lattice Q(Ay) 


Facets of 3-cells: 


Black tetrahedra|;jk£]|: four black triangles|ijk],—[ij@], | ik£], and — |jke]; 
Octahedra[i jk]: four black trianglesTz i jk |, — Tx Li j£]. Tj Like], 
and — T; [jK£], 
four white triangles[ijk], —[ij£], [ik£], and — [jk]; 
White tetrahedra[ijk£]: four white trianglesT; [ijk], — Ty [ij €], Tj [ike], 
and — T; [kt]; 
Facets of 4-cells: 


Black 4-simplices | ij k£m |: fiveblacktetrahedra|ijkC|, —|ijkm], |ij£m |, 
— [iktm |, and | kem |; 

Black 4-ambo-simplices | jj k£m |: five black tetrahedraT;, | ijk£|, — Tz | ijkm |, 
Ty Li j£m |, — Tj ikem], andT; | jk£m ], 
and five octahedra[i j k£], — [ij km], [1j £m], 
— [ik£m], and[j k£m]; 

White 4-ambo-simplices[ijk€m]: five octahedraTin [ijk], — Te [i j km], Ty [ij £m], 
—T;j[ik£m], andT; [ jk£m], 
and five white tetrahedra[ijk£], —[ijkm], 
[ij£m], —[ik£m], and[ j kem]; 

White 4-simplices[ijk£m]: five white tetrahedraT;, [ij k€], — T; [ij km], 
Ty [ij£m], —Tj [ikem], andT; [ jk£m]. 


402 


Appendix 2: 4D Corners on 4-Cells of the Root Lattice 
Q(Ay) 


Black 4-simplex | ij k£m |: 
The 4D corner with center vertex x; contains 
e the four black tetrahedra [ijk£], —|ijkm |, | ij£m |, and — [ik£m |; 
Black 4-ambo-simplex |i jk£m |: 
The 4D corner with center vertex x;; contains 


e the two black tetrahedra — T; | ik£m |, and T; | jk£m |, 

e and the three octahedra [ij k£], —[ijkm], and [ij £m]; 
White 4-ambo-simplex [ijk€m]: 

The 4D corner with center vertex x;;, contains 

e the three octahedra T; [i j £m], — T; [ik£m], and T;[ jk£m], 
e and the two white tetrahedra [;jk£], and —[ijkm]; 
White 4-simplex [ijk£m]: 

The 4D corner with center vertex x;;,, contains 
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e the four white tetrahedra — T; [ijkm], Ty [ij £m], —T; [ik£m], and T; [ jk£m]. 


Appendix 3: Proof of Theorem 2.4 


Set M :— N+ land L :— N + 2. Then, for the construction of the sum X of 4D cor- 
ners representing the flower o centered in X, we use the following algorithm: 


(i) For every black tetrahedron c |ijk£| € o at the interior vertex X we add the 
4D corner with center vertex X on the black 4-simplex c [ijk£M | to X. 
(ii) For every octahedron c[ijk£] € o we add the 4D corner with center vertex X 


on the black 4-ambo-simplex + |i jk£M | to X. 


(iii) For every white tetrahedron +[ijk€] € o we add the 4D corner with center 


vertex X on the white 4-ambo-simplex +[ijk€M] to X. 


(iv) For every white tetrahedron +[ijkM] € X V o which appeared in X during the 
previous step we add the 4D corner with center vertex X on the white 4-simplex 


cT; [ijkML] to X. 


Therefore, we have to prove that X =o. 


Assume that X = x;. Then for each black tetrahedron —|ijk£| € o we added 
the three black tetrahedra cT [ijkM |, X |ij£M |, and t [ik£€M | to X which do not 
belong to c. Moreover, —|ijk£| has three black triangular facets adjacent to x;, 
namely c |ijk|, which is the common triangle with F|ijkM | (up to orientation), 


THj£|. which is the common triangle with 3 [ij£M |, and t [ik£], which is the 


common triangle with F|ik£M |. Therefore, each of these black tetrahedra has to 
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cancel away with the corresponding black tetrahedra from the 4D corner which is 
coming from the 3-cell adjacent to +|ijk@| via the corresponding black triangle. 

Assume that X = x,;;. Then for each octahedron +[ijk¢] € o we added the two 
black tetrahedra T; |ik€M | and +T; | jk€M | as well as the two octahedra F[ijkM] 
and +[ij£M] to X which do not belong to c. Moreover, +[i jk] has two black 
tetrahedral facets adjacent to x;;, namely [ijk], which is the common triangle with 
TFT; |ik£M |, and [j£], which is the common triangle with +T; | jk¢M, as well as 
two white tetrahedral facets adjacent to x;;, namely +T; [ik£], which is the common 
triangle with =[ijkM] and —[ij £M], and x [jKk£], which is the common triangle 
with t [i j £M]. Therefore, each of the black tetrahedra +7; |ik€M| and €T; | jkt M 
has to cancel away with the corresponding black tetrahedron from the 4D corner 
which is coming from the 3-cell adjacent toc [ijk£] via the corresponding black 
triangle, and each of the octahedra cr [ij k M] and c [ij £M] has to cancel away with 
the corresponding octahedron coming the 4D corner which is coming from the 3-cell 
adjacent to [ijk] via the corresponding white triangle. 

Assume that X = xijg. Then for each white tetrahedron +[ijk€] € o we added 
the three octahedra +7, [ij€M], =T;[ik€M], and -ET; [ jK£M] as well as the white 
tetrahedron +[ijkM] to X which do not belong to o. Moreover, +[ijk£] has three 
white triangular facets adjacent to x;;,, namely -F7;[ij£], which is the common 
triangle with ET, [1j £M ], +T; [ik£], which is the common triangle with 7; [ik£ M ], 
and rT;[jk£]|, which is the common triangle with +7;[jk€M]. Therefore, each 
of these octahedra has to cancel away with the corresponding octahedron from the 
4D corner which is coming from the 3-cell adjacent to +[ijk€] via the corresponding 
white triangle. 

Consider two 3-cells 2, Q € c adjacent via the black triangle [ijk], say Lijk] 
belongs to Q and — | ;jk | belongs to Q. Then the 4D corner corresponding to Q con- 
tributes the black tetrahedron — [;j k M | to X, whereas the 4D corner corresponding 
to Q contributes the black tetrahedron | jkM | to X. Therefore, the latter two black 
tetrahedra cancel out. 

Consider two 3-cells Q, 2 € ø adjacent via the white triangle [ijk], say [ijk] 
belongs to Q and —[ijk] belongs to Q. Then the 4D corner corresponding to Q 
contributes the octahedron —[ijk M] to X, whereas the 4D corner corresponding to 
Q contributes the octahedron [jk M] to X. Therefore, the latter two octahedra cancel 
out. 

Up to now we proved that all black tetrahedra and all octahedra in X \ o cancel 
out. We will now consider with the white tetrahedra in X Vo. 


Lemma 6.1 The white tetrahedra |ijkM | arising in the third step of the algorithm 
build flowers which only contain white tetrahedra. 


Proof We have two prove that each of these white tetrahedra has exactly three adja- 
cent white tetrahedra in the flowers, one via each white triangle adjacent to X. They 
are not adjacent to the 3-cells in c, but each of them has three common neigh- 
bors adjacent to X with the corresponding white tetrahedron in c. These common 
neighbors are octahedra which cancel out in the previous steps of the algorithm. 
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Consider now two white tetrahedra T, T € X V ø after the third step of the algo- 
rithm, where the corresponding white tetrahedra in o are adjacent, i.e., there is a pair 
of octahedra with the same set of points and different orientation, one adjacent to 
T and the other adjacent to T. Therefore, T and T share a common white triangle 
(up to orientation), i.e., they are adjacent. 

Consider the 4D corner which we add to X for an octahedron. Its two octahedra 
which do not belong to o share a common white triangle (up to orientation) which 
does no lie in c. Furthermore, consider a sequence of adjacent octahedra in o, where 
the common triangles are all white triangles. Then the octahedra in the corresponding 
4D corners which are not in c all share a common white triangle (up to orientation). 

Consider now two white tetrahedra T, T € X \ ø after the third step of the algo- 
rithm, where the corresponding tetrahedra in o are connected by a sequence of 
octahedra adjacent via white triangles. Then, there is a pair of octahedra, one of 
them adjacent to T and the other one adjacent to T, which share a common white 
triangle (up to orientation). This triangle does not belong to any 3-cell in o and, 
therefore, is a common triangle of T and T, i.e., T and T are adjacent. 


Now we continue with the proof of Theorem 2.4. We already proved that a flower 
containing only black tetrahedra can be written as a sum of 3D corners on black 4- 
simplices (see proof of step 1). Analogously, one can write every flower containing 
only white tetrahedra as a sum of 3D corners on white 4-simplices. So we write for 
each of the flowers of white tetrahedra in X \ ø after the third step of the algorithm 
the flower of opposite orientation as a sum of 3D corners on white 4-simplices and 
add this sums to X. Then X =o. 
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Six Topics on Inscribable Polytopes 


Arnau Padrol and Giinter M. Ziegler 


Abstract We discuss six topics related to inscribable polytopes, both in dimension 
3 (where the topic was started with a problem posed by Steiner in 1832) and in 
higher dimensions. 


Jakob Steiner ended his 1832 geometry book Systematische Entwicklung der Abhdn- 
gigkeit geometrischer Gestalten von einander [41] with a list of 85 open problems. 
Problem 77 reads as follows: 


77) Wenn irgend ein convexes Polyeder gegeben ist läßt sich dann immer (oder in welchen 
Fallen nur) irgend ein anderes, welches mit ihm in Hinsicht der Art und der Zusammenset- 
zung der Grenzflachen übereinstimmt (oder von gleicher Gattung ist), in oder um eine 
Kugelfláche, oder in oder um irgend eine andere Fläche zweiten Grades beschreiben (d.h. 
daB seine Ecken alle in dieser Fläche liegen oder seine Grenzflàchen alle diese Fläche 
berühren)? 


It asks whether every (3-dimensional) polytope is inscribable; that is, whether for 
every 3-polytope there is a combinatorially equivalent polytope with all the vertices 
on the sphere. And if not, which are the cases of 3-polytopes that do have such a 
realization? He also asks the same question for circumscribable polytopes, those 
that have a realization with all the facets tangent to the sphere, as well as for other 
surfaces of degree 2. 

There was no progress on this question until 1928, when Ernst Steinitz showed 
that inscribability and circumscribability are polar concepts and presented the first 
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examples of polytopes that cannot be inscribed/circumscribed. Since then, the inter- 
est on inscribability of polytopes has soared, partially because of tight relations with 
Delaunay subdivisions and hyperbolic geometry. It was in the context of the latter 
that, more than 50 years after Steinitz’s results, Igor Rivin finally found a charac- 
terization of 3-dimensional inscribable polytopes [34]: A 3-connected planar graph 
describes an inscribable polytope if and only if a certain inequality system has a 
solution. 

What about other quadric surfaces? First of all, since these are not necessarily 
convex, one has to decide to either consider realizations with the vertices on the 
surface, or realizations whose intersection with the surface are only the vertices. The 
weakly inscribable spherical polytopes considered in [8] belong to the first category. 
For the second version of the definition, Danciger et al. have very recently extended 
Rivin’s results to arbitrary quadrics in IR? [9]: A 3-polytope is inscribable in the 
hyperboloid or the cylinder if and only if it is inscribable in the sphere and its graph 
is Hamiltonian. 

So, is the inscribability problem completely solved? We do not think so: Many 
fundamental questions in this area remain still wide open. In particular, very little 
is known about inscribability for higher dimensional polytopes. Here we present 
some intriguing open questions and problems motivated by some recent (and not so 
recent) results on inscribable polytopes. 


1 Inscribability of 3-Polytopes 


Incribability and circumscribability are polar concepts: A polytope is inscribable if 
and only if its polar is circumscribable. Steinitz [42] (cf. [17, Thm. 13.5.2]) con- 
structed non-circumscribable polytopes using the following simple fact. Paint some 
of the facets of a 3-polytope P black in such a way that there are no two neighboring 
black facets (just like on a soccer ball). If you can paint more than half of the facets 
black, then P is not circumscribable (unlike the soccer ball). 

His argument was the following. Observe that each facet F has a point of contact 
with the sphere py. We associate to each edge e of F the angle with which we see 
e from pr. A reflection about the plane spanned by e and the center of the sphere 
shows that this angle is the same for the two facets incident to e. Now, if we add all 
these angles for the edges incident to black facets, we get 27 for each black facet. 
No two of these share an edge, so if we count the contributions for the white facets 
we should get at least the same value. However, we get at most 27 times the number 
of white facets, which is smaller than the number of black facets by hypothesis. 

The same argument also works if exactly half of the facets are black as long 
as there is at least one edge between two white facets. This provides us with our 
first example of a non-circumscribable polytope: Take a simplex and truncate all its 
vertices. The facets arising from the truncation do not share an edge, so painting 
them black shows non-circumscribability. 

The polar argument says that if the graph of a 3-polytope has an independent set 
(a subset of vertices no two of which are connected by an edge) of more than half of 
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the vertices (or exactly half of them but not incident to every edge), then the polytope 
is not inscribable. For example, the triakis tetrahedron, a convex polytope obtained 
by stacking a tetrahedron onto each facet of a tetrahedron, is not inscribable. 

Steinitz’s condition was later subsumed by results by Dillencourt [10] and by Dil- 
lencourt together with Smith [11]. In [10] it is shown that the graph of any inscribed 
polytope is /-tough, which means that for any k, removing k vertices splits the graph 
into at most k connected components. 

This proves non-inscribability for polytopes with an independent set that contains 
more than half of the vertices, by removing the other vertices. For independent sets 
that collect exactly half the vertices, we need a slight improvement from [11]: the 
graph of an inscribable 3-polytope is either bipartite (with both sides of the same 
size) or 1-supertough, which means that for any k > 2, the removal of k vertices 
splits the graph into less than k components. 

Toughness is a necessary combinatorial condition for inscribability that is easy 
to check, but it is not sufficient. 

Besides the mentioned necessary conditions, Dillencourt and Smith also found 
some sufficient combinatorial conditions [12], which they summarize as: “If a poly- 
hedron has a sufficiently rich collection of Hamiltonian subgraphs, then it is of 
inscribable type.” For example, this implies that 3-polytopes whose graphs are 
4-connected, or where all the vertex degrees are between 4 and 6, are always inscrib- 
able. 

So, how can we decide whether a given polytope is incribable? Fundamental 
results on hyperbolic polyhedra by Rivin [34] provided an easy way to decide 
inscribability/circumscribability of 3-polytopes by linear programming [19] (see 
also [32, 33, 35]). If one identifies the ball with the Klein model of the hyperbolic 
space, then an inscribed polytope is an ideal hyperbolic polyhedron. Rivin showed 
that the dihedral angles at the edges completely characterize these polyhedra. 


Theorem 1.1 (/19, Thm. 1]) A 3-polytope P is circumscribable if and only if there 
exist numbers w(e) associated to the edges e of P such that: 


eO0-cvw(e)«m, 
e > cp wle) = 2m for each facet F of P, and 
e » cc wle) > 2r for each simple circuit C that does not bound a facet. 


Using this result, inscribability and circumscribability can be efficiently checked. 
Yet, the characterization depends on a linear programming type feasibility computa- 
tion. As Dillencourt and Smith pointed out in [11], itis an outstanding open problem 
to find a graph-theoretical characterization of inscribable 3-polytopes. For simple 
polytopes, they found such a characterization [11]: A simple 3-polytope is inscrib- 
able if and only if its graph is either bipartite and has a 4-connected dual or it is 
]-supertough. 


Question 1.2 (Dillencourt and Smith [11]) Is there a purely combinatorial charac- 
terization of the graphs of inscribable 3-polytopes? 
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2 A Characterization in Higher Dimensions 


It is not likely that there is a characterization as nice and simple as Rivin’s for higher- 
dimensional inscribable polytopes. To start with, 4-dimensional polytopes already 
present universality in the sense of Mnév: This is a very strong statement whose his- 
tory took off with groundbreaking results in Nikolai Mnév’s Ph.D. thesis [25, 26], 
and that we discuss a little further in Sect. 5 (see also [30]). It has several implica- 
tions, among them that it is already very hard to decide whether a given face lattice 
corresponds to a 4-polytope. And as we will see later, higher-dimensional inscrib- 
able polytopes also present universality features, so one should not expect to be able 
to decide inscribability in higher dimensions easily or quickly. 

A more realistic goal would hence be to look for strong necessary conditions 
for inscribability in higher dimensions as well as for good (that is, weak) sufficient 
conditions. A set of necessary conditions is available, since Steinitz's proof carries 
over directly to higher dimensions, as Grünbaum and Jucovié have observed already 
in 1974 [18]. Let's see how. 


Theorem 2.1 Let P be a d-polytope with graph G. If G has an independent set 
that contains more than half of all the vertices, or exactly half the vertices when G 
is not bipartite, then P is not inscribable. 


Proof Again, we prove the polar statement. Assume that P? is circumscribed. Each 
facet F touches the ball in a single point pr. To each of the facets of F, which are 
ridges of P°, we can intersect the cone with apex pr spanned by the ridge with a 
small ball centered at pr. The (normalized) solid angle associated to the ridge is the 
ratio of the volume of this intersection to the volume of the ball. Again, a reflection 
shows that the solid angle associated to each ridge does not depend on which of the 
two incident facets we take the apex from. 

Now assume that the facets of P? are painted in black and white, in such a way 
that there are no two neighboring black facets. If we add the contributions of the 
angles of the ridges associated to black facets, it should be at most (or less than 
if the dual graph is not bipartite) the sum of the contributions for the white facets. 
Since the sum along each facet is 1, the number of black facets cannot exceed the 
number of white facets, and they also cannot be the same if there are two adjacent 
white facets. 


The more general necessary conditions by Dillencourt, such as 1-toughness, have 
however not yet been generalized to higher dimensions, as far as we know; neither 
have the sufficient conditions of Dillencourt and Smith. Is it true that if the graph 
of a d-polytope has a rich enough structure of Hamiltonian subgraphs then the cor- 
responding polytope is inscribable? This could explain the phenomena observed in 
the next section. 


Question 2.2 Find strong necessary and sufficient conditions for inscribability of 
higher-dimensional polytopes. 


Six Topics on Inscribable Polytopes 411 


Firsching recently achieved a complete enumeration of the simplicial 4-polytopes 
with 10 vertices [13]: There are exactly 162 004 combinatorial types. Firsching also 
managed to decide inscribability for all but 13 of these polytopes: The remaining 
161 991 are divided into 161 978 inscribable and 13 non-inscribable. So, most sim- 
plicial 4-polytopes with 10 vertices are inscribable. Moreover, the very few that 
are not inscribable have very few facets and edges. More precisely, every non- 
inscribable simplicial 4-polytope with 10 vertices has less than 27 facets and less 
than 37 edges, but 146 104 out of the 162 004 simplicial 4-polytopes with 10 ver- 
tices do have at least 27 facets and 37 edges. This seems indicate that there might 
be combinatorial sufficient conditions for inscribability based only on the f-vector. 


Question 2.3 Is it true that most simplicial 4-polytopes on 7 vertices are inscribable, 
for n — oo? 


In 1991 Smith [40] proved that although there are exponentially many inscribable 
and circumscribable 3-polytopes with n vertices (because there are many that are 
4-connected), most simplicial 3-polytopes with n vertices are neither inscribable 
nor circumscribable. The proof consists in showing that the probability of finding a 
fixed non-inscribable subgraph in a random 3-connected planar triangulations tends 
to 1 as n — co. The same argument can be used on random 3-connected planar 
graphs, see [6, Thm. 2 and Cor. 1], which shows that most combinatorial types of 
3-polytopes on a given large number of edges are not inscribable/circumscribable. 
This contrasts with what happens with simplicial 3-polytopes with few vertices. 
In the same paper [40], Smith classified these according to their inscribability and 
circumscribility, and most turned out to be both inscribable and circumscribable. 
The referee for this paper suggested to use the strategy for 3-polytopes in higher 
dimension: To show that a large random simplicial d-polytope is likely to contain a 
fixed non-inscribable subcomplex. 


3 Neighborly Polytopes 


What is the maximal number of faces that a d-dimensional polytope with n vertices 
can have? The answer to this fundamental question in the combinatorial theory of 
polytopes was not established until 1970, by McMullen [22], although Motzkin had 
already guessed the answer, as we know from a 1957 abstract [27]. And the answer 
is that the cyclic d-polytopes with n vertices have the maximal number of k-faces 
among all d-polytopes with n vertices (for all k!). This is the polytope one obtains 
when taking the convex hull of n points on the moment curve given by y(t) :— 
(t, 12, 9, ... L1). 

The cyclic polytopes owe their name to Gale [14], one of several (re-) inven- 
tors (cf. [17, Sec. 7.4]), although they were essentially already known to Constantin 
Carathéodory in 1911 [7], who had studied the convex hull of the trigonometric 
moment curve (sin f, cos f, sin 2t, cos 2t,..., sinkt, cos kt). The representation on 
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the trigonometric moment curve, which is projectively equivalent to the monomial 
one [45, pp. 75/76], shows that in even dimensions, the cyclic polytopes are inscrib- 
able. Since then, several inscribed realizations of the cyclic polytope have been 
found (also in odd dimensions), see [17, p. 67], [39, p. 521] and [16, Prop. 17]. 
Thus the upper bound theorem is established for inscribed polytopes too. 

The next natural question asks for all the polytopes that have this many facets. 
McMullen also provided the answer to this: This characterizes the simplicial neigh- 
borly polytopes. These are the simplicial polytopes with a complete | 2 |-skeleton. 
(All even-dimensional neighborly polytopes are simplicial, but not in general the 
odd-dimensional ones. In particular, not all odd-dimensional neighborly polytopes 
have the maximal number of facets, only those that are simplicial.) Even if Motzkin 
claimed that the cyclic polytopes are the only neighborly polytopes (in the same 
1957 abstract [27] mentioned above), there are actually plenty. The number of neigh- 
borly d-polytopes with n vertices grows at least as n!4/2/""—-°)) for fixed d [29]. 
Compare this to the number of d-polytopes with n vertices, which is not larger than 
p n *o0) [3], As it turns out, each one of the neighborly polytopes used to provide 
this lower bound is also inscribable [15] (for d > 4). And even more, as we discuss 
in the next section, they are inscribable in any strictly convex body! This surprising 
behavior let Gonska and Padrol [15] to ask: 


Question 3.1 (Gonska and Padrol [15]) Is every (even-dimensional) neighborly 
polytope inscribable? 


Firsching [13] undertook a quest to find a counterexample. He successfully used 
non-linear optimization techniques to find polytope realizations. In particular, he 
tried to inscribe the neighborly polytopes enumerated in [24]. The results are sur- 
prising: Every neighborly 4-polytope with n < 11 vertices, every simplicial neigh- 
borly 5-polytope with n < 10 vertices, every neighborly 6-polytope with n < 11 
vertices, and every simplicial neighborly 7-polytope with n < 11 vertices is inscrib- 
able! Even more, every simplicial 2-neighborly 6-polytope with n < 10 vertices is 
also inscribable. This lead Firsching to ask whether the even stronger statement that 
all 2-neighborly polytopes are inscribable might be true [13, Conj. 1]. This may bea 
very brave conjecture, for which not much evidence is available yet. However, recall 
that the graph of a 2-neighborly polytope is complete, and hence has the richest pos- 
sible structure of Hamiltonian subgraphs ... 


Question 3.2 (Firsching [13]) Is every (simplicial) 2-neighborly polytope inscrib- 
able? 


We can also ask the polar question: What about circumscribability of neighborly 
polytopes? The results are completely opposite. Chen and Padrol proved that, for 
any d > 4, no cyclic d-polytope on sufficiently many vertices is circumscribable [8]. 
(The proof will be sketched below in the last section.) They even conjecture that 
this holds in more generality for neighborly polytopes [8, Conj. 7.4]. Notice that, 
since neighborliness can be read on the f-vector, this would imply that there is an 
f-vector of a convex polytope that does not belong to any inscribable polytope, 
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namely that of the polar of a neighborly 4-polytope with sufficiently many ver- 
tices. No example of such an f-vector has been established so far. Actually, what is 
known points into the other direction: Every f-vector of a 3-dimensional polytope 
is inscribable [16]. However, f-vectors that are not k-scribable are known for d > 4 
and 1 < k < d — 2 [8]. (A polytope is k-scribable if it has a realization with all its 
k-faces tangent to the sphere.) 


Question 3.3 (Gonska and Ziegler [16]) Is there an f -vector that is not inscribable? 


4 Universally Inscribable 


As we just mentioned, the proof of inscribability for cyclic and many more neigh- 
borly polytopes given in [15] still works when we replace the unit ball by any other 
smooth strictly convex body. (This is what Oded Schramm called an egg in his cel- 
ebrated paper “How to cage an egg?” [37].) Here smoothness is not very important, 
but strict convexity is. For example, the pigeonhole principle tells us that no simpli- 
cial d-polytope with more than d(d + 1) vertices can be inscribed on the boundary 
of a d-simplex. 

Hence many neighborly polytopes (among them all cyclic polytopes) are univer- 
sally inscribable: They can be inscribed into any egg. Other examples of such poly- 
topes are the stacked d-polytopes arising as a join of a path with a (d — 2)-simplex; 
and also Lawrence polytopes [15]. 


Question 4.1 (Gonska and Padrol [15]) Which polytopes are inscribable into the 
boundary of every (smooth) strictly convex body? 


An observation of Karim Adiprasito [15] shows that being inscribable on the 
sphere is not sufficient for being universally inscribable. (The proof uses projec- 
tively unique polytopes [2].) We thank the anonymous reviewer for suggesting the 
following opposite question. (The reviewer’s conjectured answer is yes.) 


Question 4.2 Are there polytopes that are inscribable in every egg other than the 
ellipsoid? 


The celebrated Koebe—Andreev—Thurston Theorem states that every 3-polytope 
has a realization with all its edges tangent to the sphere. This amazing result has a 
long history. It seems that it was first proved by Paul Koebe, but only for simple and 
simplicial polytopes [21]. Thurston later realized [44] that it followed from results 
of Andreev on hyperbolic polyhedra [4, 5]. Since then, several proofs have been 
found (see [46, Sect. 1.3] and references therein). Schramm went even further and 
proved that every 3-polytope has a realization with all its edges tangent to any given 
egg [37]. 


Theorem 4.3 (Schramm [37]) For every 3-polytope P, and every smooth strictly 
convex body K, there is a realization Q of P such that each edge of Q is tangent 
to K. 
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There is also the other side of universal inscribability, which would be to focus 
on the convex bodies. The mathoverflow user called Samsa asked [36]: 


Is there a convex body in R? such that every combinatorial type of a d-dimensional convex 
polytope can be realized with vertices on its surface? 


We reproduce the beautiful affirmative answer by Ivanov [20]: 


Yes, there is such a body. Actually there is one very close to the standard unit ball and 
containing disjoint representatives of each combinatorial type (but these representatives are 
very small). 


Indeed, every combinatorial type of a d-polytope has a realization which looks as follows: 
there is a "large" (d — 1)-dimensional facet and the remaining surface is a graph over this 
facet. To construct such a realization, choose a (d — 1)-facet, pick a hyperplane parallel to 
it and very close to it (but not intersecting the polytope), and apply a projective map which 
sends this hyperplane to infinity. 


We can further “flatten” this realization so that it is very close to its large face. Choose a 
very small £ > 0, apply a homothety such that the diameter of the polytope becomes less 
than e, and place the resulting tiny polytope so that it touches the sphere by a point on its 
“large” face. Then consider the convex hull of the sphere and the polytope. All vertices will 
be on the boundary of this convex hull if the polytope is sufficiently “flattened.” And the 
convex hull diverges from the ball only in a neighborhood of size ~ ./é. 


Now pick another combinatorial type of a polytope and repeat the procedure with a much 
smaller £ and a location on the sphere chosen so that the neighborhood affected by the sec- 
ond polytope does not interfere with the first one. And so on. Since there are only countably 
many combinatorial types, they all can be packed into the sphere, provided that £ goes to 0 
sufficiently fast. 


5 Universality 


We move on to a slightly different topic, and a different notion of “universality.” 
Take an inscribable polytope P, and consider the set of all inscribed realizations 
of P. How does this set look like? To start off, it can be parametrized by the ver- 
tex coordinates. Moreover, since any Móbius transformation that preserves the unit 
sphere as well as its interior sends an inscribed polytope onto an inscribed polytope, 
we can safely mod out the action of this group. This defines Zins ( P), the realization 
space of an inscribed polytope P (with n vertices in R^): 


dg (P) = {4 € SN" | eom) ~ P} gy D 


This concept is inspired by an analogue definition for general polytopes. In that 
setting, one considers Z5; (P), the set of all realizations of P, up to affine trans- 
formation. From Steinitz's proofs of Steinitz's Theorem [43] we know that these 
sets are relatively nice when P is of dimension at most 3: They are contractible, 
contain rational points, etc.; see [30, 31]. For higher-dimensional polytopes, how- 
ever, the behavior of realization spaces is much wilder. This was first observed by 
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Mnév, with his celebrated Universality Theorem [25, 26] for polytopes and ori- 
ented matroids. The polytopal version reads: For every primary basic [open] semi- 
algebraic set defined over Z there is a [simplicial] polytope whose realization space 
is stably equivalent to it. This has many consequences, among them: 


e topological: Zg (P) can have the homotopy type of any arbitrary finite simplicial 
complex, 

e algebraic: there are polytopes that cannot be realized with rational coordinates, 

e algorithmic: it is ETR-hard to decide if a lattice is the face lattice of a polytope. 


Mnév's proof provided polytopes with the desired realization spaces, but could not 
say anything about their dimensions. Another major step was done later by Jür- 
gen Richter-Gebert, who proved that there is universality already for 4-dimensional 
polytopes [30]. 

The inscribed picture is similar. Up to dimension 3, inscribed realization spaces 
are reasonable. This follows from the results of Rivin that we have already men- 
tioned [33], which imply that for a 3-polytope P, Zi, (P) is homeomorphic to the 
polyhedron of angle structures (and hence are contractible). In contrast, results of 
Adiprasito and Padrol with Louis Theran show that, in arbitrarily high dimensions, 
there is again universality [1]. We have not found yet an appropriate notion of sta- 
ble equivalence for this context, while a universality theorem for general polytopes 
without stable equivalence is neither available nor in sight. This forces us to separate 
the topological, algebraic and algorithmic statements: 


Theorem 5.1 (Adiprasito et al. [1]) 


e For every primary basic semi-algebraic set there is an inscribed polytope whose 
realization space is homotopy equivalent to it. 

e For every finite field extension F /Q of the rationals, there is an inscribed polytope 
that cannot be realized with coordinates in F. 

e The problem of deciding if a poset is the face lattice of an inscribed [simplicial] 
polytope is polynomially equivalent to the existential theory of the reals (ETR). 
In particular, it is NP-hard. 


In the last point we can even ask the polytopes to be simplicial. This follows from 
a weak universality theorem for inscribed simplicial polytopes, which also appears 
in [1]. In this case, we can only find polytopes whose realization space retracts onto 
the semi-algebraic set, instead of having homotopy equivalence as in the general 
case. 

The inscribed analogue to Richter-Gebert's result for 4-polytopes is still missing. 


Question 5.2 (Adiprasito et al. [1]) Is there universality for inscribed polytopes in 
bounded dimension, say for 4-polytopes inscribed into S*? 


The proof of Theorem 5.1 strongly relies on the results of Mnév. The strategy 
is to start with certain polytopes with intricate realization spaces, and then to show 
that their inscribed realization spaces are equally involved. In particular, it does not 
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prove that it is hard to decide inscribability once we already know that the face lat- 
tice corresponds to a polytope. However, inscribability is itself a complex condition, 
and hence one can expect that it increases the complexity of the corresponding real- 
ization spaces. This could lead to a proof of universality that is intrinsic to inscribed 
polytopes, and hopefully to advances in the previous question. A first step in this 
direction could be to find a polytope P such that Z,,(P) is disconnected while 
Zf yg (P) is not. 


Question 5.3 Is there universality for the realization spaces 4s, (P) for a class of 
inscribable polytopes P whose general realization spaces Zpo1(P) are trivial (in 
particular, contractible)? 


6 (i j)-Scribability 


We have already referred to the Koebe—Andreev—Thurston Theorem. One is tempted 
to ask if similar behaviors might also appear in higher dimensions. The answer is no. 
Egon Schulte used an inductive argument over non-inscribable/non-circumscribable 
3-polytopes to show that, for every d > 4, and every 0 € k < d — 1, there are d- 
polytopes that cannot be realized with all their k-faces tangent to the sphere [38]. 
Of course, this opens the door to ask for a characterization of k-scribable poly- 
topes. There are almost no results in this direction, which is definitely an interesting 
research topic. 

We will, however, consider a different problem. If we take an edge-scribed real- 
ization of a 3-polytope, it has also the following property: All the vertices are outside 
the ball while all the facets cut the ball. This kind of realizations are studied in [8]. 
Here a polytope is said to be (i, j)-scribed if all its i-faces “avoid” the sphere while 
all the j-faces “cut” it. The definitions for cutting and avoiding that seem to work 
better say that a face F cuts the ball if there is a point of the unit ball in its rela- 
tive interior, and that it avoids the ball if there is a hyperplane H, supporting for F, 
which completely contains P and the ball in one of the closed halfspaces it defines. 
(This somehow involved definition is needed if we want a self-dual concept that 
reduces to classical k-scribability when i = j = k.) 

The weakest condition occurs when i = 0 and j = d — 1: 


Question 6.1 Does every polytope have a realization where every vertex avoids the 
ball and every facet cuts the ball? 


The answer is most probably no, but so far no proof has been given (although 
Karim Adiprasito has suggested that one should be able to obtain counterexamples 
from gluing some of the large projectively unique polytopes from [2]). There are 
some results in the opposite direction: For d — 3, the edge-scribed realization is 
also (0, d — 1)-scribed. Every inscribable polytope has directly a (0, d — 1)-scribed 
realization too. So, in particular, cyclic polytopes and many (all?) neighborly poly- 
topes have such realizations. And obviously, circumscribable polytopes also have 
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such a realization. This includes stacked polytopes, which are always circumscrib- 
able [8]. 

What about other values of i and j? The best offenders found in [8] are even- 
dimensional cyclic polytopes (and their duals): 


Theorem 6.2 (Chen and Padrol [8]) If an even-dimensional cyclic polytope has 
sufficiently many vertices, then it is not (1, d — 1)-scribable, which in particular 
implies that it is not circumscribable. 


Proof (Sketch) The first step is to associate to each vertex of a (1, d — 1)-scribed 
cyclic polytope the spherical cap consisting of the points of S^-! visible from it. 
This yields a configuration of spherical caps on S¢~!. These are said to form a k-ply 
system if no point of S^! is contained in the interior of more than k caps. 

Now the Sphere Separator Theorem of Miller et al. [23] states that the intersec- 
tion graph of a k-ply system on S‘~! has a separator of size O (k!/(4-D51-1/4-V), 
The proof is astonishingly simple and beautiful (cf. [28, Thm. 8.5]): With a Móbius 
transformation, we can assume that the origin is a center-point of the centers of the 
caps. The next step is to compute the probability that a random linear hyperplane 
intersects a cap, which depends only on the area covered by the cap. Since our sys- 
tem is k-ply, we can estimate the sum of these volumes because we know the surface 
area of the sphere. This is used to show that a random linear hyperplane hits very 
few caps, whose removal separates the graph. 

So how do we tie this in with cyclic polytopes? The key observation is that a 
set of points induce a k-ply system if and only if the convex hull of every k-set 
intersects the sphere. A k-set is a subset of k points that can be separated from 
the others with a hyperplane. Even-dimensional cyclic polytopes have a lot of nice 
properties, among them oriented matroid rigidity. This allows us to show that every 
k-set with k 2 3d — 1 contains a facet. If the realization was (0, d — 1)-scribed, 
this facet would intersect the sphere, and hence the cyclic polytope induces a k-ply 
set. But in this case, the intersection graph consists of the edges of the polytope 
avoiding the sphere. If all the edges avoided the sphere, this would be a complete 
graph, which obviously does not have a small separator. 
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DGD Gallery: Storage, Sharing, 
and Publication of Digital Research Data 


Michael Joswig, Milan Mehner, Stefan Sechelmann, 
Jan Techter and Alexander I. Bobenko 


Abstract We describe a project, called the DGD Gallery, whose goal is to store 
geometric data and to make it publicly available. The DGD Gallery offers an online 
web service for the storage, sharing, and publication of digital research data. 


1 Introduction 


Software produces data. Mathematical software produces scientific data, and this is 
often worth keeping. One reason for this can be the vast amount of CPU time spent 
on a specific experiment. Another reason can be that the output is obtained only viaa 
complex interaction process between the software and its user. That latter situation is 
typical in mathematical visualization, where producing a satisfying or even beautiful 
picture of a geometric object is a form of art. The purpose of this text is to describe a 
new project, called the “Discretization in Geometry and Dynamics Gallery", or DGD 
GALLERY for short, whose goal is to store geometric data and to make it publicly 
available. The URL of the web-site is 


http://gallery.discretization.de 
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Today it is safe to say that finally mathematical software has reached every branch 
of mathematics. While computers have played a role in mathematical applications 
for a long time, it took considerably longer for software to be appreciated fully 
in parts of mathematics traditionally considered as “pure”. The array of tools at our 
fingertips now includes solvers for linear programs and partial differential equations, 
but also software for dealing with real algebraic sets [1] or delicate constructions in 
sheaf theory [2]. To get an idea of how rich the mathematical software landscape has 
become, see, e.g., [3]. The success of each single software system raises the question 
of how the respective data produced should be stored. With an increasing number of 
relevant mathematical results relying on non-trivial computations in an essential way 
(see, e.g., the Flyspeck project [4]) it becomes more and more crucial to publish 
such results in a way such that they can be scrutinized (and used) by the mathematical 
community. 

The mathematical data we have in mind for the DGD GALLERY are the geo- 
metric objects that occur naturally on the border between differential geometry and 
geometric combinatorics. This includes various classes of surfaces (embedded or 
immersed) in 3-space, convex polytopes and polyhedral fans of various dimensions, 
circle patterns, and many more. Yet, we believe that several of our design decisions 
and architecture ingredients will be useful for other collections of mathematical data. 
Key features include the following: 


e structured storage of research data, 

e review process for increased reliability, 

e migration process for sustainability, 

e licensing scheme. 

To further stress the relevance of our endeavor, it is worth noting that scientific 
funding agencies have begun to add requirements concerning the preservation of 
scientific data to their regulations. For instance, in a recent announcement [5] of 
Deutsche Forschungsgemeinschaft (DFG) says!: 


The documentation of research data according to standards depending on the subject and 
their long-term archival are relevant for controlling the quality of scientific work. Further, 
these data are the basic requirements for the subsequent use of research results. 


The DGD GALLERY evolved as a project within the DFG Collaborative Research 
Center SFB/TRR 109 “Discretization in Geometry and Dynamics”. Its usage is cur- 
rently restricted to the members of the center. However, it is intended that future 
versions allow other researchers to contribute their work, too. 

The paper is organized as follows. First we compare our design to existing collec- 
tions of geometric data (Sect. 2). Then, in Sect. 3, we exhibit some examples already 
published on the gallery. This should give a good idea of what kind of collection 
we have in mind. At the same time this also shows some of the technical features 
and capabilities. The core is Sect. 4, where we elaborate on the architecture and the 
design decisions. The key concept is the model, which is our technical realization of 
a geometric object. Some aspects of the implementation are covered in Sect. 5. For 
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instance, we explain how we use the XML document database BASEX [6] and meet 
current standards of web technology. 


2 Comparison with Previous Work 


To store geometric data digitally and make it accessible through a web-site is clearly 
not a new idea. On the contrary, since the early days of the Internet people have 
set up numerous web-sites with all kinds of information on geometric objects, e.g.: 
The Geometry Center’s “Geometry Reference Archive” [7], “The Scientific Graph- 
ics Project"of MSRI [8], or David Eppstein’s “Geometry Junkyard” [9], to name a 
few prominent examples. Clearly, all of the above still contain lots of interesting 
information. However, there are some shortcomings. In the case of the archive of 
The Geometry Center we have a static collection of data that will not see any updates 
or additions. Yet there is the advantage that all data is available from one source, and 
so it cannot degenerate over time (except for eventually outdated file formats). Not 
so with the “Geometry Junkyard”. This is a collection of links to other interesting 
resources on the web. Many of the links are dead already. This is mainly due to a 
discontinued provider service or simply a change of position of the person who pro- 
vided the data. The "Scientific Graphics Project" is mainly a collection of surfaces 
and differential geometry related publications. The DGD GALLERY wants to cover 
geometric objects from a much wider collection. 

A more recent project is the “GeometrieWerkstatt” [10] maintained by a group 
of geometers at Tübingen University. It contains visualizations of mostly smooth 
constant mean curvature surfaces. Surfaces are visualized using videos, images, and 
interactive 3D viewers. The main difference to the DGD GALLERY is that there is 
no geometric data that can be accessed via the web-site. On the other hand, how to 
provide the data for smooth surfaces is far from obvious and cannot be separated 
from the mathematical methods. For the DGD GALLERY we propose to include a 
discretization of a smooth surface in a reasonable resolution. 

“IMAGINARY—open mathematics"is a platform [11] which has a strong edu- 
cational focus. It features images and mathematical software for a broad audience 
such as exhibitions, high school education, and museums. As an essential feature, 
IMAGINARY is open for the public to contribute material by cross-linking to other 
web-sites. In this way it works like a collection of collections. 

The focus of the SymbolicData project [12] is on developing concepts and tools 
for profiling, testing and benchmarking Computer Algebra Software. This includes 
storing scientific data from various sources, but visualization does not play a role. 

The project that is most similar in spirit to our DGD GALLERY is “Electronic 
Geometry Models" [13, 14], which is a refereed online journal for digital geome- 
try models on the web. It features XML file formats, visualization separated from 
descriptions, and a reviewing process. All of these are also implemented in the DGD 
GALLERY. 

However, our technical realization substantially differs from "Electronic Geom- 
etry Models". The DGD GALLERY employs modern web technology for the user 
interface and a standard data base implementation for storing. One advantage of this 
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is the possibility to work in teams. Each team member can contribute to a model if 
he/she is a registered user with the suitable permissions. Permissions can be granted 
by owners of content; for details see Fig. 7 below. Moreover, the entire work flow 
from the submission, through reviewing and revising, to the final publication has one 
consistent setup through a common front end. Most importantly, the overall design 
is highly modularized. For instance, the DGD GALLERY features a variety of media 
renderers with different visualization strengths to accommodate for heterogeneous 
hard- and software environments at the users’ end. This is also relevant for being 
able to preserve the data over a long period. 

Another difference to “Electronic Geometry Models” is that the DGD GALLERY 
aims at a broader outreach and therefore seeks to include more models of purely 
educational value. This results in a different set of criteria for accepting a model 
for publication. Moreover, the DGD GALLERY allows for changes to a model after 
publication. 


3 Examples 


In this section we present some selected models from the early contributions to the 
DGD GALLERY. They are intended as guidelines and inspiration for future models 
to be submitted. 


3.1 Discrete S-Conical Catenoid and Helicoid 


Authors: Alexander Bobenko, Tim Hoffmann, Benno Kónig, and Stefan Sechelmann 
(Fig. 1) 


http://gallery.discretization.de/models/sc-catenoid 


Discrete SC-Minimal Catenoid The Associated Family 
Discrete curvature line parameterized sc-minimal catenoid. The associated family of the discrete curvature line parameterized 
catenoid. 


> —@ 001 Y | 


Download 
Download + model data 3.mov 

+ model data 5.mp4 
x model data 7.png + model data 6.0gv 
x model data 11.0bj + model data 17.png 


Fig. 1 Screenshot of two media objects contained in the “Discrete S-Conical Catenoid and Heli- 
coid" model as presented by a modern web browser. Left Discrete s-conical catenoid. Right Asso- 
ciated family animation between s-conical catenoid and its conjugate, the discrete helicoid 
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This model shows discrete s-conical versions of the catenoid and the helicoid, which 
are classical minimal surfaces [15]. The smooth versions are among the first classical 
minimal surfaces ever investigated. Their s-conical counterparts are quadrilateral 
polyhedral surfaces with the property that at each vertex the adjacent faces are tangent 
to a cone of revolution. The theory of these discrete minimal surfaces is closely related 
to the theory of orthogonal circle patterns and Koebe polyhedra; see Sect. 3.3 below. 
Its features and constructions are similar to the theory of s-isothermic surfaces. A 
minimal surface is (Christoffel) dual to its Gauss map. This property is preserved 
in the discrete setup, and so discrete minimal surfaces are constructed from Koebe 
polyhedra. The associate family of minimal surfaces is contained in the discrete 
theory as well. 

The model features images of the catenoid and helicoid using representations 
with discrete curvature line parameterizations as well as discrete asymptotic line 
parameterizations in the associate family. It contains a video with an animation of 
the associate family animating the angle parameter. Geometric data is given as OBJ 
files and corresponding preview images. 


3.2 z* Circle Pattern 


Authors: Jan Techter and Jiirgen Richter-Gebert (Fig. 2) 


http://gallery.discretization.de/models/zalpha_circle_pattern 


n=20 scale 


a=0.71 


Fig. 2 Screenshot of the interactive element of the “z“circle pattern" model. A user can adjust the 
number of circles in a row as well as the overall scale of the drawing. The angle o is entered by 
moving the axes with the mouse 
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The representation of discrete holomorphic functions by circle patterns with square- 
grid combinatorics was first studied by Schramm [16]. 

This model shows the Schramm type circle pattern corresponding to the holomor- 
phic map z +> z^ for O < a < 2 in the first quadrant of the complex plane. Taking 
the centers and intersections of the circles as complex fields on the first quadrant of 
7. the discrete map was introduced in [17] as a special isomonodromic solution of 
the cross-ratio equation (cross-ratio equal to —1 on each elementary quadrilateral). 
The numerics of these discrete maps is studied in [18]. 

The model features an interactive Cinderella [19] application where the user can 
adjust the exponent a and the number of circles, see also Sect. 5.3. 


3.3 Koebe Polyhedra 


Author: Stefan Sechelmann (Fig. 3) 


http://gallery.discretization.de/models/koebe polyhedra 


A Koebe polyhedron is a 3-dimensional convex polytope whose edges are tangent to 
the unit sphere. Koebe polyhedra have a strong connection to the theory of circle pat- 
terns, see [20]. The theory of discrete minimal surfaces of s-isothermic and s-conical 
type is based on Koebe polyhedra. Each combinatorial type of 3-polytope admits a 
representation as Koebe polyhedron, which is unique up to Móbius transformation. 

The first step for the construction of a Koebe polyhedron is to create an orthogonal 
circle pattern corresponding to the desired polytopal cell decomposition ofthe sphere. 
This is generally done by finding critical points of a functional expressed in the the 
variables p; = logtan 5. given by the spherical radii rj. Once the radii are known 


Circle Pattern and Koebe Polyhedron 1 Circle Pattern and Koebe Polyhedron 2 
A circle pattern on the sphere and a possible choice of a Koebe A circle pattern on the sphere and the other choice for the Koebe 
polyhedron. polyhedron. 


Download Download 
x model data 9.png x model data 10.png 
x model data 11.0bj i model data 12.0bj 


Fig. 3 Screenshot of two media objects of the *Koebe Polyhedra" model. The two images show 
the two corresponding Koebe polyhedra for a given circle pattern 


DGD Gallery: Storage, Sharing, ... 427 


the circles can be layed out. The still remaining freedom of applying a Mobius 
transformation can be fixed (up to a simple rotation) by requiring the center of mass 
to be at the sphere center. The vertices of the circumscribed Koebe polyhedron that 
corresponds to the circle pattern can now easily be found by inverting the euclidean 
centers of the circles in S? (the cone tips are the points polar to the planes containing 
the circles). Here we have the freedom to choose one of the two orthogonal families of 
circles to become vertices of the Koebe polyhedron, and the other family to become 
faces. 

The online model features a selection of Koebe polyhedra. Each one with an OBJ 
geometry file and a PNG image file. 


3.4 Lawson’s Surface Uniformization 


Authors: Stefan Sechelmann, Alexander Bobenko, and Boris Springborn (Fig. 4) 


http://gallery.discretization.de/models/lawsons_surface_uniformization 


Fuchsian uniformizations of the Riemann surface of Lawson’s genus 2 minimal sur- 
face in S? [21] are presented in this model. The results were created in [22] using 
the discrete uniformization theory. Three different conformally equivalent represen- 
tations of the surface and of the corresponding hyperbolic tilings are presented. 

Lawson's minimal surface in S? is conformally equivalent to the hyperelliptic 
curve u? = )° — 1. The branch points A1, ..., Ag are the 6th roots of unity. 

An embedding of Lawson's surface in IR?, see Fig. 4, is obtained via stereographic 
projection from S? [23]. For this surface the hyperelliptic involution of the Riemann 
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Fig. 4 Left The Lawson surface in R?, the boundary curves of the fundamental domain of the 
uniformizing group in the right picture are shown in red. Blue curves correspond to simple closed 
geodesics corresponding to the axes of generators of the group. Right The uniformization of the 
Lawson surface in the Poincaré model of hyperbolic space with a canonical fundamental domain 
(red) and axes of the hyperbolic generators of the uniformizing group 
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surface is realized as a rotation by 180°. The axis meets the surface in six points, 
which are the branch points of the hyperelliptic curve. 

The third realization of the Riemann surface is made of squares identified along 
suitable edges. The fundamental domain is identified with the two others. 

The model features the data of the discrete uniformizations in XML format. It 
contains the combinatorial data, the coordinates of the points, and the uniformizing 
groups data. PDF vector graphics and PNG images provide 2D renderings of objects 
in 3D space. 


3.5 Tropical Grassmannian TropGr(2,6) 


Authors: Michael Joswig and Benjamin Schröter (Fig. 5) 


http://gallery.discretization.de/models/tropical grassmannian gr26 


Tropical geometry studies piecewise linear images of classical algebraic varieties. 
Many interesting properties remain visible in the tropicalization. Additionally, this 
method reveals relations between geometry and optimization. One outcome are com- 
binatorial algorithms for dealing with classical objects. 

The tropical Grassmannian TropGr(d, n) is the tropicalization of the classical 
Grassmannian Gr(d, n), defined over some field. It parameterizes the tropical d- 
planes in the tropical (n — 1)-torus; see [24, 84.3]. For d = 2 the tropical Grass- 
mannian coincides with the corresponding Dressian, which arises as the subfan 
of the secondary fan of the hypersimplex A(d, n) corresponding to those regular 
decompositions whose cells are matroid polytopes [25]. 


TropGr26a TropGr26b 
A visualization of TropGr(2, 6) . A projection of TropGr(2, 6). 


Download 
Download 
x model data 12.png 
+ model data 10.png 


Fig. 5 Screenshots of two images contained in the "Tropical Grassmannian TropGr(2,6)" model 
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How to properly visualize TropGr(2, 6) is far from obvious, since (modulo its 
lineality space and intersected with the corresponding unit sphere) this is a 2- 
dimensional spherical simplicial complex naturally embedded in the 8-sphere. It has 
25 vertices, 105 edges and 105 triangles. The approach here employs a fixed copy 
of smaller tropical Grassmannian TropGr(2, 5), obtained by deletion, as a frame of 
reference and uses projections. The deletion of a matroid as a smaller matroid which 
is induced on fewer elements, and this notion carries over matroid decompositions. 

The media objects associated with this model are a polymake [26] description 
and pictures of various projections, in PNG format. 


4 Architecture 


In this section we describe the structure of a model and the organization of data 
within the DGD GALLERY. It is also explained how users create, edit, and interact 
with models using model permissions. Finally, we give details on the submission 
system and the review process. 


4.1 What Is a Model? 


The architecture of the DGD GALLERY is built around the definition of the Model, 
see Fig.6. The teletype font is used to indicate that a word is the name of an 
abstract data type, one of its attributes, or an admissible value. From a high level 
perspective a model is a collection of files together with a description. The description 
contains fields for the title, authors, a description text, keywords, literature references, 
and the creation date. The data files associated with a model are bundled into media 
objects. A media object is a set of files together with a title and a description text. 
These files may be images, videos or data for specific software systems. While some 
file formats are more common (and more reasonable) than others, conceptually we 
allow for any file format to become part of a media object. In this way our design is 
very flexible and thus could be applied in other contexts. 

The data type Model has a key, a version number, a status field, and an 
edited-by username. The model key is a unique identifier that is used, e.g., to 
assemble the permanent link of the model on the web. The version number is assigned 
automatically for keeping track of a model’s history. Throughout the following the 
word “model” refers both to a specific version and to the entire history of a model. The 
standard representative of a model is given by its latest version. The edited-by 
field contains the username of the author of a particular model version. Hence, in a 
database a model can be uniquely identified by its key, a model version is identified 
by its key and version number. 
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Fig.6 The structure of a model. A model is a collection of media objects together with a description 


The status of a model can take the values edit, pending, rejected, or 
approved. See Sect.4.5 for a detailed description of the model status and the 
submission process for models in the gallery. 

The model description is a collection of the following information that is provided 
by the editor of a model. While this somehow resembles the structure of a traditional 
research paper, there are some notable differences. 


e The Title of the model. 

e A sorted list of Authors. Since this is a frequent source of misunderstanding, it 
is worth explaining. The authors of the model are those who create the content 
that is presented online. Like for a research paper all the scientific work that leads 
to the model must be properly acknowledged in the references. However, clearly, 
the set of authors cannot comprise all the authors who contributed something to 
the entire history of a mathematical idea. For instance, suppose that Alice first 
describes a new type of surface in a traditional research paper, and Bob afterwards 
produces a model from Alices description (without Alice’s help). Then Bob is the 
only author, who must cite Alice’s paper. 
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e The description Text, which can contain any valid IATEX source code that can 
be compiled using the MATHJAX library, see [27]. References to the literature or 
to media objects can be cited via the \cite{.} command. Previews of media 
objects can be included with the \media{ . } command. 

A set of keywords can be assigned to the model. The keywords are used on the 
web-site to, e.g., improve search features. 

e A set of references each of which consitsts of a reference key that is to be used 
in \cite commands and a set of key value pairs. The user interface of the 
gallery maps BIBTgX entries to model references. Conversely a model reference 
is rendered and referenced using common BIBTgX styles. 

The date field of the description contains the creation date of the particular version 
of the model. 


A model contains a number of media objects for visualization and use in other 
software systems. This concept will be explained below. 


4.2 Media Objects and Data Files 


A media object is a collection of files that describe the same set of data associated 
with the model. For instance, several media objects might correspond to various 
views of the same model; e.g., see the tropical Grassmanian in Example in Sect. 3.5. 
A different use case for several media objects for the same model is displayed for 
the discrete catenoid and helicoid model in Example in Sect. 3.1. One media object 
shows a catenoid, whereas the other media object contains a dynamic rendering of 
the transformation from the catenoid to the helicoid. 

The various file formats for one media object are meant to display one view of the 
model on several backends. For instance, the discrete catenoid media object comes 
with a PNG file to be displayed in a standard web browser and with an OBJ file which 
allows 3-dimensional interactive visualization with a suitable viewer software. The 
data files comprising the media objects are stored in the file system separately from 
the model database. The media objects of a model contain links to those data files, 
see Sect. 4.1. 

In principle, we do not restrict the file formats for data files of any media objects. 
This makes the DGD GALLERY very flexible, but this also creates potential trouble 
with file formats that are uncommon. We support the direct visualization of a few 
well chosen standard file formats. So far these include the following: PNG and JPG 
(for raster image data), SVG and PDF (for vector graphics), OBJ (for 3-dimensional 
geometric data), MOV, MP4, and OGV (for video content), POLY (for polymake 
data), and others. Interactive content is not excluded, see Sect. 5.3, but the danger 
of a particularly low stability over time should be well considered. We rely on the 
review process for a sound selection. 
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4.3 Versioning 


The DGD GALLERY tracks the history of each model via the version attribute, 
see Fig. 6. Editing a model amounts to adding a new version with modified content. 
If a model is deleted, all versions of the model and the data files linked are deleted 
from the database. A data file is kept in the file system as long as there exists a link 
to it from some version of a model. 

The version system is particularly useful for models with several authors who can 
collaborate through our front end. 

It is worth noting that we also allow published models to be edited further and 
resubmitted. Upon acceptance this new version will appear as the current version of 
the model on the web page. The previously published versions remain visible and can 
be compared. This way authors can keep their models up to date; see also Sect. 5.2 
below which describes our migration process. 


4.4 Users 


The users of the DGD GALLERY are represented by their usernames, i.e., their 
login names on the web-site. The access is password restricted, see also Sect. 5.1. 
In addition to the username and password we store the name and email address of 
the person that is associated with the user. 

A user has a global user-role that can take the values admin, reviewer, or 
author. In addition to the global user-role we store model-roles for each model 
associated with a user. A user can be the owner or an edi tor of a model. The read 
and write access to models is restricted such that it is based on a combination of the 
global user-role, the model-role and the state of the model, Fig. 7. This implementa- 
tion allows reviewers to act as model authors but prevents them from approving their 
own models. 

A notable design decision is that a reviewer can modify a submitted model to 
correct obvious typos and other minor changes before approval. Each owner of a 
model can invite other users to become either owners or editors of that model. 


4.5 Submission Process 


The DGD GALLERY uses a submission system to publish models on the web-site. 
The idea is that a board of reviewers approves, sends back for revision, or rejects a 
submitted model. The review process should concern the quality of the content and 
address technical issues with the digital data. The review board has to work out and 
agree on some quality criteria for a model. 
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Model Permissions 


pending rejected approved 


reviewer 


Fig. 7 Read and write permissions during the life-cycle of a model. A user with global admin 
privileges can read and write on the model at any state (first row). The author of the model can 
edit his model if it is in edit state (second row). A reviewer can edit a model if it has been 
submitted (pending state, third row) 


During its life-cycle a model has assigned a status value. A newly created model 
starts its life in edit state. It can be previewed and edited by the owners of the 
model, typically the creator of the model, and any additional user with the editor 
model-role, see Sect. 4.4. 

A model can be submitted by a user with the owner model-role. The status of 
the model changes to pending. A model with pending status is read-only for the 
owner and all editors. 

Reviewers can preview and edit pending models. A reviewer edits a model to 
resolve small issues such as typos. If the quality of a model is sufficiently high then 
a reviewer can accept a model. The status of the model is changed to approved. 
If the content has flaws or technical issues that can be resolved by the creator of the 
model, the reviewer sends the model back to edit state. Any action by a reviewer 
is accompanied by a review text, which is presented to the authors of the model. 

If a model is sent back for revision, the authors can edit the model according to 
the review text and resubmit. If the model is rej ected it can neither be edited nor 
resubmitted. A model will be rejected if it contains major flaws or its content is not 
appropriate for publication in the DGD GALLERY. 

Approved models become publicly available on the DGD GALLERY web-site (see 
Sect. 4.6). To further improve public models, e.g. by correcting errors or replacing 
outdated file formats, a new version of an approved model can be created, which is 
back in edit state. To publish the new version it has to be submitted und undergo 
the revision process again. 
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The model submission system dispatches messages to the users of the DGD 
GALLERY on every model status change. Reviewers are notified about submitted 
models. Model owners/editors are notified upon acceptance, rejection, or call for 
revision. 

In principle any reviewer can accept, send back, or reject a model. We rely on 
a reasonable communication between the reviewers to organize the review process. 
Accepting a model is based on formal correctness, technical soundness, mathematical 
content and visualization quality. 


4.6 Publication and Licensing 


Content that has been approved by the board of reviewers is published on the DGD 
GALLERY web page. The presentation of the content on this page is equivalent to the 
preview during edit state of the model. The key defines the permanent absolute 
URL of a model: 


https://gallery.discretization.de/model/ 


The content of the DGD GALLERY is published under the Creative Commons 
Attribution-ShareAlike 4.0 International license, short CC BY-SA 4.0, see [28]. This 
means in particular that we allow for our data to be used commercially, enabling 
newspapers or commercial web blogs to include content from the gallery without 
further complications. Appropriate credit must be given if any content is reproduced 
or used, and this includes a link to the DGD GALLERY. 


5 Implementation 


In this section we elaborate on the technical decisions that we made in order to imple- 
ment the DGD GALLERY. It should give an impression of the system architecture, 
libraries, frameworks, and languages in use and their respective purposes. 

We imposed some a priori constraints on the implementation mainly to ensure 
reusability and persistence of the data over time. 


e Human readable data format (with enough structure to allow for easy validation 
and transformation): We chose XML for storage on the server and as the web server 
API data format. It fits the tree-like structure of our data and can be transformed to 
anything else, e.g. using XSLT. This allows for easy migrations which can range 
from changing the structure of the models to getting rid of XML itself (replacing 
it with some more sophisticated data format in the future). To ensure that all 
stored data, and in particular data entered by users of the system, agrees with our 
specifications we use the XML Schema concept [30]. This allows to validate all 
data on insert and during migration, see Sect. 5.2. 
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DGD Gallery 


web front end 


server back end 


file system 


Fig. 8 System architecture of the DGD GALLERY. On the file system level we store XML model 
data and data files. A BASEX server manages the read/write access to the XML documents and data 
files. It maintains an instance of a document database to optimize access to the XML data. At the 
same time a BaseX servlet provides a REST API [29] to connect the HTML/Javascript web front end 
of the gallery. It runs inside an Apache Tomcat servlet container executed within an Apache HTTP 
web server. The front end uses AJAX techniques and XSLT to create an interactive application 
using the API provided by the application server 
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e Database framework agnostic storage (while still using a database): The XML 
and any binary data are stored and handled using the XML document database 
BASEX [6], see Sect. 5.1. This gives us low access times (for data cached in main 
memory) and a transparent mechanism for permanent storage on the server’s file 
system. The binary data files of the model’s media objects are stored next to the 
XML data and linked appropriately, see the file system section in Fig. 8. 

e Separation of data and presentation: We separate our application into a back end 
(on the server for database management only) and a front end (creating a HTML 
representation on the client machine). The BASEX database already provides the 
means for a complete implementation of the back end via XQUERY. This includes 
the specification of a REST API [29], which is a standard way to define the 
communication interface between server and client in the internet. The API returns 
XML or binary data in response to specified HTTP requests from the front end. 
XML is already close to HTML, while still not carrying explicit information on 
the visualization. This allows for the easy generation of multiple presentations 
from just one XML. In Sect. 5.3 we elaborate on the front end, which is based an 
XSLT, JavaScript and AJAX [31]. 


5.1 XML Based Backend and the XML Document 
Database BASEX 


We use the established XML document database BASEX for storing our data. This 
automatically provides us with permissions, versioning, and life-cycle management 
for the models. BASEX runs on any Java application server. We use Apache Tomcat 7, 
see [32]. 

BASEX allows for the implementation of (web) applications using the XML query 
language XQUERY, see [33]. It combines the database access and application server 
logic implementation into one language. Additionally BASEX can be used to imple- 
ment a REST API via RESTXQ, which is a set of XQUERY annotations for handling 
HTTP requests and generating HTTP responses [34], see Listing 1. 


(è 


REST API function to create a new model. 
@param $title mapped to POST parameter title, the title of the 
optional user name if no session can be inferred by 


: optional password 
:) 
declare %rest:POST 
%rest:path("/createmodel") 
%rest:form-param("title", "{Stitle}") 
%rest:form-param("user", "{Suser}", "dummy_id") 
%rest:form-param("pass", "{Spass}", "") 
%output:method ("text") 
%updating function api: createModel ( 
$title as xs:string, 
$user as xs:ID, 
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$pass as xs:string 
) t 
let $user := user:checkUser($user, $pass) 
return model:createModel ($user, $title) 
3; 


Listing 1 XQuery with RESTXQ annotations. The function api:createModel defines the web API 
function to create a model for a specified user and title string. The RESTXQ annotations, lines 8-13, 
define the REST interface ofthe server. User permissions are checked, line 19, and the corresponding 
database function to create a new model is called, line 20. User credentials ($user, $pass) are 
optional parameters and are transmitted using HTTPS API calls. Once logged in we use session 
cookies to authenticate users. 


Generally, all API calls to our back end have to be authenticated. Either a username 
and password pair, or a session-cookie has to be provided along each request. The 
front end implementation uses session-cookies, which are obtained by an authenti- 
cated call to the login API function. A user's password is stored in the form of a salted 
bcrypt hash to provide protection against password recovery through an attacker in 
case of a server breach, see [35]. 


5.2 A Fail-Safe Release and Migration Process 


While a project like the DGD GALLERY evolves the precise technical requirements 
for the database are likely to change. This means that old versions will have to be 
migrated into new ones. We implemented a release process for new versions of the 
web application and its data using Apache ant [36]. We use XSLT 2.0 and XML 
Schema to define and validate database migrations [37]. 

In principle this allows for more general migrations than just XML to XML 
conversions between different schema versions of the database. We can envision 
scenarios in the future where XML may turn into a legacy format and will be replaced 
by a more general versatile format. With XSLT we can also convert our XML data 
into arbitrary text based formats allowing for a final conversion into file formats 
entirely different from XML. 


5.3 A JavaScript Web Front End 


The standard way to enter a new model into the DGD GALLERY is through our web 
front end. This part of the application is completely separated from the back end, 
relying only on the REST API to BASEX for communication. 

We use the AJAX scheme of web application development. The application, with 
its HTML, XSLT, and JavaScript components, is initially loaded from the server. The 
access to the database is organized as HTTP connections via JavaScript. Once XML 
model data has arrived from the server we process it with XSL Transformations [37] 
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to provide dynamic HTML and JavaScript for each client. We use the SaxonCE 
XSLT JavaScript framework to execute XSLT 2.0 in the browser, see [38]. 

Media renderers are provided for several common media formats, see Sect. 4.2. In 
the case of images and videos we are relying on the standards built into HTML5. We 
have support for the web capabilities of Cinderella to allow for interactive content [19, 
39]. Forthe web browser in particular we use CindyJS [40], an open source JavaScript 
variant of Cinderella that aims to be compatible with Cinderella. 
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reproduce the material. 
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